Vietnam J. Math. (2015) 43:583-594
DOI 10.1007/s10013-014-0106-y

Oscillation Criteria for Nonlinear Higher-Order Forced
Functional Difference Equations

Jehad Alzabut - Yasar Bolat

Received: 28 December 2013 / Accepted: 7 May 2014 / Published online: 18 November 2014
© Vietnam Academy of Science and Technology (VAST) and Springer Science+Business Media Singapore

2014

Abstract Some oscillation criteria for solutions of nonlinear higher-order forced difference
equations are established. The investigations are carried out without assuming that the coef-
ficients of the equations are of a definite sign and by showing that the forcing term needs
not be the mth difference of an oscillatory function. The proposed results are supported with
some examples.
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1 Introduction and Preliminaries

It has been believed that the difference equations provide adequate natural descriptions
for many observed evolution phenomena. This is justified because most measurements of
time-evolving variables are discrete. Therefore, these equations are in their own right impor-
tant mathematical models. Specifically, difference equations have extensive applications in
computer, probability theory, queuing problems, statistical problems, stochastic time series,
combinatorial analysis, number theory, electrical networks, and genetics in biology, eco-
nomics, psychology, and sociology; see the remarkable monographs [1, 2]. The oscillation
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of delay difference equations, in particular, often appears in population growth with com-
petitive species. The oscillation of first, second, and third-order forced delay difference
equations has been studied by a variety of authors. For recent contributions to the literature,
see for instance the papers [3-5, 10]. However, relatively few oscillation results are known
for higher-order forced delay difference equations [6, 8, 9, 11-13].

In [11], Sun and Saker considered equations of the form

A"x(n) +q(mg(x(n — 1)) = f(n) M

where m > 1 and t > 0 are integers, and g(n) and f(n) are real sequences defined for
n > 0. No restrictions have been assumed on the forcing term f. They proved their results
for g(n) > 0 and g(n) < 0, and g(n) is oscillatory under the condition xg(x) > 0 for
x # 0. In [9], Rath et al. established sufficient conditions for the oscillatory behavior of the
following equation:

A" (x(n) — p(m)x(t(n)) + g(n)g(x (o (n))) = f(n) 2

where m > 1 is an integer, and p(n), g(n), and f(n) are real sequences defined for n > 0
with g(n) > 0. The results are obtained by assuming that there exists a bounded sequence
F(n) such that A" F(n) = f(n) and lim,_, o, F(n) = 0. That is, the forcing term is mth
difference of an oscillatory function. In [6], the authors considered the equation

A" (x(n) = p(m)x(n — 1)) + (WP (n — 01) + g2(n)pp(n —02) = f(n)  (3)

where m > 1, t, 01, and o are integers, @, (u) = |u|*u; p(n), q1(n), g2(n), and f(n) are
real sequences defined for n > 0 with p(n) > 0,and 0 < o < 1 < B are constants.

The principal purpose of this paper is to extend the above mentioned results and establish
oscillation criteria for nonlinear higher-order forced difference equations of the forms

> aiAlx@) + @ (n, x(h(m). x(g()). x(U()) = f(n) @)
i=1
and

m
ZaiA’X(n) = @ (n,x(h(n)), x(g(n)), x(l(n))) = f(n). (5)
i=1
The investigations are carried out without assuming that the coefficients of the equations are
of a definite sign and by showing that the forcing term f needs not be the mth difference of
an oscillatory function. The proposed results are supported with some examples.

Let N, = {no,no + 1,...}. We shall consider (4) (or (5)) where a; values are real
numbers with a,, = l and h, g, [, f : N, — Z are real sequences satisfying lim,_, oc (1)
= lim, 00 g(n) = lim,_,oI(n) = o0o. The function @ : N,y x Z x Z x Z — Zis a
sequence satisfying conditions (C1) and (C4) to be specified in the following section. By A/,
we mean Alx(n) = A(Ax(n)) fori = 2,3,..., msuch that Ax(n) = x(n + 1) — x(n).
Let v = mingez{h(s), g(s),l(s)} and ng € Z be fixed. By a solution of (4) (or (5)), we
mean a real sequence x(n) defined for all » > v and satisfying (4) (or (5)) for n > no.
The nontrivial solution of (4) (or (5)) is of our interest in this paper. Such a solution x(n) is
said to be oscillatory if for any N > ng, there exists n > N such that x(n + 1)x(n) < 0.
Otherwise, the solution is said to be nonoscillatory.
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Let H (n, s) be a nonnegative kernel defined on D := {(n, s) : n > s > ng}. We assume
that H (n, s) satisfies the following conditions:

H.1) H(n,n)=0 and H(n,s) >0 for n >s > nyg,
H2) Hi(n,s)=(=1)AH(n,s), i=0,1,...,m for n > s > ny,
H3) Hi(n,n=0,i=01,...,m—1,

(H4) om0 — 0(1) as n— oo for i =1,2,...,m—1.

