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Abstract

Sufficient conditions for the oscillation of solutions thile nonlinear second-order difference equation of the
form

Alp( ¥ (y(k) Ay T+ qkh(y(k)g(Ayk —r (k) Ay(k)
+ fk, y(K), yk —s1(K)), y(k = 52(K)), ..., y(k = sn(K))) = 0

are established. We obtain a series of results for oscillatory behaviour.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Studies on oscillatory and nonoscillatory solutions of second-order linear and nonlinear difference
equations with a nonlinear damped term are scarce; and many of them have been done only in the
last decade. This shows that there has been increasing interest in obtaining sufficient conditions for
the oscillation and nonoscillation of solutions for different classes of linear and nonlinear second-order
difference equations with a damped term. Most of the known results are for special cases Bf Eq. (
and related equations; see, for exampie/+11. We refer the reader to the recent papérsi[l] where
further references can be found.
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For the general theory of difference equations, the reader could refér# Many references to
applications of the difference equations can be foundijin [

Our main objective in this work is to study the oscillatory behaviour of the general nonlinear second-
order difference equation

AlpR) Y (y(k)Ay(K)] + akh(yk))g(Ayk —r (k) Ay(k)
+ Kk y(K), yk = s1(k)), yk = 5(k)), ..., y(k = (K))) = 0 1)

whereN = {0,1,2,...}, N(kg) = {ko, ko + 1, ...}, andk € N and the following conditions are always
assumed to hold:

() p(k) is defined orN (kg) and p(k) > 0O,
(i) q(k) = 0 for everyk € N(kp),

(ii) ¥ (y(k)) is defined orR and there exist positive constamtendb such thata < ¥ (y(k)) < b for
everyy(k,

(iv) h(yk)) is defined orR andh(y(k)) > 0,
(v) there exists a positive constansuch thaty (y(k)) > Ah(y(k)) for everyy(k),
(vi) g(v) is defined orR and O< g(v) < mwherem is a positive constant,

(vii) f(k,Up, Uz, U, ...,Uy) : N(kg) x R — R and f is continuous with respect to
Uog, Uq, Up, ..., up; further, f(k, ug, us, us, ..., up) > 0ifu; >0forallj =0,1,2,...,nand
f(k,Ug,us, Uz, ..., up) <0ifu; <Oforallj =0,1,2,...,n,

(viii) r(k) € N(ko) and lim_ o (k — r(k)) = o0; 5(k) € N(ko) and lim_ o (k — s5(K)) = oo for
i=12...,n.

TheoperatorA is a forward difference operator which is definedby(k) = y(k + 1) — y(k).

Leto = maxXrk),sk},i=12,..., n, and letNp be a fixed nonnegative integer. By a solution of
(1), we mean a real sequenfg(k)} which is defned for allk > Ny — o and satisfies1) for k > N.
A solution {y(k)} of (1) is said to be nonoscillatory if all the termgk) are eventually of fixed sign.
Otherwise, the solutiony(k)} is called oscillatory. In this work, we shall be concerned only with the
nontrivial solutions of {).

2. Main results
To obtain our results we need the following lemma.

Lemma?2.1. Assume that

Lokl kel mq()
| B i LU P c
fm 2 o ll;lo[ ; p<l>} e (o

is satisfied. If yk) is a nonoscillatory solution of Eq1), then we rast have
y(K)Ay(k) > O for all large k.

Proof. Let y(k) be a nonoscillatory solution of EqLY, Assume, without loss of generality, thatk) > O
for k > k; such thatk; > kg > 0. Then, we can find & > k; such thaty(k — r(k)) > 0 and
y(k—s(k)) >0fori =1,2,...,nandk > k,. Sincey(k) > 0 andy(k)Ay(k) > 0, Ay(k) is positive.
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Let us suppose the contrary. That is, let us have(k) < 0 fork > ks such thaks > k,. Then, we can
write from (1)
m q(k)
Awk) + ———w(k) > 0 fork > ks, 2
(k) % p (k) 3 )
wherew (k) = — p(k)¥ (y(k)) Ay(k). The difference inequalityZ) has the slution

