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Abstract

Sufficient conditions for the oscillation of solutions ofthe nonlinear second-order difference equation of the
form

�[p(k)ψ(y(k))�y(k)] + q(k)h(y(k))g(�y(k − r (k)))�y(k)

+ f (k, y(k), y(k − s1(k)), y(k − s2(k)), . . . , y(k − sn(k))) = 0

are established. We obtain a series of results for oscillatory behaviour.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Studies on oscillatory and nonoscillatory solutions of second-order linear and nonlinear difference
equations with a nonlinear damped term are scarce; and many of them have been done only in the
last decade. This shows that there has been increasing interest in obtaining sufficient conditions for
the oscillation and nonoscillation of solutions for different classes of linear and nonlinear second-order
difference equations with a damped term. Most of the known results are for special cases of Eq. (1)
and related equations; see, for example, [5,7–11]. We refer the reader to the recent papers [5–11] where
further references can be found.

E-mail addresses:yasarbolat@aku.edu.tr, bolaty@science.ankara.edu.tr.

0893-9659/$ - see front matter © 2004 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2004.09.008

http://www.elsevier.com/locate/aml


330 Y.Bolat / Applied Mathematics Letters 18 (2005) 329–338

For the general theory of difference equations, the reader could refer to [1–4]. Many references to
applications of the difference equations can be found in [4].

Our main objective in this work is to study the oscillatory behaviour of the general nonlinear second-
order difference equation

�[p(k)ψ(y(k))�y(k)] + q(k)h(y(k))g(�y(k − r (k)))�y(k)

+ f (k, y(k), y(k − s1(k)), y(k − s2(k)), . . . , y(k − sn(k))) = 0 (1)

whereN = {0,1,2, . . .}, N(k0) = {k0, k0 + 1, . . .}, andk ∈ N and the following conditions are always
assumed to hold:

(i) p(k) is defined onN(k0) and p(k) > 0,
(ii) q(k) ≥ 0 for everyk ∈ N(k0),

(iii) ψ(y(k)) is defined onR and there exist positive constantsa andb such thata ≤ ψ(y(k)) ≤ b for
everyy(k),

(iv) h(y(k)) is defined onR andh(y(k)) > 0,
(v) there exists a positive constantλ such thatψ(y(k)) ≥ λh(y(k)) for everyy(k),

(vi) g(v) is defined onR and 0< g(v) ≤ m wherem is a positive constant,
(vii) f (k,u0,u1,u2, . . . ,un) : N(k0) × Rn+1 → R and f is continuous with respect to

u0,u1,u2, . . . ,un; further, f (k,u0,u1,u2, . . . ,un) > 0 if uj > 0 for all j = 0,1,2, . . . ,n and
f (k,u0,u1,u2, . . . ,un) < 0 if uj < 0 for all j = 0,1,2, . . . ,n,

(viii) r (k) ∈ N(k0) and limk→∞(k − r (k)) = ∞; si (k) ∈ N(k0) and limk→∞(k − si (k)) = ∞ for
i = 1,2, . . . ,n.

Theoperator� is a forward difference operator which is defined by�y(k) = y(k + 1)− y(k).
Let σ = max{r (k), si (k)}, i = 1,2, . . . ,n, and letN0 be a fixed nonnegative integer. By a solution of

(1), we mean a real sequence{y(k)} which is defined for allk ≥ N0 − σ and satisfies (1) for k ≥ N0.
A solution {y(k)} of (1) is said to be nonoscillatory if all the termsy(k) are eventually of fixed sign.
Otherwise, the solution{y(k)} is called oscillatory. In this work, we shall be concerned only with the
nontrivial solutions of (1).

2. Main results

To obtain our results we need the following lemma.

Lemma 2.1. Assume that

lim
k→∞

k−1∑
j =k0

1

p( j )

k−1∏
l=k0

[
1 − m

λ

q(l )

p(l )

]
= +∞ (C0)

is satisfied. If y(k) is a nonoscillatory solution of Eq.(1), then we must have

y(k)�y(k) > 0 for all large k.

