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Abstract. Halici (Adv Appl Clifford Algebr 25(4):905–914, 2015) defined

dual Fibonacci and dual Lucas octonions by the relations ˜Qn = Qn +

εQn+1 and ˜Pn = Pn+εPn+1 for every integer n where Qn and Pn are the
Fibonacci and Lucas octonions respectively, and ε is the dual unit. The
aim of this paper is to investigate properties of dual Fibonacci and dual
Lucas octonions. After obtaining the Binet formulas for the sequences

{ ˜Qn}∞
n=0 and { ˜Pn}∞

n=0, we derive some identities for these sequences
such as Catalan’s, Cassini’s and d’Ocagne’s identities.

Mathematics Subject Classification. Primary 11B39; Secondary 11B37,
15A66.

Keywords. Fibonacci sequence, Lucas sequence, Dual Fibonacci octo-
nion, Dual Lucas octonion.

1. Introduction

The quaternions were introduced by Sir William R. Hamilton in 1843. Any q
quaternion number consists of four real coefficients and the set of all quater-
nions is denoted by

H = {q : q = a + bi + cj + dk, a, b, c, d ∈ R},

where i, j, k are the standard orthonormal basis in R
3, which satisfy the

following:

i2 = j2 = k2 = −1,

ij = −ji = k,

jk = −kj = i,

ki = −ik = j.
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In 1873, Clifford [3] extended the real numbers to the dual numbers.
For a, a∗ real numbers, a dual number is of the form

d = a + εa∗,

where ε is the dual unit and ε2 = 0, ε �= 0. Also, the dual unit satisfies
0ε = ε0 = 0, 1ε = ε1 = ε.

We denote the octonion algebra over the field R by O. Using theCayley-
Dickson method, an octonion p can be expressed by

p = q′ + q′′e,

where q′, q′′ ∈ H and e is another square root of −1 (a new imaginary unit).
Let p1 = q′

1 + q′′
1 e and p2 = q′

2 + q′′
2 e. In the octonion algebra, the addition

and the multiplication of any two octonions are defined by

p1 + p2 = (q′
1 + q′′

1 e) + (q′
2 + q′′

2 e) = q′
1 + q′

2 + (q′′
1 + q′′

2 )e

p1p2 = (q′
1 + q′′

1 e)(q′
2 + q′′

2 e) = (q′
1q

′
2 − q′′

2 q′′
1 ) + (q′′

2 q′
1 + q′′

1 q′
2),

where q′
2, q

′′
2 are the conjugates of the quaternions q′

2, q
′′
2 , respectively. Accord-

ing to the these two binary operations, the octonions is an eight-dimensional
non-commutative and non-associative division algebra over the real numbers
R. The natural basis for octonion algebra over R consists of the elements

e0 = 1, e1 = i, e2 = j, e3 = k, e4 = e, e5 = ie, e6 = je, e7 = ke

and any octonion p is in form of

p =
7

∑

s=0

ases, as ∈ R.

The following table is used for multiplication of two octonions.
Any p ∈ O can be written as

p = a0 +
7

∑

s=1

ases

= Re(p) + Im(p),

where Re(p) = a0 and Im(p) =
∑7

s=1 ases. The conjugate and the norm of
an octonion p are defined by

p = Re(p) − Im(p),

Np = pp = pp =
7

∑

s=0

a2
s.

The inverse of any non-zero octonion p is given by

p−1 =
p

Np
.

The Fibonacci sequence {Fn}∞
n=0 may be the most well-known one among

the integer sequences. It satisfies the recurrence relation

Fn = Fn−1 + Fn−2
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with initial conditions F0 = 0 and F1 = 1. Another well-known integer se-
quence is Lucas sequence {Ln}∞

n=0 which satisfies the same recurrence relation
with Fibonacci sequence but, initial conditions L0 = 2 and L1 = 1.

