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Abstract
In this study, we give some necessary and sufficient conditions on the stability for
Volterra type linear nabla fractional difference equations of the form∇v−1x(t) = λx(t),

t ∈ N1, with initial condition ∇v−1
−1 x(t) |t=0 = x0.For this, first of all we show that

the above equation is a convolution-type Volterra equation, then give the stability
conditions by using the stability analysis methods of the convolution type Volterra
equations. Also we give some examples to illustrate our theoretic results.

Keywords Volterra difference equations · Stability · Nabla fractional difference
equations

Mathematics Subject Classification 39A10 · 39A30

1 Introduction

The fractional calculus is the generalization of ordinary differentiation and integration
to the arbitrary non-integer order and the history of fractional calculus begins with the
classical calculus. Fractional calculus have valuable tools to model many phenomena
in physics, engineering, economics and mechanics, see the monographs [1–6] and
the references therein. Fractional difference and differential equations have various
applications in viscoelasticity, chemistry, tumor growth model, modeling of pandemic
diseases such as corona and flu, electromagnetics and control theory, see [7–15].
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In [16]Qian et al. studied qualitative properties of the fractional differential equation

oD
αx(t) = λx(t), t > 0 (1.1)

where oDα is a Riemann–Liouville derivative operator and the authors focused
on establishing stability theorems for fractional differential system with Riemann–
Liouville derivative, in particular their analysis covered the linear system, the perturbed
system and the time-delayed system.

In [17] Cermak et al. studied qualitative properties of two term linear fractional
difference equation

0∇α y(n) = λy(n) (1.2)

where α, λ ∈ R, 0 < α < 1, λ �= 1 and 0∇α is the αth order Riemann Liouville dif-
ference operator. Authors showed that this fractional equation is the Volterra equation
of convolution type and derived a sharp condition for the asymptotic stability of the
studied equation and, moreover, gave a precise asymptotic description of its solutions.

In [18] Saris and Al-Mdall investigated the stability of the equilibrium solution of
the vth order linear system of difference equations

(
�v

a+v−1 y
)
(t) = �y(t + v − 1); t ∈ Na, a ∈ R,� ∈ R

p×p, (1.3)

subject to the initial condition

y(a + v − 1) = y−1

where 0 < v ≤ 1 and y−1 ∈ R
p.Authors first focused on the scalar case with� = λ a

scalar, then focused on the systems of fractional order difference equations following
the same line of reasoning.

In this manuscript we consider the stability of Volterra type linear nabla fractional
difference equation

∇v−1x(t) = λx(t), t ∈ N1, (1.4)

with initial condition

∇v−1
−1 x(t) |t=0 = x0. (1.5)

Here 0 < v < 1, λ ∈ R − {1} , ∇ν−1 is νth order Riemann–Liouville nabla fractional
difference operator and x : N0 → R.

Equation (1.4) can be considered as a discrete analogue of Eq. (1.1). In this paper
we give some necessary and sufficient conditions on the stability of zero solution of
Volterra type linear nabla fractional difference equation (1.4). Firstly we show that
the above equation is a convolution-type Volterra equation, then we give stability
conditions by using some binomial relations and the stability analysis methods of the
convolution type Volterra equations.
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2 Preliminaries

Throughout this article Na = {a, a + 1, a + 2, . . .} where a is a fixed real number.

Definition 1 [19] For an arbitrary function f :Na → R the nabla operator (backwards
difference operator), ∇, defined by

(∇ f ) (t) := f (t) − f (t − 1), t ∈ Na+1.

Definition 2 [20]

(i) For a natural number m, the m rising (ascending) factorial of t is defined by

tm =
m−1∏

k=0

(t + k), t0 = 1

(ii) For any real number α the rising function is defined by

tα = �(t + α)

�(t)
, t ∈ R − {. . . ,−2,−1, 0} , 0α = 0. (2.1)

Definition 3 The extended binomial coefficient
( t
n

)
, (t ∈ R, n ∈ Z) is defined by

(
t

n

)
=

⎧
⎨

⎩

�(t+1)
�(t−n+1)�(n+1) , n > 0
1, n = 0
0, n < 0

(2.2)

Lemma 1 [13] The quotient expansion of two gamma functions at infinity:

�(z + a)

�(z + b)
= za−b

[
1 + O

(
1

z

)]
, (|arg(z + a)| < π, |z| → ∞).