Proof. Let y(k) be a nonoscillatory solution of Eq. (1). Assume, without loss of generality, thaty(k) > 0
for k ≥ k1 such thatk1 ≥ k0 ≥ 0. Then, we can find ak2 ≥ k1 such thaty(k − r (k)) > 0 and
y(k − si (k)) > 0 for i = 1,2, . . . ,n andk ≥ k2. Sincey(k) > 0 andy(k)�y(k) > 0,�y(k) is positive.
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Let us suppose the contrary. That is, let us have�y(k) < 0 for k ≥ k3 such thatk3 ≥ k2. Then, we can
write from (1)

�w(k)+ m

λ

q(k)

p(k)
w(k) > 0 for k ≥ k3, (2)

wherew(k) = −p(k)ψ(y(k))�y(k). The difference inequality (2) has the solution

w(k) >
k−1∏
l=k3

[
1 − m

λ

q(l )

p(l )

]
w(k3). (3)

If we divide both sides of the inequality (3) by −p(k), weobtain

ψ(y(k))�y(k) < − 1

p(k)

k−1∏
l=k3

[
1 − m

λ

q(l )

p(l )

]
w(k3). (4)

If we sum (4) from k3 to k−1 and then takek → ∞, the right side of (4) tends to−∞ by (C0). However,
since the left side of (4) is finite, this is a contradiction. Hence, the proof is complete.

Note: If q(k) = 0, then condition (C0) takes the form

lim
k→∞

k−1∑
j =k0

1

p( j )
= ∞. �

Corollary 2.2. If yk is a nonoscillatory solution of Eq.(1), then�yk is also nonoscillatory.

Proof. Let y(k) be a nonoscillatory solution of Eq. (1). We can assume, without loss of generality, that
y(k) > 0 for k ≥ k1 such thatk1 ≥ k0 ≥ 0. Then, we can find ak2 ≥ k1 such thaty(k − r (k)) > 0 and
y(k − si (k)) > 0 for i = 1,2, . . . ,n andk ≥ k2. Suppose to the contrary that�yk is oscillatory. Then
from (1) we have

�[p(k)ψ(y(k))�y(k)] + q(k)h(y(k))g(�y(k − r (k)))�y(k) < 0. (5)

If we consider (ii), (iv) and (vi), q(k)h(y(k))g(�y(k − r (k)))�y(k) is not negative and not
positive. Therefore�[p(k)ψ(y(k))�y(k)] has to be negative and |�[p(k)ψ(y(k))�y(k)]| >

|q(k)h(y(k))g(�y(k − r (k)))�y(k)|. Since

�[p(k)ψ(y(k))�y(k)] < 0, (6)

if we sum (6) from k2 to (k − 1), weobtain

p(k)ψ(y(k))�y(k)− C < 0 for all k ≥ k2 (7)

whereC = p(k2)ψ(y(k2))�y(k2) is any constant (may be positive or negative). Inequality (7) contradicts
p(k) > 0,ψ(y(k)) > 0 and�y(k) is oscillatory. Hence the proof is complete.�
Theorem 2.3. Assume that(C0) is satisfied. Further, if the conditions

f (k,u0,u1,u2, . . . ,un) is nondecreasing for u0,u1,u2, . . . ,un (C1)

and

lim
k→∞

k−1∑
l=k0

| f (l , c, c, . . . , c)| = +∞ for any c �= 0 (C2)

are satisfied, then every solution of Eq.(1) is oscillatory.
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Proof. Suppose that Eq. (1) has a nonoscillatory solutiony(k). Without loss of generality, assume that
y(k) is eventually positive fork ≥ k1 ≥ k0 (the proof is similar wheny(k) is eventually negative). Then,
we can find ak2 ≥ k1 such thaty(k − r (k)) > 0 andy(k − si (k)) > 0 for i = 1,2, . . . ,n andk ≥ k2.
There exists ak3 ≥ k2 such that�y(k) > 0 for k ≥ k3 by Lemma 2.1. Therefore y(k) is increasing. Then
there exist ak4 ≥ k3 and a constantc > 0 such that y(k) > c for k ≥ k4. Thus, we can find ak5 ≥ k4

such thaty(k − si (k)) > c for k ≥ k5 andi = 1,2, . . . ,n. Hence, we obtain from (1) by Lemma 2.1and
condition (C1)