The Binet formulas for the Fibonacci and Lucas numbers are

Fn =
αn − βn

α − β
(1.1)

and

Ln = αn + βn (1.2)

where, α = 1+
√
5

2 and β = 1−√
5

2 are the solutions of the characteristic equa-
tion x2 −x− 1 = 0. The positive root α is known as golden ratio which plays
very important role in theory of integer sequences.

Fibonacci and Lucas quaternions were defined by Horadam in [6]. Many
authors dealt with Fibonacci or generalized Fibonacci quaternions in litera-
ture. Some of these studies can be found in [2,4,7–9,12–14].

We define dual Fibonacci and dual Lucas numbers by

˜Fn = Fn + εFn+1 (1.3)

and

˜Ln = Ln + εLn+1, (1.4)

respectively.
In [10], Keçilioğlu and Akkus introduced Fibonacci and Lucas octonions

and gave their Binet formulas. They defined n-th Fibonacci and Lucas octo-
nions by

Qn =
7

∑

s=0

Fn+ses

and

Pn =
7

∑

s=0

Ln+ses

respectively, where Fn and Ln are n-th Fibonacci and Lucas numbers, and
{e0, . . . , e7} is the standard basis of octonions. They also studied split Fi-
bonacci and Lucas octonions in [1].

Halici, studied dual Fibonacci octonions firstly in [5]. He/she gave gen-
erating function, Cassini’s identity and some other identities. Dual Fibonacci
octonions are defined by

˜Qn =
7

∑

s=0

˜Fn+ses. (1.5)
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By using Eq. (1.3), we obtain

˜Qn =
7

∑

s=0

Fn+ses + ε

7
∑

s=0

Fn+s+1es

=
7

∑

s=0

(Fn+s + εFn+s+1)es

= Qn + εQn+1 (1.6)

Similarly, we define the dual Lucas octonion by the relation

˜Pn =
7

∑

s=0

˜Ln+ses (1.7)

and we have
˜Pn = Pn + εPn+1.

For abbreviation, throughout this paper we use DFO and DLO for the
dual Fibonacci and dual Lucas octonion.

Here, we express Binet formulas for DFOs and DLOs in a different forms
from [5]. After having Binet formulas, we give many identities for DFOs and
DLOs including Catalan’s, Cassini’s and d’Ocagne’s identities in §2 and §3.

Let OF and OL be the sets of all Fibonacci and Lucas octonions, re-
spectively. The sets of all DFOs and DLOs are denoted by

˜OF = { ˜Qn = Qn + εQn+1 : Qn, Qn+1 ∈ OF , ε2 = 0, ε �= 0}
and

˜OL = { ˜Pn = Pn + εPn+1 : Pn, Pn+1 ∈ OL, ε2 = 0, ε �= 0}
respectively.

The conjugate of a DFO and DLO are

˜Qn = ˜Fn −
7

∑

s=1

˜Fn+ses, ˜Pn = ˜Ln −
7

∑

s=1

˜Ln+ses.

The norm of a DFO and DLO are defined by

N( ˜Qn) = ˜Qn
˜Qn = ˜Qn

˜Qn, N( ˜Pn) = ˜Pn
˜Pn = ˜Pn

˜Pn,

respectively. By [5], with a small correction, the norm N( ˜Qn) is

N( ˜Qn) = 21( ˜F2n+7 + εF2n+8).

Similarly, we have

N( ˜Pn) =
7

∑

s=0

(˜Ln+s)2

and, by using the identity L2
n = 5F 2

n + 4(−1)n (see [11, p. 75]) between
Fibonacci and Lucas numbers, we get

N( ˜Pn) = 105( ˜F2n+7 + εF2n+8).
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The DFO with negative indices was given in [5] as

˜Q−n =
7

∑

s=0

(−1)n−s+1Fn−ses + ε

8
∑

s=1

(−1)n−s+1Fn−ses−1.

In the same way, we get

˜P−n =
7

∑

s=0

˜L−n+ses

=
7

∑

s=0

L−n+ses + ε

8
∑

s=1

L−n+ses−1.