=, mad)
w(k) > |:1 - ——] w(Ka). )
.1__k£ wpih]

If we divide both sides of the inequalitB) by — p(k), we obtain

1 [, mad)
(YN AY(K) < ——— [l———]w(k). i
vty < =55 I1|1= 550 e @
If we sum @) from ks to k — 1 and tken takek — oo, the right side of &) tends to—oo by (Cop). However,
since the left side of4) is finite, this is a cotradiction. Hence, the proof is complete.
Note: If q(k) = 0, then condition Cy) takes the form
k—1

—ks

kIim — = 00
% i ko p())
Corollary 2.2. If yi is a nonoscillatory solution of Eql), thenAy is also nonoscillatory.

Proof. Let y(k) be a nonoscillatory solution of EqL), We can assume, without loss of generality, that
y(k) > 0 fork > k; such thak; > kg > 0. Then, we can find & > k; such thaty(k — r (k)) > 0 and
y(k—sk)) >0fori =1,2,..., n andk > k,. Suppose to the contrary thatyy is oscillatory. Then
from (1) we have

Alp(k) ¥ (y(k)AyK)] + qkoh(yk))g(ayk —r (k) Ay(k) < 0. (5)
If we consider (i), (iv) and (vi), q(k)h(yk)g(Ayk — rk)))Ay(k) is not negative and not
positive. Therefore A[p(K)¥(y(k)Ay(k)] has to be negive and |A[p(K)y¥ (y(K)HAYK)] >
lakh(yk)g(Ayk —r (k) Ay(K)]|. Since

Alpky (y(k)Ay(k)] <0, (6)
if we sum @) from k; to (k — 1), we obtain
pk)y¥ (yk)Ayk) —C <0 forallk > k, @)

whereC = p(k) ¥ (Y(k2)) Ay(ky) is any constant (may be positive or negative). Inequaltg@rtradicts
pk) > 0, ¥ (y(k)) > 0 andAy(k) is oscillatory. Hence the proof is complete.

Theorem 2.3. Assume thafCy) is satisfied. Further, if the conditions

f (k, ug, Uy, Uy, ..., Uy) is nondecreasing forg us, Uy, ..., Uy (Cy)
and
k—1
lim fd,c,c,...,c)| =+occforanyc#£0 C
k%ol_zko' ( )| y c# (C2)

are satisfied, then every solution of E#) is oscillatory.
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Proof. Suppose that Eq.1j has a nonoscillatory solutiopi(k). Without loss of generality, assume that
y(k) is eventually positive fok > k; > ko (the proof is similar whery(k) is eventually negative). Then,
we can find ak, > k; such thaty(k —r(k)) > O andy(k — s(k)) > Ofori =1,2,...,nandk > k.
There aists aks > k, such thatAy(k) > 0 for k > k3 by Lemma 2.1 Therdore y(K) is increasing. Then
there exist &4 > k3 and a constart > 0 such haty(k) > c for k > k. Thus, we can find & > kg4
such thaty(k — s (k)) > cfork > ksandi =1, 2, ..., n. Herce, we obtain fromX) by Lemma 2.1and
condition C,)

Alpy (yk)Aayk] + fk,c.c, ..., c)<0 (8)
for k > ks. Summing @) from ks to k — 1, we obtain

k—1

pIOY (YK)AYK) < § - Y f(.cc.....0) 9)

I=ks

whereS; = p(ks)y (y(ks)) Ay(ks) is positive. Sincef (K, ug, Uy, Uy, ..., Uy) > 0, we obtain from 9)
p()Y (y(K) Ay(k) > —oco

ask — oo by using condition C;). Therefore, Ay(k) must benegative for all sufficiently larg&. This

contradictd.emma 2.1 This mmpletes the proof. O

Theorem 2.4. Assume that condition$Cy), and (C;) hold. Moreover, suppose that the following

conditions are satisfied:

k—1

Jim > 1Ay (y)] < +oo. (Ca)
I=ko
There exist a positive functiofi(k), with Ag(k) > 0, and a positive number A such that
ABK)IpKk) < A (Cs)
and
k—1
Jim > BMIfd.c.c.....0) = +ooforany c# 0. (Cs)

Then every bounded solution of Hg) is oscillatory.