�[p(k)ψ(y(k))�y(k)] + f (k, c, c, . . . , c) ≤ 0 (8)

for k ≥ k5. Summing (8) from k5 to k − 1, we obtain

p(k)ψ(y(k))�y(k) ≤ S1 −
k−1∑
l=k5

f (l , c, c, . . . , c) (9)

whereS1 = p(k5)ψ(y(k5))�y(k5) is positive. Sincef (k,u0,u1,u2, . . . ,un) > 0, we obtain from (9)

p(k)ψ(y(k))�y(k) → −∞
ask → ∞ by using condition (C2). Therefore,�y(k) must benegative for all sufficiently largek. This
contradictsLemma 2.1. This completes the proof. �

Theorem 2.4. Assume that conditions(C0), and (C1) hold. Moreover, suppose that the following
conditions are satisfied:

lim
k→∞

k−1∑
l=k0

|�ψ(y(l ))| < +∞. (C3)

There exist a positive functionβ(k), with �β(k) ≥ 0, and a positive number A such that

�β(k)p(k) ≤ A (C4)

and

lim
k→∞

k−1∑
l=k0

β(l )| f (l , c, c, . . . , c)| = +∞ for any c �= 0. (C5)

Then every bounded solution of Eq.(1) is oscillatory.

Proof. Assume that Eq. (1) has a nonoscillatory solutiony(k). Without loss of generality, suppose that
y(k) is eventually positive fork ≥ k1 ≥ k0 (the proof is similar wheny(k) is eventually negative). Then,
we can find ak2 ≥ k1 such thaty(k − r (k)) > 0 andy(k − si (k)) > 0 for i = 1,2, . . . ,n andk ≥ k2.
There exists ak3 ≥ k2 such that�y(k) > 0 for k ≥ k3 by Lemma 2.1. Therefore, y(k) is increasing. Then
there exist ak4 ≥ k3 and a constantc > 0 such that y(k) > c for k ≥ k4. Thus, we can find ak5 ≥ k4

such thaty(k − si (k)) > c for k ≥ k5 andi = 1,2, . . . ,n. Hence, we obtain from (1) by Lemma 2.1and
condition (C1)

�[p(k)ψ(y(k))�y(k)] + f (k, c, c, . . . , c) ≤ 0 (10)
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for k ≥ k5. Let β(k) be a positive function which satisfies conditions (C4) and (C5). If we multiply the
inequality (10) by β(k) and later take its sum fromk5 to k − 1, we obtain

β(k − 1)p(k)ψ(y(k))�y(k)+
k−1∑
l=k5

β(l ) f (l , c, c, . . . , c)

≤ S2 +
k−1∑
l=k5

�β(l )p(l )ψ(y(l ))�y(l ) (11)

whereS2 = β(k5)p(k5)ψ(y(k5))�y(k5) is positive. Therefore applying the condition (C4) to (11), we
have

β(k − 1)p(k)ψ(y(k))�y(k)≤ S2 + A
k−1∑
l=k0

ψ(y(l ))�y(l )

−
k−1∑
l=k5

β(l ) f (l , c, c, . . . , c). (12)

If we takek → ∞ in the inequality (12), sincey(k) is increasing and bounded andψ(y(k)) is bounded
from above by some positive constantb, in the inequality (12) theterm

k−1∑
l=k0

ψ(y(l ))�y(l )=ψ(y(k))y(k)− ψ(y(k0))y(k0)−
k−1∑
l=k0

�ψ(y(l ))y(l )

≤ψ(y(k))y(k) < +∞
ask → ∞ by (C3). Thus, we obtain from (12) by condition (C5)

β(k − 1)p(k)ψ(y(k))�y(k) → −∞
ask → ∞ where 0< a ≤ ψ(y(k)) ≤ b for all k ≥ k0, a andb given by statement (iii). Therefore
�y(k) must benegative for all sufficiently largek. This contradictsLemma 2.1. Hence the proof is
complete. �

Corollary 2.5. Assume that the conditions(C0), and(C1) hold. In addition, if

lim
k→∞

k−1∑
l=k0

l∑
j =k0

1

p( j )
| f (l , c, c, . . . , c)| = +∞ for any constant c�= 0 (C6)

is satisfied, then every bounded solution of Eq.(1) is oscillatory.

