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Abstract—In this paper, we are concerned with the oscillation of solutions of a certain higher-
order nonlinear neutral type difference equation with oscillating coefficients. We obtain two sufficient
criteria for oscillatory behaviour. © 2004 Elsevier Ltd. All rights reserved.
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1. INTRODUCTION

We consider the higher-order nonlinear difference equation of the form
A"y +pR)y (-7 +e®R) f W@ (®) =0, n22eN, keN,  (L1)

where N = {0,1,2,...}, p(k) : N = R = (—00,00), and it is an oscillating function; g(k) : N —
[0,00); 7 is a positive integer; o(k) : N — Z (Z denotes the set of integers) with o(k) < k, and
o(k) — 400 as k — oo; f(u) € C(R, R) is a nondecreasing function, uf(u) > 0 for u # 0.

By a solution of equation (1.1), we mean any function y(k) : Z — R, which is defined for all
k > min;»o{i—7, (i)}, and satisfies equation (1.1) for sufficiently large k. We consider only such
solutions which are nontrivial, for all large k. As it is customary, a solution {y(k)} is said to be
oscillatory if the terms y(k) of the sequence are not eventually positive or not eventually negative.
Otherwise, the solution is called nonoscillatory. A difference equation is called oscillatory if all
of its solutions oscillate. Otherwise, it is nonoscillatory. In this paper, we restrict our attention
to real valued solutions y(k).

Recently, much research has been done on the oscillatory and asymptotic behaviour of solutions
of higher-order delay and neutral delay type difference equations. The results obtained here are
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an extension of work in [1]. Most of the known results are for special cases of equation (1.1) and
related equations; see, for example, [1,2; 3, Chapter 7; 4, Section 22; 5-9].

The purpose of this paper is to study oscillatory behaviour of solutions of equation (1.1). For
the general theory of difference equations, one can refer to [2-7]. Many references to applications
of the difference equations can be found in [5-7].

For the sake of convenience, the function z(k) is defined by

z(k)=y (k) +pk)y(k—1) (2.1)
and N(a) = {a,a+1,...}, N(a,b) = {a,a+1,...,b}.

2. SOME AUXILIARY LEMMAS

LEMMA 2.1. (See [2].) Let y(k) be defined for k > ko € N, and y(k) > 0 with A™y(k) of constant
sign for k > ko, n € N(1), and not identically zero. Then, there exists an integer m, 0 <m <n
with (n + m) even for A"y(k) > 0 or (n+m) odd for A™y(k) < 0, such that

i) m < n—1 implies (—=1)™Aly(k) >0, forall k > ko, m<i<n-—1

it) m > 1 implies A*y(k) > 0, for all large k > ko, 1 <i <m — 1.

LEMMA 2.2. (See [2].) Let y(k) be defined for k > ko, and y(k) > 0 with A™y(k) <0 for k > ko
and not identically zero. Then, there exists a large ki > ko, such that
1

¥ (k) 2 oy (k= k)PP AM Ty (20T E), B>k,

where m is defined as in Lemma 2.1. Further, if y(k) is increasing, then,

1 E O\
> - n—1 n—1

3. MAIN RESULTS

THEOREM 3.1. Assume that n is odd and

(C1) limg_oo p(k) =0,
(Cp) o+ sn~1g(s) = +oo.

S=k0
Then, every bounded solution of equation (1.1) is either oscillatory or tends to zero as k — +oc.
PROOF. Assume that equation (1.1) has a bounded nonoscillatory solution y(k). Without loss
of generality, assume that y(k) is eventually positive (the proof is similar when y(k) is eventually
negative). That is, y(k) > 0, y(k — 1) > 0, and y(o(k)) > O for k > ky > ko. Further, we assume
that y(k) does not to zero as k — oo. By (1.1),(1.2), we have for k > k1

A"z (k) = —q (k) f (y (o (k))) < 0. (3.1)