Definition 4 [20] Let f : Na → R and α > 0 be given. Then the αth-order nabla
fractional sum of f is given by

∇−α
a f (t) = 1

�(α)

t∑

s=a+1

(t − ρ(s))α−1 f (s), for t ∈ Na . (2.3)

where ρ(s) = s − 1 and tα = �(t+α)
�(t) , t ∈ R − {. . . ,−2,−1, 0} , 0α = 0.

Definition 5 [21] Let f :Na → R, α > 0 be given and let N ∈ N be chosen such that
N − 1 < α ≤ N . Then the αth-order Riemann–Liouuville nabla fractional difference
of f is given by

∇α
a f (t) = ∇N∇−(N−α)

a f (t) for t ∈ Na+N . (2.4)

For α = 0 we set ∇0
a f (t) = f (t), t ∈ Na .
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Definition 6 Let f : Na → R, α > 0 be given and let N ∈ N be chosen such that
N − 1 < α ≤ N . Then the αth-order fractional difference of f is given by

∇α
a f (t) =

⎧
⎪⎨

⎪⎩

1
�(−α)

t∑

s=a+1
(t − ρ(s))−α−1 f (s), α /∈ N

∇N f (t), α = N ∈ N

for t ∈ Na+N . (2.5)

Definition 7 [22] Volterra difference equations of convolution type are of the form

x(t + 1) = Ax(t) +
t∑

j=0

B(t − j)x( j), (2.6)

where A ∈ R and B : Z+ → R is a discrete function.

Equation (2.6) represents systems in which the future state x(t+1) does not depend
only on the present value x(t) but also on all past values x(t −1), x(t −2), . . . , x(0).
If the initial condition x0 is given then by iteration x(1), x(2), . . . , x(t + 1) can be
generated. In the literature this equation is called as hereditary.

Definition 8 [17] Consider (2.6) along with the initial condition x0 = φ0. Then (2.6)
is said to be

(i) Stable if for any real φ0 there exists ε > 0 such that the corresponding solution
x(t) of (2.6) satisfies | x(t) |< ε for all t ∈ N1.

(ii) Asymptotically stable if x(t) → 0 as t → ∞ for any real φ0.

Definition 9 [17] Consider (2.6) with the initial conditions x(k) = φk , k =0,1,…,m,
m being an arbitrary nonnegative integer. Then (2.6) is said to be

(i) Uniformly stable if for any ε > 0 there exists δ = δ(ε) > 0 such that if φk are
reals with | φk |< δ, k = 0, . . . ,m, then the corresponding solution x(t) of (2.6)
satisfies | x(t) |< ε for all t ∈ N1, t > m;

(ii) Uniformly asymptotically stable if it is uniformly stable and if there exists η > 0
such that, for any ε > 0 there is N = N (ε) ∈ N1 such that if | φk | are reals with
| φk |< η, k = 0, . . . ,m, then | x(t) |< ε for all t ∈ N1, t ≥ m + N .

To study the qualitative behaviour of (2.6) we use Z -transform method below.

Definition 10 [22] The Z -transform of a sequence x(t), which is identically zero for
negative integers t( i.e x(t) = 0 for t = −1,−2, . . .), is defined by

∼
x(z) = Z(x(t)) =

∞∑

j=0

x( j)z− j ,

where z is a complex number.
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Definition 11 [22] The convolution ∗ of two sequences x(t) and y(t) is defined by

(x ∗ y) (t) =
n∑

j=0

x(t − j)y( j) =
n∑

j=0

x(t)y(t − j).

Lemma 2 [22] Let Z (x(t)) = ∼
x(z) be the Z-transform of the x(t).Then

Z (x(t + 1)) = z
∼
x(z) − zx(0).

If we write (2.6) Using Definition 11, we can write Eq. (2.6) as follows.

x(t + 1) = Ax(t) + (B ∗ x) (t) . (2.7)

By using Lemma 2, if we take Z -transforms of both sides of (2.7) ,we obtain

z
∼
x(z) − zx(0) = A

∼
x(z) + ∼

B(z)
∼
x(z). (2.8)

From (2.8) we have
∼
x(z) = zx(0)

z − A − ∼
B(z)

. (2.9)

In (2.9) let

g(z) = z − A − ∼
B(z). (2.10)

The characteristic function g(z) plays very important role for the stability of zero
solution of (2.6)Necessary and sufficient conditions are given for the uniformly asymp-
totical stability of zero solution of (2.6)with the following theorem

Theorem 1 [22] The zero solution of (2.6) is uniformly asymptotically stable if and
only if

z − A − ∼
B(z) �= 0 for all |z| ≥ 1.