Proof. Assume that Eq.1j has a nonoscillatory solutiop(k). Without loss of generality, suppose that
y(k) is eventually positive fok > k; > kg (the proof is similar whery(k) is eventually negative). Then,
we can find ak, > k; such thaty(k —r(k)) > O andy(k — s(k)) > Ofori =1,2,...,nandk > k.
There aists aks > k, such thatAy(k) > 0 fork > ks by Lemma 2.1 Therdore, y(Kk) is increasing. Then
there exist &4 > k3 and a constart > 0 such haty(k) > c for k > k. Thus, we can find & > kq4
such thaty(k — s (k)) > cfork > ksandi = 1, 2, ..., n. Herce, we obtain fromX) by Lemma 2.1and
condition C,)

Alpy (yk)Aayk] + fk,cc, ..., c)<0 (10)
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for k > ks. Let B(k) be a positive function which satisfies conditiog, and Cs). If we multiply the
inequality (L0) by B(k) and later take its sum frofg to k — 1, we obtain

k—1

Bk — Dpoy (yk)ayk) + Y pMhfd.c.c.....c)
I=ks
k—1
< S+ Yy ABHPMY(y()Ay() (12)
I=ks
whereS, = B(ks) p(ks)¥ (Y(ks))Ay(ks) is positive. Therefore applying the conditioB4) to (11), we
have

k—1
Bk =D ply(yk)Ayk) =S+ AZ v(y()Ayd)
=ko
k—1
> BMhfd.cc.....0. (12)

i—ks

If we takek — oo in the inequality 12), sincey(k) is increasing and bounded andy(k)) is bounded
from above by some positive constdmin the inequality {2) theterm

k—1 k—1
Z vy Ay =y (y(k)yK) — ¢ (y(ko))y(ko) — Z Ay (y)yd)
I=kg I=ko

<Y yk)yk) < +oo
ask — oo by (Cg). Thus, we obtain from12) by condition (Cs)

Bk —DpKRy(yk)Ayk) — —oo

ask — oo where 0< a < ¥(y(k)) < bforall k > kg, @a andb given by statement (iii). Therefore
Ay(k) must benegative for all sufficiently largé. This mntradictsLemma 2.1 Herce the proof is
complete. 0O

Corallary 2.5. Assume that the conditiof€,), and (C,) hold. In addition, if

k Z Z —| d,cc,..., c)| = +oo for any constant ¢ 0 (Ce)

is satisfied, then every bounded solution of @gis oscillatory.
Proof. The poof follows fromTheorem 2.4f we take
k-1 4
k-1 = —.
g 250

Theorem 2.6. Suppose that the conditiof€,) and (C,) hold. Furthermore, if

k—1 1 k—1 1 k—1 .
kl_)oo<b kop(') Z{WZH(LC,C ..... C)|:|):—oo (Cy)

I=ko
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is satisfied for any constants b and ¢ with the property-b@, then every bounded solution of Ed) is
oscillatory.

Proof. Assume that Eq.Jj has a nonoscillatory solution(k). Suppose, without loss of generality, that
y(k) is eventually positive fok > k; > kg (the proof is similar whery(k) is eventually negative). Then,
we can find ak, > k; such thaty(k —r(k)) > O andy(k — s(k)) > Ofori =1,2,...,nandk > k.
There aists aks > k, such thatAy(k) > 0 for k > k3 by Lemma 2.1 Therdore y(K) is increasing. Then
there exists &, > ks and a constart > 0 such haty(k) > c for k > k4. Thus, we can find & > k4
such thaty(k — s (k)) > cfork > ksandi =1, 2, ..., n. Herce, we obtain fromX) by Lemma 2.1and
condition C,)

AlpK) ¥ (y(k) Ay + f(k,cc,...,0) <0 (13)
for k > ks. Summing (13) from ks to k — 1, we obtain

k—1

POV (yR)AY(K) <b—>"fd,cc, ....c) (14)

i—kg

whereb = p(ks) ¥ (y(ks)) Ay(ks) is a positive constant. If we divide both sides of the inequalit) py
p(k) and later take its sum frot; to k — 1, we obtain

k—1 k—1 b k—1
Zw<y<l>my<l><z 0 Z( (I)qu c.c, c>>. (15)