In what follows, we shall use the notation

Py = P (n, x(h(n)), x(g(n)), x(1(n)))
unless stated otherwise. The following two facts will be also used in the sequel:

Fact 1. The function F(x) := px®V —gxf~ forx >0,p,qg >0,anda > >y >0
attains its minimum at

X = (o — ) /B0 (g _ )1/ @) pr=B)/(Ca=P)a=y)) 41 /(@=p)

and thus

(y=8)/(a=p) ,(a—y)/(@—p)

Fuin = —o1p q

where o1 1= (@ — B)(a — y) Y~/ @=B) (g — 1) (B=v)/(@=F)
Fact 2. The function F(x) := px®~" 4+ gxf~7 forx >0, p,g > 0,anda > y > > 0
attains its minimum at
x = (a0 — ) /B0 — pl/@=P pr=P/(@=pla=y) 1/ (@=F)
and thus
Finin = 02 p7 =P/ @) gl@=)/(@=p)
where 03 = (a — B)(a — y) Y~/ @=B) (1, — g)B=v)/(@=p)

2 Main Results

In this section, we shall provide sufficient conditions for the oscillation of (4) and (5) and
their particular cases

D @i A x(n) + r ()Y, (x(h(n) + pM)Ya (x(g()) + g(MPp(xUM))) = f(n) (6)

i=1

and

> @i Alx(n) = r ()Y, (x(h(m)) + pm)¥a(x(3(n)) + g Yp(xm)) = () (7)

i=1

where ¥y, (1) = lu|"'u, n > 0; conditions (C1) and (C4) are satisfied respectively,
r,q : [ng,00) — Zand p : [ng, 00) — Z7.

Theorem 1 [fthere exists a nonnegative sequence G1(n, s) on [ng, 00) X [ng, 00) such that

>Gi(n,s) if x,y,z,w>0,

= —Gin.s) if x.y.zow<0 D

Y aiHi(n, $)x(s + 1)+ H(n, $)®(s. y, 2. w) {
i=1
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forn > s > no,

n—1

lim su # Z (H(n,s)f(s)+ Gi(n,s)) =00 (C2)
n%oop Hn, )sz,,o s 1(n, =
and
n—1
liminf H(nl —3 Z (H(n, ) f(s) — G1(n.5)) = — (C3)

then every solution of (4) is oscillatory.

Proof For the sake of contradiction, we assume that (4) has a non-oscillatory solution on
[no, 0o0). Without loss of generality, there is a solution x(n) of (4) and N € [ng, co0) such
that x(n) > 0 on [N, co). Multiplying both sides of (4) by H (n, s) and summing up with
respect to s from N ton — 1, we obtain

n—1 n—1 n—1
DY H@m.s)f(s) =Y Hn, s)Za,A X()+ Y H(n, 5)®;
s=N s=N i=1 s=N
m n—1 n—1
=Y a Y Hn.s)Ax@s)+ Y Hn, ). ®)
i=1 s=N s=N

By virtue of assumptions (H.1), (H.2), and (H.3), we observe that
n—1 ) ) i—1 o
Y Hn.s)A'x(s) = —H(n, N)A™'x(N) = > Hj(n. N) A"/~ 'x(N)
s=N j=1

n—1

+ Y Hi(n, 5)x(s + 1),

s=N
where Z?: | = 0. Thus, (8) becomes

n—1 i—1

Y H@m.s)f(s) = Za, H(n, N)A™'x(N)+ > Hj(n. N) A"/~ 'x(N)

s=N i=1 j=1
n—1 m
+> |:Za,-H,-(n,s)x(s+ 1)+H(n,s)¢s:|. )
s=N Li=1

In view of (H.4), there exists a constant M > 0 such that

i—1
—Zal H(n, N)A™'x(N)+ > Hj(n, N)A™/"'x(N) | = MiH(n, N).
i=1 j=1

Thus, we may write (9) as follows:

n—1 n—1 m
> H(n.5)f(s) = MiH(n, N)+ Y |:Za,~H,~(n, $)x(s + 1)+ H(n, s)CDS:| :

s=N s=N Li=1
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From condition (C1), it follows that
n—1