In the followcondition of zero solutions of (2.6) is given.

Theorem 2 [22] Suppose that B(t) does not change sign for t ∈ N1. Then the zero
solution of (2.6) is asymptotically stable if

|A| +
∣∣∣
∣∣

∞∑

t=0

B(t)

∣∣∣
∣∣
< 1.

3 Main Results

In this section firstly we will show that Eq. (1.4) is a Volterra equation of convolution
type. Using the definition of Riemann–Liouville nabla fractional difference operator
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for Eq. (1.4) we obtain

∇v−1x(t) = 1

�(−v)

t∑

s=0

(t − ρ(s))−v−1 x(s)

=
t∑

s=0

1

�(−v)

�(t − s + 1 − v − 1)

�(t − s + 1)
x(s)

=
t∑

s=0

�(t − s − v)

�(−v)�(t − s + 1)
x(s)

=
t∑

s=0

(
t − s − v − 1

−v − 1

)
x(s)

= x(t) +
t−1∑

s=0

(
t − s − v − 1

−v − 1

)
x(s) = λx(t).

From this we have

x(t) = 1

λ − 1

t−1∑

s=0

(
t − s − v − 1

−v − 1

)
x(s). (3.1)

In Eq. (3.1) by replacing t with t + 1, we reach

x(t + 1) = 1

λ − 1

t∑

s=0

(
t − s − v

−v − 1

)
x(s), (3.2)

which is in the form Eq. (2.6), where A = 0 and

B(t) = 1

λ − 1

(
t − v

−v − 1

)
. (3.3)

Now we give our results in the following theorems.

Theorem 3 The zero solution of (1.4) is uniformly asymptotically stable if and only if

λ < 0 or λ > 2v. (3.4)

Proof Suppose that the zero solution of Eq. (1.4) is uniformly asymptotically stable.
Consedering (2.8) and (2.9),we obtain the characteristic equation of (3.2)

g(z) = z − ∼
B(z). (3.5)

Now we will use Theorem 1 to find the interval of zeros of g(z). Taking Z -transform
of both sides of (3.3) and using Lemma 2 and binomial theorem respectively we obtain
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∼
Z(B(t)) = B(z) = 1

λ − 1

∞∑

s=0

(
s − v

−v − 1

)
z−s

= 1

λ − 1

[( −v

−v − 1

)
+

(
1 − v

−v − 1

)
z−1 +

(
2 − v

−v − 1

)
z−2 + · · ·

]

= 1

λ − 1

[(−v

1

)
+

(
1 − v

2

)
z−1 +

(
2 − v

3

)
z−2 + · · ·

]

= z

λ − 1

[
−vz−1 + (1 − v) (−v)

2! z−2 + (2 − v) (1 − v) (−v)

3! z−3 + · · ·
]

= z

λ − 1

[
−vz−1 − (v) (v − 1)

2! z−2 − (v) (v − 1) (v − 2)

3! z−3 + · · ·
]

= z

λ − 1

[
−1 + 1 − vz−1 − (v) (v − 1)

2! z−2 − (v) (v − 1) (v − 2)

3! z−3 + · · ·
]

= z

λ − 1

[(
1 − 1

z

)v

− 1

]
. (3.6)

If we write Eq. (3.6) in Eq. (3.5) then we reach the characteristic equation of Eq. (3.2)

z − z

λ − 1

[(
1 − 1

z

)v

− 1

]
= 0. (3.7)

By Theorem 1, the zero solution of Eq. (3.2) is uniformly asymptoticaly stable if and
only if

1 − 1

λ − 1

[(
1 − 1

z

)v

− 1

]
�= 0 for all |z| ≥ 1. (3.8)

Let zr be a nonzero root of characteristic equation (3.7). Then zr satisfies the equation

(
1 − 1

zr

)v

= λ. (3.9)

We will study the Eq. (3.9) in two cases. First we assume that λ < 0. It is clear that
Eq. (3.9) has no root. Hence the condition (3.8) is satisfied. Secondly we assume that
λ > 0 (λ �= 1). From (3.9) we obtain

zr = 1

1 − λ
1
v

which is the real nonzero root of Eq. (3.7). From this, we have |z| = 1∣∣∣1−λ
1
v

∣∣∣
< 1. If

∣∣
∣z

∣∣
∣ = 1∣∣∣1−λ

1
v

∣∣∣
< 1, that is

∣∣
∣1 − λ

1
v

∣∣
∣ > 1,then (3.8) is satisfied. From this we obtain

λ > 2v. Therefore conditions (3.4) are satisfied.