That is, A"z(k) < 0. It follows that A%2z(k) (a = 0,1,2,...,n — 1) is strictly monotone and
eventually of constant sign. Since p(k) is an oscillating sequence and limg_.o. p(k) = O, there
exists a ko > ki, such that for £ > kj, we have z(k) > 0. Since y(k) is bounded, by virtue of
(C1) and (1.2), there is a ks > ko such that z(k) is also bounded, for k > k3. Because n is
odd and z(k) is bounded, by Lemma 2.1, since m = 0 (otherwise, z(k) is not bounded), there
exists ks > ks, such that for k > kg, we have (—=1)*A’z(k) > 0 (4 = 0,1,2,...,n—1). In
particular, since Az(k) < 0 for k > kq, z(k) is decreasing. Since z(k) is bounded, we may write
limp o0 2(k) = L(—00 < L < +00). Assume that 0 < L < +oo. Let L > 0. Then, there exists
a constant ¢ > 0 and a ks with ks > k4, such that z(k) > ¢ > 0 for k > ks. Since y(k) is
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bounded, limg_,c p(k)y(k — 7) = 0 by (C1). Therefore, there exists a constant ¢; > 0 and a kg
with kg > ks, such that y(k) = z(k) — p(k)y(k —7) > ¢1 > 0 for k > kg. So, we may find k7 with
k7 > ke, such that y(o(k)) > ¢; > 0 for k > k7. From (3.1), we have

Atz(k) < —q(k) fer)  (k=kr). 3.2)

If we multiply (3.2) by k"1, and summing it from k; to k — 1, we obtain

k—1
F(k)~F (k) S —fler) 3 als)s™ Y, (3.3)

s=k7

where
n—1

F(ky=>_ (~1)Y A" 1ALz (k + ).
=2
Since (—1)!A%z(k) > 0, for i = 0,1,2,...,n — 1 and k > ky, we have F(k) > 0 for k > kr.
From (3.3), we have

k-1
~F (k1) < =f(e) )_ a(s)s™

S=k7

By (C3), we obtain
—F (k1) < =f(a1) D q(s)s" " = —oo,

s=k7
as k — oo. This is a contradiction. So, L > 0 is impossible. Therefore, L = 0 is the only possible
case. That is, limg_,c0 2(k) = 0. Since y(k) is bounded, by virtue of (C1) and (1.2), we obtain

lim y (k) = lim z(k) — lim p(k)y(k—7)=0.
k—oco k—oo k—co

Now, let us consider the case of y(k) < 0 for k > k;. By (1.1) and (1.2),
Atz (k) =—q(R)f(y (@ (k) 20 (k=ky).

That is, A™z(k) > 0. It follows that A%z(k) (¢ = 0,1,2,...,n — 1) is strictly monotone and
eventually of constant sign. Since p(k) is an oscillating sequence and limy—,oo p(k) = 0, there
exists a ko > ki, such that for £ > ko, we have z(k) < 0. Since y(k) is bounded, by virtue
of (C1) and (1.2), there is a ks > ko, such that z(k) is also bounded for k > k3. Assume that
z(k) = —z(k). Then, A"z(k) = —A"z(k). Therefore, z(k) > 0 and A™z(k) < 0 for k > k3. From
this, we observe that z(k) is bounded. Because n is odd and z(k) is bounded, by Lemma 2.1,
since m = 0 (otherwise, x(k) is not bounded) there exists a k4 > ks, such that (—1)!A’z(k) > 0
fori=0,1,2,...,n—1 and k > k4. That is, (—1)*A%2(t) <0fori=0,1,2,...,n—1 and k > ky.
In particular, for k > k4, we have Az(k) > 0. Therefore, z(k) is increasing. So, we can assume
that limy_,e0 2(k) = L (—o0 < L < 0). As in the proof of y(k) > 0, we may prove that L == 0.
As for the rest, it is similar to the case of y(k) > 0. That is, limy_,.o ¥(k) = 0. This contradicts
our assumption. Hence, the proof is completed. B

THEOREM 3.2. Assume that n is even and (Ci) holds. Further, we suppose that the following
condition holds.

(Cs) There is a sequence (k) > 0 which is defined on N{ko), such that
k—1
Jim sup " ¢ (s)q(s) = +oo,

s=kop
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and -
~ (Ap(s))
Erisup zk: v (s)sm—2 oo
s=kg

Then, every bounded solution of equation (1.1) is oscillatory.