1
m Z (H(n,s)f(s) —Gi(n,s)) = My,

s=N
which leads to a contradiction to (C3). The same arguments can be followed in case we
assume that there is a solution of (4) and N € [ng, co) such that x(n) < 0 on [N, 00). We
end up with a contradiction to condition (C2). The proof is complete. O

Theorem 2 [fthere exists a nonnegative sequence Gy (n, s) on [ng, 00) X [ng, 00) such that

> aiHin, s)x(s + 1) — H(n, ) (s, v, 2. w) { = fi;(n(,ns)s) gi v 8’ (C4)
i=1 iy 2 ’ !y! ’
forn > s > no,
n—1
lim sup m XO: (H(n,s5)f(s) — Ga(n, 5)) = 00 (C5)
and |
o I T
liminf D (H®.5)f(s) + Gan, ) = —oc, (C6)

no

then every solution of (5) is oscillatory.

Proof For the sake of contradiction, we assume that (5) has a nonoscillatory solution on
[no, 0o). Without loss of generality, there is a solution x of (5) and N € [ng, 0o) such that
x(n) > 0 on [N, 00). Proceeding as in the proof of Theorem 1, we arrive at

n—1 m i—1
Y Hm.$)f(s) = =) ai | Hn, N)A™'x(N) + Y Hj(n, N) A/~ 'x(N)
s=N i=1 j=1
n—1 m
+> |:Za,~H,~(n, $)x(s + 1) — H(n, S)CDS:| :
s=N Li=1

By virtue of (H.4), there exists a constant M, > 0 such that
m i—1
=Y ai | Ho, N)A™'x(N) + ) Hj(n, N)A™/~'x(N) | < MyH(n, N),
i=1 j=1

which implies that

n—1 n—1 m
Y H(n,$)f(s) < MaH(n, N)+ ) [ZaiH,-m, $)x(s+1) — Hn, s)@A} :
s=N s=N Li=1
The last inequality and (C4) imply that
1 n—1

mg\[(li(”: $)f(s) — Ga(n,s)) < M.

To this end, we reach a contradiction to (C5). In case we assume that there is a solution of
(5) and N € [ng, 00) such that x(n) < 0 on [N, 00), then by repeating the same arguments,
we obtain a contradiction to condition (C6). The proof is complete. O
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Throughout the remaining parts of the paper, we define
ky :=max{0, k}, k_ := max{0, —k},

and
m

H;(n,s)
hn,s) = Zaim, n=s = ng.
i=1 ’

Theorem 3 Let h(n) = g(n) = l(n) = n on [ng, 00). Assume that 0 < y < 1 and
o > B >y hold and szzl aiHi(n,s) > 0forn > s > ng. If (C2) and (C3) are satisfied
where

Gi(n,s) == (v = Dy 10 )k, )7/ 0D,

and
Q1(5) 1= r—(s) + 01 pV TP (5)g TP ()
then every solution of (6) is oscillatory.

Proof For the sake of contradiction, we assume that (6) has a non-oscillatory solution on
[ng, 00). Then, without loss of generality, there is a solution x(n) of (6) and N € [ng, 00)
such that x(n) > 0 on [N, 0o). We claim that (C1) is satisfied for x = x(s),y =
x(h(s)),z = x(g(s)), and w = x(I(s)). Proceeding as in the proof of Theorem 1, we get

Za,-Hi(n, )x(s + 1) + H(n, $)®5 = ZaiH,-(n, $)x(s + 1)

i=1 i=1

+H(n, 5) [r()x7 () + (p()x* (5) + q(s)x" (5))]

> ZaiHi (n,$)x(s +1) — H(n, s)r_(s)x¥ (s)

i=1
+H(n, )x7 ()(p()x* 77 (s) — q—()xP 7 (5)).
In view of Fact 1 , we deduce
m m
Za,-H,-(n,s)x(s+1)+H(n,s)q5s > Za,-H,-(n,s)x(s+1)—H(n,s)Ql(s)xy(s). (10)
i=1 i=1
Define X > 0and Y > 0 by
XY :=HQ;x¥ and Y’ !:.= y_lQ;l/yh.
By using the inequality in [7]
yXY'l XV > -1y", 0<y<l,
we may write (10) in the form
S i, 5136 + 1)+ HOn, ), = (7 — Dy 00 Q0D 0= ),
i=1