Proof. The proof follows fromTheorem 2.4if we take

β(k − 1) =
k−1∑
l=k0

1

p(l )
. �

Theorem 2.6. Suppose that the conditions(C0) and(C1) hold. Furthermore, if

lim
k→∞

(
b

k−1∑
l=k0

1

p(l )
−

k−1∑
l=k0

[
1

p(l )

k−1∑
j =k0

| f ( j , c, c, . . . , c)|
])

= −∞ (C7)
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is satisfied for any constants b and c with the property bc> 0, then every bounded solution of Eq.(1) is
oscillatory.

Proof. Assume that Eq. (1) has a nonoscillatory solutiony(k). Suppose, without loss of generality, that
y(k) is eventually positive fork ≥ k1 ≥ k0 (the proof is similar wheny(k) is eventually negative). Then,
we can find ak2 ≥ k1 such thaty(k − r (k)) > 0 andy(k − si (k)) > 0 for i = 1,2, . . . ,n andk ≥ k2.
There exists ak3 ≥ k2 such that�y(k) > 0 for k ≥ k3 by Lemma 2.1. Therefore y(k) is increasing. Then
there exists ak4 ≥ k3 and a constantc > 0 such that y(k) > c for k ≥ k4. Thus, we can find ak5 ≥ k4

such thaty(k − si (k)) > c for k ≥ k5 andi = 1,2, . . . ,n. Hence, we obtain from (1) by Lemma 2.1and
condition (C1)

�[p(k)ψ(y(k))�y(k)] + f (k, c, c, . . . , c) ≤ 0 (13)

for k ≥ k5. Summing (13) from k5 to k − 1, we obtain

p(k)ψ(y(k))�y(k) ≤ b −
k−1∑
l=k5

f (l , c, c, . . . , c) (14)

whereb = p(k5)ψ(y(k5))�y(k5) is a positive constant. If we divide both sides of the inequality (14) by
p(k) and later take its sum fromk5 to k − 1, we obtain

k−1∑
l=k5

ψ(y(l ))�y(l ) ≤
k−1∑
l=k5

b

p(l )
−

k−1∑
l=k5

(
1

p(l )

k−1∑
j =k5

f ( j , c, c, . . . , c)

)
. (15)

Therefore the left side of the inequality (15) tends to−∞ ask → ∞ by condition (C7) and sincey(k) is
bounded andψ(y(k)) is bounded from above by some positive constantb, the right side of the inequality
(15) is positive valued. This is a contradiction. Hence the proof is complete.�

Theorem 2.7. Suppose that the conditions(C0), (C3) and(C4) hold. In addition, if conditions

f (k,u0,u1,u2, . . . ,un)

f1(u0,u1,u2, . . . ,un)
≥ η(k) > 0 (C8)

where thefunction f1(u0,u1,u2, . . . ,un) is a continuous function and uj f1(u0,u1,u2, . . . ,un) > 0,
if every uj > 0 or every uj < 0, and

lim
k→∞

k−1∑
l=k0

β(l )η(l ) = +∞ (C9)

are satisfied, then every bounded solution of Eq.(1) is oscillatory.

Proof. Assume that Eq. (1) has a nonoscillatory solutiony(k). Without loss of generality, assume that
y(k) is eventually positive fork ≥ k1 ≥ k0 (the proof is similar wheny(k) is eventually negative). Then,
we can find ak2 ≥ k1 such thaty(k − r (k)) > 0 andy(k − si (k)) > 0 for i = 1,2, . . . ,n andk ≥ k2.
Hence, we have fork ≥ k2,

f (k, y(k), y(k − s1(k)), y(k − s2(k)), . . . , y(k − sn(k))) ≥
η(k). f1(y(k), y(k − s1(k)), y(k − s2(k)), . . . , y(k − sn(k))) > 0. (16)
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Since�y(k) > 0 byLemma 2.1, y(k) is increasing. Becausey(k) is bounded andf1(u0,u1,u2, . . . ,un)

is continuous, we have limk→∞ y(k) = δ (0< δ < +∞) and

lim
k→∞ f1(y(k), y(k − s1(k)), y(k − s2(k)), . . . , y(k − sn(k))) = f1(δ, δ, . . . , δ).