PRrROOF. Assume that equation (1.1) has a bounded nonoscillatory solution y(k). Without loss
of generality, assume that y(k) is eventually positive (the proof is similar when y(k) is eventually
negative). That is, y(k) > 0, y(k — 1) > 0, and y(o(k)) > 0 for k > k1 > ko. By (1.1),(1.2), we
have for k > k,

A"z (k) = —q (k) f (4 (o (K))) < 0. (3.4)

That is, A™z(k) < 0. It follows that A%z(k) (@ = 0,1,2,...,n — 1) is strictly monotone and
eventually of constant sign. Since p(k) is an oscillating sequence and limy—.c p(k) = 0, there
exists a ks > ki, such that for k > ko, we have 2(k) > 0 eventually. Since y(k) is bounded, by
virtue of (C;) and (1.2), there is a k3 > ko, such that z(k) is also bounded for sufficiently large
k > k3. Because n is even, by Lemma 2.1, since m = 1 (otherwise, z(k) is not bounded) there
exists k4 > k3, such that for k£ > k4,

(-1 AIZ(k) >0 (i=0,1,2,...,n—1). (3.5)

In particular, since Az(k) > 0 for k > k4, 2(k) is increasing. Since y(k) is bounded, limz_.co
p(k)y(k —7) = 0 by (Cy). Then, there exists a ks > k4 by (1.2),

y(k) = 2(k) = p (W) y (k=7) 2 52 () >0,
for k > k5. We may find a k¢ > ks, such that for k& > kg, we have
v(o(K) = %z (o (k)) > 0. (3.6)
From (3.4),(3.6) and the properties of f, we have

N CERICH CHCO)

= g LELLZEIED. o ),

for k > k¢. Since z(k) is bounded and increasing, limy_,o0 2(k) = L (0 < L < +o0). By the
continuity of f, we have

(3.7)

. f(1/2)z(a (k)  f((1/2)L)
RSy % R A

Then, there is a k; > kg, such that for k > k7, we have

. fe®) S FA2)L)
R A (38)
By (3.7) and (3.8),
A"z (t) £ —agq (k) z (o (k)), for k > kr. (3.9)
Let us set An-1, (k
w (k) = 2 (k) (3.10)

2((1/2)0 (k)
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Since A" 1z(k) > 0 and z(c(k)) > 0 by (3.5), we can find a ks with kg > ky, such that for
sufficiently large k > ks, we have w(k) > 0. If we apply the forward difference operator A
to (3.10), since A"~1z(k) and Az(k) are decreasing and z(k) is increasing by (3.5), we obtain

z2((1/2) o (k)) A"z (k) — Az ((1/2) o (k) A1z (k)
2((1/2)o (k) Ez((1/2) o (k)
2o B A2 (k) Az(1/2)0 (8) Az (k)
T /e E)y (z((1/2) 0 ()’
< Arz(k) w (k) Az (k)
~ 2((1/2) o (k) z((1/2) o (k))’
where F is shift operator as defined Ez(k) = z(k + 1). Since A"z(k) < 0, it is obvious that

A™12(k) is decreasing. Since A" !z(k) > 0 for k > ko, by Lemma 2.2 there exists a large
kg > kg, such that for all k > kg, we can write

Aw (k) =

(3.11)

1
Z(k)ZZ(a(k))zz 59 (k)

( ) (3.12)
']A"“ 2 (2™E) | (ke ~ ko)™

Z(n

If we apply forward difference operator A to (3.12), since o(k) < k, by Lemma 2.2, we have

Az (k) >

n—1 TN — n—2
0 2), Az (2r k) k

1 1 - , (3.13)
> n-2 An— > gn— ‘
“ (n-2)! (271.—1)""1 k z (k) (k22 kg)

Therefore, from (3.11) and (3.13), we obtain

1
* (k) (n—2)t (2n-1)"~!