123



4168 M. Gevgeşoğlu, Y. Bolat

Conversely suppose that λ < 0 or λ > 2v. Then (3.8) is obviously satisfied.
Therefore by Theorem 1 the zero solution of Eq. (1.4) is uniformly asymptotically
stable. Hence the proof is completed. ��

Theorem 4 The zero solution of Eq. (1.4) is asymptotically stable if

λ < 0 or λ > 2. (3.10)

Proof We will make the proof using Theorem 2. For this, first we will show that B(t)
in (3.3) does not change sign for t ∈ N1. Since �(1 − v) = (−v)�(−v) we have

B(t) = 1

λ − 1

(
t − v

−v − 1

)

= �(t − v + 1)

(λ − 1) �(t + 2)�(−v)

= −v�(t − v + 1)

(λ − 1) �(t + 2)�(1 − v)
. (3.11)

Since 0 < v < 1 and λ �= 1 for ∀t ∈ N0 we obtain �(t − v + 1) > 0 , �(t + 2) > 0
and �(1 − v) > 0. Hence the sign of −v�(t−v+1)

(λ−1)�(t+2)�(1−v)
depends on only λ, not on t .

Consedering Lemma 1, from (3.11) we have

lim
k→∞

(
k − v + 1

−v

)
= lim

k→∞
�(k − v + 2)

�(k + 2)�(−v + 1)
= 1

�(−v + 1)
lim
k→∞

�(k − v + 2)

�(k + 2)

= 1

�(−v + 1)
lim
k→∞k−v

[
1 + O

(
1

k

)]
= 0. (3.12)

Using binomial relation
(n
r

) + ( n
r+1

) = (n+1
r+

)
, from (3.12) we obtain

|A| +
∣
∣∣∣∣

∞∑

t=0

B(t)

∣
∣∣∣∣
=

∣
∣∣∣∣

∞∑

t=0

1

λ − 1

(
t − v

−v − 1

)∣
∣∣∣∣
= 1

|λ − 1|

∣
∣∣∣∣
lim
k→∞

k∑

t=0

(
t − v

−v − 1

)∣
∣∣∣∣

= 1

|λ − 1|

∣∣∣
∣∣
lim
k→∞

k∑

t=0

[(
t − v + 1

−v

)
−

(
t − v

−v

)]∣∣∣
∣∣

= 1

|λ − 1|
∣∣∣
∣ limk→∞

[(−v + 1

−v

)
−

(−v

−v

)

+
(−v + 2

−v

)
−

(
1 − v

−v

)

+
(−v + 3

−v

)
−

(
2 − v

−v

)

...
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+
(
k − v + 1

−v

)
−

(
k − v

−v

)]∣∣
∣∣

= 1

|λ − 1|
∣∣∣∣ limk→∞

[(
k − v + 1

−v

)
− 1

]∣∣∣∣

= 1

|λ − 1| .

By Theorem 2, if 1
|λ−1| < 1, then the zero solution of Eq. (1.4) is asymptotically

stable. 1
|λ−1| < 1 implies that λ < 0 or λ > 2. Hence the proof is completed. ��

4 Examples

In the following examples, numerical datas of solutions are computed in Mathematica
and the graphs are drawn

Example 1 Consider the fractional difference equation

∇
1
3−1x(t) = 3x(t), t ∈ N1, (4.1)

with initial condition

∇− 2
3−1 x(t) |t=0 = 1, (4.2)

where v = 1
3 and λ = 3. Since 3 > 2

1
3 , by Theorem 3 the zero solution of Eq. (4.1)

is uniformly asymptotically stable. The graph of solution is below.

Example 2 Consider the fractional difference equation

∇
2
3−1x(t) = 4x(t), t ∈ N1, (4.3)
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with initial condition

∇− 1
3−1 x(t) |t=0 = 3, (4.4)

where v = 2
3and λ = 4. Since λ = 4 > 2, by Theorem 4 the zero solution of Eq.

(4.3) is asymptotically stable. The graph of solution is below.

5 Conclusion

In this paper we investigated the stability of linear nabla fractional difference equations
of order v where 0 < v < 1. In this investigation, we first showed that Eq. (1.4) is a
convolution-type Volterra equation. Then using some binomial relations and stability
analysis methods of the convolution type Volterra equations we have obtained some
stability results. We hope that using the results established above, system of linear and
nonlinear fractional order difference equations can be handled.
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