However, the right hand side of the above inequality is nothing but G (n, s). Therefore, by
Theorem 1, we end up with the desired result. O

Theorem 4 Let h(n) = n and [(n) = g(n) on [ng, 00). Assume that 0 < y < 1 and
o > B > 0 hold and Z;"zl aiHi(n,s) > 0 forn > s > ng. If (C2) and (C3) are satisfied,
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where
Gi(n,s) = (y — Dy TV YOy /=Dy ) 4 8H (n, 5) pP/ P~ ()™ P (5)

and
§:=(B— a)aa/(ﬂ*a)ﬂﬂ/(a*ﬁ),

then every solution of (6) is oscillatory.

Proof For the sake of contradiction, we assume (6) has a non-oscillatory solution on
[ng, 00). Then, without loss of generality, there is a solution x(n) of (6) and N € [ng, 00)
such that x(n) > 0 on [N, oo). We claim that (C1) holds for x = x(s),y = x(h(s)),z =
x(g(s)), and w = x(I(s)). Proceeding as in the proof of Theorem 1, we get

D aiHi(n,)x(s + 1)+ Hn, $)®s = Y aiHi(n, $)x(s + 1)

i=1 i=1

+H(n, ) [r()x” () +(p($)x*(s) + q(s)xP (5))]

> ZaiHi(n, Hx(s+1)— Hmn, s)r—(s)x¥ (s)

i=1
+H(n,$)(p()x* (8(5)) —q— ()xP(g()). an

Similar to the steps followed in Theorem 3, we observe that
px% — q,xﬂ > 5pﬂ/(/3—a)qi/(a—ﬁ)’ (12)

where 8§ = (8 — a)a®/B=*) gB/(@=B) Therefore,

Y aiHi(n. $)x(s + 1) — Hn, $)r-(s)x? (5) = (y — Dy 80 VI pr /0 =D ) (13)
i=1

Using (12) and (13) in the right hand side of (11), we have

m
> i Hi(n, $)x(s + D) + Hon,5)@; = (v = Dy 0V pr /=Dy )

i=1
+5H(I’l, S)p/g/(ﬂ—ol)qg/(a_ﬂ) — Gl (I’l, S).
From Theorem 1, we deduce that every solution of (6) is oscillatory. O
Corollary 1 Let q(n) be a nonnegative sequence and h(n) = n on [ng, 00). Assume that

O0<y<land Zlm:l aiHi(n,s) > 0 forn > s > ng hold. If (C2) and (C3) are satisfied
where

Gi(n,s) == (y — Hy?/ G VA (o pr/v =D ),

then every solution of (6) is oscillatory.
Corollary 2 Let r(n) and q(n) be nonnegative sequences on [ng, 00). Assume that
Zf"zl aiHi(n,s) > 0forn > s > ng holds. If (C2) and (C3) are satisfied, then every

solution of (6) is oscillatory.

Theorem 5 Let q(n) be a nonnegative sequence and h(n) = g(n) = l(n) = n on [ng, 00).
Assume thaty > 1, o >y > B > 0and Q2(n) < 0 for n > ng. If (C5) and (C6) are
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590 J. Alzabut, Y. Bolat

satisfied where
Ga(n.5) := (v = Dy 710V h, )P0,
and
0a(s) := —r(s) — Uzp(v—ﬂ)/(a—ﬁ)(S)q(d—y)/(a—ﬂ)(s)

then every solution of (7) is oscillatory.

Proof For the sake of contradiction, we assume that (7) has a non-oscillatory solution
on [ng, 00). Then, without loss of generality, there is a solution x(n) of (7) and an €
[1g, 00) such that x(rn) > 0 on [n, 00). We claim that (C4) is satisfied for x = x(s),y =
x(h(s)),z = x(g(s)), and w = x(I(s)). Proceeding as in the proof of Theorem 2, we get

m m
ZaiHi (n,s)x(s+1)— H(@n,s)d; = ZaiHi (n,s)x(s+1)

i=l1 i=l1
H(n,5) [r()x7 () + (p()x*(s) + g (s)x" (5))]
> aiHi(n,s)
i=1

H(n, s)x” (s)(p(s)x*7 (s) 4+ q()xP 77 (5)).(14)