Aw (k) < —aq(k) —w k2 (3.14)

We may again write (3.14),

1 1
—2)! (2n—1)n—1
If we multiply (3.15) by ¢(k), and summing it from kg to k — 1, we obtain

ag (k) < —Aw (k) — w? (k) " k2 (k> 22k . (3.15)

k-1 k-1 k-1
aY 98 <= () du(s)—C Y p(s)w?(s)s"2

s=kg s=kg s=ko
k-1 k—1
= —p(k)w(k) +¢ (ko) w (ko) + Y Ap(s)w(s) —C D ¢ (s)w?(s)s" 2
s=kg s=kg
k-1 2 k-1
w _ $) "2 lw Ap(s) [Ap (3)
<o (kQ) (kQ) Cszl;g <P( ) $ [ (s) 2030 (S n_z] Z 4090 (S) S"’"‘
Ao (s)]?
< (k) w (ko) + Z RE;%—?—E
where C = (1/(n — 2)!)(1/2"~1)"~1. Therefore, by (C3)
k-1
too=a hm sup E 0 (8)q(s) < ¢ (ko) w (ko) + G hm sup Z <pA(S (;_ +00.
s=kg

This is a contradiction.
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Now, let us consider the case of y(k) < 0. We do the proof similar to Theorem 1, as in the case
of y(k) < 0. Therefore, there is a k > ks, such that A™z(k) > 0, z(k) < 0, and z(k) is bounded
and, at the same time, there exists an integer m = 1 and a k4 > ks, such that (-1)*1A%(k) <0,
fork>kqandi=1,2,. — 1. In particular, Az(k) <0, for k > k4. Let us set z(k) = —z(k).
The rest of proof is similar to the case of y(k) > 0. Hence, the proof is completed. ]
EXAMPLE 3.1. We consider difference equation of the form

Adly(k)+e*sin(nk)y(k—1)] +ky® (k—2) =0, k2>2 (3.16)
where n =3, g(k) =k, o(k) =k —2, 7 =1, p(k) = e *sin(In k). Hence, we have
Jim p (k) = lim e *sin(lnk) =0
and

+co “+oo

DRSS

s=ko s=ko
Since Conditions (C1) and (Cy) of the Theorem 1 are satisfied, every bounded and does not to
zero as k — oo solution of equation (3.16) is oscillatory.

EXAMPLE 3.2. We consider difference equation of the form

o [y« C1
y (k) + y(k-2)| +99° (k—1) =0, (3.17)

where n = 2, 7 = 2, p(k) = (=1)¥/k, q(k) = 9, o(k) = k — 1. If we get o(k) = 1/k, then,
Ap(k) = —1/k(k + 1) . Hence, we have

A )
PR = S =0,

k-1 k—1

klim sup Z v(s)q(s) = lim sup Z l9 = 400,
—00 ot k—o0 aFo S
and
k-1 k-1
[Agp (s)] (A 1
lim sup m sup lim su <+
—00 S_Zk p(s)sn=2 E (l/s k 5 s(s+1)°

Since Conditions (C;) and (Cs) of the Theorem 2 are satisfied, every bounded solution of equa-
tion (3.17) is oscillatory.

REFERENCES

1. F. Yuecai, Oscillatory behavior of higher order nonlinear neutral functional differential equation with oscil-
lating coefficients, J. South China Normal Univ. 8, 6-11, (1999).

2. R.P. Agarwal, S.R. Grace and D. O'Regan, Oscillation Theory for Difference and Differential Equations,
Kluwer Academic, Dordrecht, The Netherlands, (2000).

3. R.P. Agarwal, Difference Equation and Inequalities, Marker Dekker, New York, (2000).

4. R.P. Agarwal, Advanced Topics in Difference Equation, Kluwer Academic, London, England, U.K., (1997).

5. 1. Gybri and G. Ladas, Oscillation Theory of Delay Differential Equations with Applications, Clarendon
Press, Oxford, (1991)..

6. W.G. Kelley and A.C. Peterson, Difference Equations an Introduction with Applications, Academic Press,
Boston, MA, (1991).

7. V. Lakshmikantham and D. Trigiante, Theory of Difference Equations, Numerical Methods and Applications,
Academic Press, New York, (1988).

8. B. Szmanda, Properties of solutions of higher order difference equations, Mathl. Comput. Modelling 28 (10),
95-101, (1998).

9. X. Guan, J. Yang, S.T. Liu and S.S. Cheng, Oscillatory behavior of higher order nonlinear neutral difference
equation, Hokkaido Mathematical J. 28, 393-403, (1999).