Thus, we obtain 0< f1(δ, δ, . . . , δ) < +∞. Chooseγ such that 0< γ < f1(δ, δ, . . . , δ) < +∞̇. Then
there existsk3 ≥ k2 such that

f1(y(k), y(k − s1(k)), y(k − s2(k)), . . . , y(k − sn(k))) > γ. (17)

Therefore, from (1), (16) and (17) weobtain by condition (C8)

�[p(k)ψ(y(k))�y(k)] + γ η(k) ≤ 0 (18)

for k ≥ k3. If we treat (18) as we treat (10) in theproof of Theorem 2.4, weobtain by condition (C4)

β(k − 1)p(k)ψ(y(k))�y(k)− A
k−1∑
l=k4

ψ(y(l ))�y(l )+ γ

k−1∑
l=k4

β(l )η(l ) ≤ S4 (19)

whereS4 = β(k3)p(k3)ψ(y(k3))�y(k3) is a positive constant. Becausey(k) is increasing and bounded
andψ(y(k)) is bounded from above by some positive constantb bounded, the second term of

k−1∑
l=k4

ψ(y(l ))�y(l )

in the inequality (19) is finite ask → ∞ by (C3). Hence,we have

β(k − 1)p(k)ψ(y(k))�y(k) ≤ S5 − γ

k−1∑
l=k4

β(l )η(l ) (20)

whereS5 = S2 + A
∑k−1

s=k4
ψ(y(l ))�y(l ). Thus if we takek → ∞ in the inequality (20), we obtain

β(k − 1)p(k)ψ(y(k))�y(k) → −∞.

Therefore �y(k) must benegative for all sufficiently largek. Hence, we reach a contradiction by
Lemma 2.1. This completes the proof. �

Corollary 2.8. Suppose that Eq.(1) satisfies conditions(C0) and(C8). Moreover if condition

lim
k→∞

k−1∑
l=k0

k−1∑
j =k0

1

p( j )
η(l ) = +∞ (C10)

is satisfied, then every bounded solution of Eq.(1) is oscillatory.

Proof. The proof follows fromTheorem 2.7if we takeβ(k − 1) = ∑k−1
l=k0

1
p(l) . �

Example 2.1. Consider a difference equation of the form

�

[
k

(
1 − 1

y2
k

)
�yk

]
+ 2

4k
[(3k + 1)(22k+1 − 1)+ 22k+1]

× 1

y2
k

(
1 − 1

�yk−1

)
�yk − 3k + 1

215

ykyk−1yk−2

y2
k−3y3

k−4

+ 6k + 4 = 0 (21)
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wherepk = k;ψ(yk) = (1− 1
y2

k
); qk = 2

4k [(3k+1)(24k−1)+24k]; h(yk) = 1
y2

k
; g(�yk−r (k)) = (1− 1

�yk−1
)

wherer (k) = 1;
f (k, yk, yk−s1(k), yk−s2(k), yk−s3(k), yk−s4(k)) = 3k+1

215
yk yk−1yk−2

y2
k−3y3

k−4
+ 6k + 4 wheres1(k) = 1, s2(k) = 2,

s3(k) = 3, s4(k) = 4 wheren = 4.
(i)–(viii) are satisfied. Let us show that (C0), (C1), (C2) of Theorem 2.3are satisfied. Since

lim
k→∞

k−1∑
j =k0

1

p( j )

k−1∏
l=k0

[
1 − m

λ

q(l )

p(l )

]
= lim

k→∞

k−1∑
j =k0

1

j

k−1∏
l=k0

[
1 − 1

20

12

l

]
= +∞

where we can choosem = 4
3 andλ = 12 by (v) for largek, condition (C0) is satisfied. In addition,

since f (k, yk, yk−s1(k), yk−s2(k), yk−s3(k), yk−s4(k)) = 3k+1
215

yk yk−1yk−2

y2
k−3y3

k−4
+ 6k + 4 is anondecreasing function

for (y0, y1, y2, y3, y4) and

lim
k→∞

k−1∑
l=k0

| f (l , c, c, c, c, c)| = lim
k→∞

k−1∑
l=k0

∣∣∣∣3l + 1

215c2
+ 6l + 4

∣∣∣∣ = +∞ for anyc �= 0,

(C1), (C2) of Theorem 2.3are also satisfied. Hence, every solutions of Eq. (21) is oscillatory eventually.
One of the solutions is

yk = (−2)k.