IA

x(s+1)— H(n, s)r(s)x? (s)

In view of Fact 2, (14) becomes

> aiHi(n, )x(s + 1) = Hn, 9)@5 < | Y aiHin, 9)|x(s + 1) = Hon, 9| 026l 5).

i=l i=1
Define X > 0Oand Y > 0 by
XY = H|Qax?, and Y7 'i=p10s "7 n).
By employing the inequality in [7]
yXY'Tl XY <@y =YY, y>1,

we obtain
m
D aiHi(n,5)| x(s + 1) = H(n, )| Q2(s)x” ()
i=1
< (v = DY)V, ) D
= Go(n,s).
Then, from Theorem 2, we get the desired result. O

Theorem 6 Let h(n) = g(n) =1(n) = n on [ng, 00). Assume thaty > l,a > B >y >0
and Q3(n) < 0 for n > ng. If (C5) and (C6) are satisfied where

Ga(n.s) = (v = Dy 1Qs ) | )70,
Q3(5) 1= —r(s) + 01 p¥ P/ ()«

and
o1:= (e — B)(a — )/)(y_a)/(a_ﬂ)(ﬁ _ y)(ﬂ—V)/(a—ﬂ)

then every solution of (7) is oscillatory.

@ Springer



Oscillation for Forced Functional Difference Equations 591

Proof For the sake of contradiction, we assume (7) has a non-oscillatory solution on
[ng, 00). Then, without loss of generality, there is a solution x(n) of (7) and n € [ng, 00)
such that x(rn) > 0 on [n, 00). We claim that (C4) holds for x = x(s),y = x(h(s)),z =
x(g(s)),and w = x(I(s)). Proceeding as in the proof of Theorem 2, we get

m m
> aiHi(n, )x(s + 1) — H(n, )5 = »_aiHi(n,$)x(s + 1)

i=1 i=1

—H(n, s) [r(9)x7 (s) + (p()x*(s) + q()xP (5))]

m
ZaiHi(n,S)

i=1

=

x(s+1)— H@m, s)r(s)x? (s)

—H(n, $)x7 ()(p()x* 7 (5) — q—(s)xP 77 (5)).
However, we observe that
pxeY — p_xP Y > _g pr=B@=p)  en/e=p)

which implies

ZaiHi(n, Hx(s+1) — H@n, )P, <

i=1

x(s+1) — H(n, $)|Q3(s)]x7 ().

ZaiHi(n, s)

i=1

The rest of the proof is the same as the proof of Theorem 5 with Q5 replaced by Q3. O
Theorem 7 Let r(n) be a positive sequence, and h(n) = n and l(n) = g(n) on [ng, 00).
Assume that y > 1 and o > 8 > 0. If (C5) and (C6) are satisfied, where
Ga(n.s) = (v = Dy Ir )V b, )77 D
—8H (n, 5)pP P~ (5)g“/* P (s)

and
§:=(B— a)aa/(ﬁ*a)ﬂﬁ/(a*ﬁ)

then every solution of (7) is oscillatory.
Proof For the sake of contradiction, we assume that (7) has a non-oscillatory solution on

[rg, 00). Then, without loss of generality, there is a solution x(n) of (7) and n € [ng, 00)
such that x(n) > 0 on [n, 00). As in the proof of Theorem 2, we get

ZaiHi(n, S)x(s+1)— H(n,s)d, = ZaiHi(n, Hx(s+1)

i=1 i=1

—H(n, ) [r()x7 (s) + (p()x*(s) + g (s)xP (5))]

= | aHi(n )| 2+ 1) = Hn9)lr ()l )
i=1
_H(n, S)(p(s)xa(g(s)) — q_(s)xﬂ(g(s))).
We observe that
px* — q_xﬂ > (Spﬁ/(ﬁ—a)qg/(a—ﬁ).

As in the proof of Theorem 5, we get

m

Za;Hi(n,s)

i=1

X(s+1)=H . )lr&)x" (s) < =Dy 1), )7
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592 J. Alzabut, Y. Bolat

Therefore,

> aiHi(n,$)x(s + 1) — H(n, s)®y

i=1

(v — Dy S )V hn, )7 /7!