= k5 1=k = k5

Therefore the left side of the inequalit§g) tends to—oo ask — oo by condition C;) and shcey(K) is
bounded and/ (y(k)) is bounded from above by some positive constaithe right side of the inequality
(15) is positive valued. This is a contradiction. Hence the proof is complet&l

Theorem 2.7. Suppose that the conditioi€y), (C3) and(C,) hold. In addition, if conditions

f(k, uO? ula u25 ceey un)
> n(k) > 0 C
fl(UO, ulv u27 LI ] Un) n ( 8)
where thefunction f(uo, us, Uy, ..., Up) is a continuous function and;uy(up, U1, Uy, .. ., un) > 0,
if every y > Ooreveryy < 0, and
k—1
lim > pMn() = +oo (Co)
I=ko

are satisfied, then every bounded solution of @yis oscillatory.

Proof. Assume that Eq.1j has a nonoscillatory solutiog(k). Without loss of generality, assume that
y(k) is eventually positive fok > k; > kg (the proof is similar whery(Kk) is eventually negative). Then,
we can find ak, > k; such thaty(k — r(k)) > 0O andy(k —s5(k)) > Ofori =1,2,...,nandk > k.
Hence, we have fdk > ko,

f(k, y(k), y(k = s1(K), y(k = (k)), ..., y(k — s (K))) >
n(K). f1(y(K), y(k — s1(k)), y(k — 52(k)), ..., y(k — s,(k))) > 0. (16)
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SinceAy(k) > 0 byLemma 2.1 y(k) is increasing. Becausgk) is bounded and(ug, Uy, Us, ..., Up)
is continuous, we have lign o, y(K) =3 (0 < § < +00) and

Jim 11(y(k), y(k = 1), y(k = s2(k)), ..., y(k = s(K) = 11,6, ..., 8).

Thus, we obtain O< f1(8,4,...,8) < +o0o. Choosey suchthatO< y < 1(6,6,...,8) < +co. Then
there existks > k> such that

fi(y(K), y(k — s1(k)), y(K — 5(K)), ..., y(K — sx(k))) > y. 17)
Therefore, from @), (16) and (L7) we obtain by condition Cg)
Alpy (y(k)AyK]+ynk) <0 (18)
for k > ks. If we treat (L8) as we treat10) in the proof of Theorem 2.4we obtain by condition C,)
k=1 k=1
Bk — DpMOy (y(kDAY(K) — Ay (yM)AYH +y Y Bhnd) < S, (19)
1=Ky I=kq

whereS, = B(ks) p(ks) ¥ (Y(K3)) Ay(Ks) is a positive constant. Becaugék) is increasing and bounded
and (y(k)) is bounded from above by some positive constabbunded, the second term of

k—1

> vy Ay()
I =ky

in the inequality 19) is finite ask — oo by (Cz). Hencewe have
k—1

Bk — Dpk)y (y(k)AY(K) < S —y Zﬂ(l)n(l) (20)
I=ky

where§ =S + AZS ks Y (y())Ay(). Thus if we takek — oo in the inequality 20), we obtain

Bk —1)pk)y (yk)AyK) — —oo.

Therefore Ay(k) must benegative for all sufficiently larg&k. Hence, we reach a contradiction by
Lemma 2.1 This ompletes the proof. [

Corollary 2.8. Suppose that Eq1) satisfies condition§Cy) and (Cg). Moreover if condition
k=1 k-1

—n() = C
kmzkojzkopmno +00 (Cso)

is satisfied, then every bounded solution of @¢jis oscillatory.