Example 2.2. We consider a difference equation of the form

�

[
k

(
3 + 2

yk

)
�yk

]
+ 12

1

y2
k

1

(�yk−1)2
�yk + 4ykyk−1y2

k−2y4
k−3yk−5 = 0 (22)

wherey(k) = yk; pk = k; ψ(yk) = 3+ 2
yk

; qk = 12;h(yk) = 1
y2

k
; g(�yk−r (k)) = 1

(�yk−1)
2 wherer (k) = 1;

f (k, yk, yk−s1(k), yk−s2(k), yk−s3(k), yk−s4(k)) = 4ykyk−1y2
k−2y4

k−3yk−5 wheren = 4 ands1(k) = 1,
s2(k) = 2, s3(k) = 3, s4(k) = 5;

(i)–(viii) are satisfied. Let us show that all conditions ofTheorems 2.4, 2.6and2.7are satisfied. Since

lim
k→∞

k−1∑
j =k0

1

p( j )

k−1∏
l=k0

[
1 − m

λ

q(l )

p(l )

]
= lim

k→∞

k−1∑
j =k0

1

j

k−1∏
l=k0

[
1 − 1

20

12

l

]
= +∞

where we can choosem = 1
4, λ = 5 by (v) for largek, (C0) is satisfied. Since yk is bounded and

increasing,

lim
k→∞

k−1∑
l=k0

|�ψ(y(l ))|= lim
k→∞

k−1∑
l=k0

∣∣∣∣− 2�yk

ykEyk

∣∣∣∣
= lim

k→∞

k−1∑
l=k0

∣∣∣∣ 2

yk+1
− 2

yk

∣∣∣∣ < +∞.

Then condition (C3) is satisfied. If we take a positive functionβ(k) = (1− 1
k2 ), with�β(k) = 2k+1

k2(k+1)2 >

0, and a positive numberA, we have

�β(k)p(k) = 2k2 + k

k2(k + 1)2
≤ A.
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Hence condition (C4) is satisfied.Since

lim
k→∞

k−1∑
l=k0

β(l )| f (l , c, c, c, c, c)| = lim
k→∞

k−1∑
l=k0

(
1 − 1

l 2

)
|4c9| = +∞ for anyc �= 0,

condition (C5) is satisfied. Hence since all conditions ofTheorem 2.4are satisfied, every bounded
solution of Eq. (22) is oscillatory eventually.

Furthermore, condition (C7) of Theorem 2.6

lim
k→∞

(
b

k−1∑
l=k0

1

p(l )
−

k−1∑
l=k0

[
1

p(l )

k−1∑
j =k0

| f ( j , c, c, . . . , c)|
])

= lim
k→∞

[
b

k−1∑
l=k0

1

l
−

k−1∑
l=k0

1

l

(
k−1∑
j =k0

|4c9|
)]

= −∞

is satisfied. Hence all conditions ofTheorem 2.6are satisfied. Since

f (k,u0,u1,u2, . . . ,un)

f1(u0,u1,u2, . . . ,un)
= 4ykyk−1y2

k−2y4
k−3yk−5

ykyk−1y2
k−2y4

k−3yk−5

=4 ≥ η(k) > 0,

condition (C8) of Theorem 2.7is satisfied. In addition, since condition (C9)

lim
k→∞

k−1∑
l=k0

β(l )η(l ) = lim
k→∞

k−1∑
l=k0

(
1 − 1

l 2

)
4 = +∞

is also satisfied, all conditions ofTheorem 2.7are satisfied. Hence, every solution of Eq. (22) is
oscillatory eventually byTheorems 2.4, 2.6and2.7. Oneof the solutions is

yk = (−1)k.
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