IA

—H(n, S)(gpﬂ/(ﬁ—a)qf/(“—ﬁ)
= Ga(n, s),

which implies that every solution of (7) is oscillatory. O
Corollary 3 Let r(n) be a nonnegative sequence and h(n) = n on [ng, 00). Assume that
y > 1 holds. If (C5) and (CO6) are satisfied, where

Ga(n.5) = (y = Dy" PV (), )77
then every solution of (7) is oscillatory.
Corollary 4 Let r(n) and q(n) be nonnegative sequences. We assume that Y i, a;

Hi(n,s) <0 forn > s > ng holds. If (C5) and (C6) are satisfied, then every solution of
(7) is oscillatory.

3 Examples and Remarks

Example 1 Consider the equation

> Alx(n) + (), (x(n) + 05 P3(x(g(m)))

i=1
+n¥ cos (n)w§ (x(g(m))) = n* cos(n), (15)

where 0 < y < 1,r(n) > O0forn > no,a; >0, i =1,2,....m—1l,a, = 1,0 =

3, p(n) = n%, B = %, qn) = n% cosé(n), and f(n) = n*cos(n). By choos-
ing H(n,s) = (n — s)™, it is easy to see that H satisfies conditions (H.1)-(H.4) and
Z,’-":l a;H;(n,s) > 0. By virtue of Theorem 4, every solution of (15) is oscillatory if & > m.

Example 2 Consider the equation

> @i Ax(n) + r ()Y, (x(h(n)) + p(0) Y (x(g(n)))
i=1
+g()Yp(x((n)) = n* sin(n), (16)

where m > 2, u, @ >0, i = 1,2,...,m — 1, and @, = 1. Let r(n) and g(n) be
nonnegative sequences on [ng, 00). By choosing H (1, s) = (n — $)*, A > m — 1, it is easy
to see that H satisfies conditions (H.1)-(H.4) and er‘n=1 aiH;(n,s) > 0. By Corollary 2,
every solution of (16) is oscillatory if u > A.

Example 3 Consider the equation
Ax(n) +r(m)yy (x(n)) — e%"lﬁg (x(g(n)))

—eatn sin%(n)w% (x(g(n))) = " sin(n), (17)
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where y > 1 and r(n) < O forn > ng, a; = 1, p(n) = —e%, o = % qn) =

—e%" sin%(n), B = %, and f(n) = €"sin(n). By choosing H(n,s) = 1, n > s > ny,
one can easily see that H satisfies (H.1)-(H.4). By the consequence of Theorem 7, every
solution of (17) is oscillatory.

Example 4 Consider the equation

3 ai Alx () = rm) Py (e (h(m)) + pn)ra (x(g(n)))

i=1
+ qmyp(x((n))) = " sin(n), (18)

where m > 2,a; <0, i=1,2,...,m—1,and a,, = 1. Let r(n) and g (n) be nonnegative
sequences. By choosing H(n, s) = (n — s)*, A > m — 1, it is easy to see that H satisfies
(H.1)-(H.4) and Y_1", a; H; (n, s) < 0. By Corollary 9, every solution of (18) is oscillatory.

Remark 1 The results of this paper are applicable to the following equation of neutral type

S @ Aym) + )@y (x(h@) + Y [pi ()P, (x(8i () + i (1) Pp, (Ui (1))]

i=1 i=1

+ TPy (R + Y [7;0Pg, (x@; ) + TP (x5 ()]

j=1
= a(n)x(n) + b(n)x(n — ) + f(n),
where y(n) := x(n) + §(n)x(t(n)), @,u) = lu|"'u, n > 0, a; are real numbers with

a, = landr, 7, pi, ﬁj, qi, ﬁj, gi, gj, li, lj, a, b, and f are real sequences
such that a, b, p;, and pjare positive sequences, and lim,_, o h(n) = lim,_,oc h(n) =
lim,_,  gi(n) = limn_)oogi(n) = lim, 0 [;(n) = lim, o0 [ j(n) = 00. The details can
be carried out using similar arguments.

Remark 2 The oscillation of solutions for (15), (16), (17), and (18) cannot be determined
using the techniques considered in the literature. Indeed, one can easily figure out that when
@ =qn)gx(n—r1)),® =qn)gx(n—r1)) with p(n) =0, and ® = g1 (n)py(n —01) +
g (n)¢g(n — 02), (4) (or (5)) reduces to (1), (2), and (3), respectively. This tells that our
results in this paper extend as well as improve those existing in the literature.

Acknowledgements We would like to express our sincere thanks to the referees for pointing out several
suggestions and corrections that help in making the contents of this paper more accurate.
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