Proof. The poof follows fromTheorem 2.74f we takeg(k — 1) = Z:‘:—klo ﬁ g

Example 2.1. Consider a difference equation of the form

“(L—%)Aw} d@k+b&”ﬂ—1y+f”ﬁ
k

1 1 3k+1
1 (1_ )Ay + 1 YicYk—1¥k—2

X
¥i AYk-1 215 y2 oy,

+6k+4=0 1)
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wherep, = K; ¥ (Yi) = (1—y—1kz); Gk = 7 [(Bk+1)(24~1)+24; h(yw) = z- 9(AYk-ri) = (L=55)
wherer (k) = 1;

f (K, Yo Yeosi00» Ye—sp(k)> Yisa(k)s Yk—sy(k) = %% + 6k + 4 wheres; (k) = 1, s;(k) = 2,
s3(K) = 3, s4(k) = 4 wheren = 4. B

()—(viii) are satisfied. Let us show thatg), (C,), (C,) of Theorem 2.3are satisfied. Since

k-1 1 k—1 mq(l) k=1 4 k-1 112
im Y ' —[]|1-~—== ==+
'<L<>OJZK:O|O(J)I ko[ p(l)} kaJH[ ZOI} >

where we can choose = g‘ andr = 12 by (v) for largek, condition (Cop) is saisfied. In addition,
since f (K, Yo, Yiesitos Yeesa(o Ye—so(h)» Yeosat) = s 2Lz 4 6k + 4 is anondecreasing function

Yk—3Yk-4
for (yo, y1., yz, Y3, Ya) and

215 > + 6l + 4’ ~+o0 for anyc # 0,

—)00

(Cy), (Cg) of Theorem 2.3re also satlsfled. Hence, every solutions of Bd) {s oscillatory eventually.
One of the shutions is

Ye = (=2
Example 2.2. We monsider a difference equation of the form

2 1 1 > a4 B
A [k (3 + %> Ayk] + 12yk mAyk + 4YiYi-1Yk_2Yi_3Yk-5 = 0 (22)

wherey(k) = yi; Pk = K ¥ (W) = 3+ 2; ok = 12;h(y) = y—lsi 9(AYk-rk) = x5 Wherer (k) = 1;

F(K, Yio Ykosis Yeoss0 Yiossos Yosak) = BYkYk-1Yk_2Yi_aYk-s wheren = 4 ands;(k) =
$(K) = 2,53(k) = 3, 54(k) = 5;
()—(viii) are satisfied. Let us show that all conditionsTdfeorems 2.42.6and2.7 are satisfied. Since

k—1 mq(l) k—1 k—1 112
MmeH[ i MZJH[‘E)T} +oo

where we can choosm = %1, A = 5 by (v) for largek, (Co) is sdisfied. Since yx is bounded and
increasing,

k—1

2AYk
||m Ay (y()| = ||m
Z °°|=Zko Y E Yk
k—1 2
= lim — — —| < +o00.
k—>oo|:ko Yik+1 Yi

Then condition Cs) is sdisfied. If we take a positive functiofi(k) = (1— 3), with AB(k) = % >
0, and a positive numbek, we have
2k? + k

ABK)p(K) = m <
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Hence condition C,) is sdisfied. Since
k—1 k—1 1
lim D|fd,c,ccc o)l = lim 1—— 4c®| = +o0 for anyc # 0,
k%mzzkoﬁ()' ( ) kmlzzko( >| | ye #

condition Cs) is sdisfied. Hence since all conditions dheorem 2.4are satisfied, every bounded
solution of Eq. 22) is oscillatory eventually.
Furthermore, condition@;) of Theorem 2.6

_ k1 g kA g
Jim (b > 50 lZ:|:p(I) Zlf(] c.c,. ..,c)|:|)
. — 1 1 [« 9
= lim bZ——Z— Z|4c| = —00
k— o0 I=ko| I=k0| i

=ko
is satisfied. Hence all conditions ®heorem 2.Gre satisfied. Since
f(k, Uo, Us, Uz, ... Un) _ AYV1Yie oYk a¥ks
f1(Uo, Uz, Uz, .. Un) YY1V oYi_aYk—5
=4>n(k) >0,

condition Cg) of Theorem 2.1s satisfied. In addition, since conditio@d)

Jim Zf}(l)n(l) = lim Z(l— —)4 +o00

is also satisfied, all conditions dfFheorem 2.7are satisfied. Hence, every solution of EQ2)(is
oscillatory eventually byrheorems 2.42.6 and2.7. Oneof the solutions is

Yk = (D).
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