By the equation L−n = (−1)nLn [11, p. 84], we obtain

˜P−n =
7

∑

s=0

(−1)n−sLn−ses + ε

8
∑

s=1

(−1)n−sLn−ses−1.

By using the last equation, we have

˜Pn + ˜P−n =
7

∑

s=0

(˜Ls+n + ˜Ls−n)es.

2. Binet Formulas for Dual Fibonacci and Lucas Octonions

In this section, we obtain Binet formulas for DFOs and DLOs. Using Binet
formulas, we give Catalan’s, Cassini’s and d’Ocagne’s identities. The following
theorem gives the Binet Formulas.

Theorem 2.1. For n ≥ 0, the n-th DFO and n-th DLO are given by

˜Qn =
α

′
αn − β

′
βn

α − β

and
˜Pn = α

′
αn + β

′
βn

where α
′
= (1 + εα)

∑7
s=0 αses and β

′
= (1 + εβ)

∑7
s=0 βses.

Proof. In [10], the Binet formulas for the Fibonacci and Lucas octonions are
given as follows:

Qn =
α∗αn − β∗βn

α − β
and

Pn = α∗αn + β∗βn

where α∗ =
∑7

s=0 αses and β∗ =
∑7

s=0 βses. By considering these two equa-
tions with Eqs. (1.5) and (1.7), the proof is completed. �

In [10], Catalan’s identity for Fibonacci octonions was given by

Q2
n − Qn+rQn−r = (−1)n+r

[

F 2
r P0 − F2r(Q0 − 14e5 − 14e6 − 7e7)

]

.

Catalan’s identities for DFOs and DLOs can be found in the following
theorem.
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Theorem 2.2. For every integers n and r, we have

˜Q2
n − ˜Qn+r

˜Qn−r = (−1)n−r
[

F 2
r P0 − F2r(Q0 − 7λ)

]

(1 + ε) (2.1)

and
˜P 2
n − ˜Pn+r

˜Pn−r = 5(−1)n−r+1
[

F 2
r P0 − F2r(Q0 − 7λ)

]

(1 + ε) (2.2)

where λ = 2e5 + 2e6 + e7.

Proof. For DFOs we have

˜Q2
n − ˜Qn+r

˜Qn−r = (Qn + εQn+1)2 − (Qn+r + εQn+r+1)(Qn−r + εQn−r+1)
= Q2

n − Qn+rQn−r

+ ε(QnQn+1 + Qn+1Qn − Qn+rQn−r+1 − Qn+r+1Qn−r).

The dual part of the last equation is

QnQn+1 + Qn+1Qn − Qn+rQn−r+1 − Qn+r+1Qn−r

=
1
5

[

(α∗αn − β∗βn)(α∗αn+1 − β∗βn+1)

+(α∗αn+1 − β∗βn+1)(α∗αn − β∗βn)
−(α∗αn+r − β∗βn+r)(α∗αn−r+1 − β∗βn−r+1)
− (α∗αn+r+1 − β∗βn+r+1)(α∗αn−r − β∗βn−r)

]

=
1
5

[−αnβn(α + β)(α∗β∗ + β∗α∗)

+ αn−rβn−r(α + β)(α∗β∗α2r + β∗α∗β2r)
]

.

By using Table 1, we obtain

α∗β∗ = P0 −
√

5Q0 + 7
√

5λ (2.3)

and
β∗α∗ = P0 +

√
5Q0 − 7

√
5λ. (2.4)

From Eqs. (2.3) and (2.4), we have

α∗β∗ + β∗α∗ = 2P0 (2.5)

Table 1. The multiplication table for the standard basis of
octonions

· 1 e1 e2 e3 e4 e5 e6 e7
1 1 e1 e2 e3 e4 e5 e6 e7
e1 e1 −1 e3 −e2 e5 −e4 −e7 e6
e2 e2 −e3 −1 e1 e6 e7 −e4 −e5
e3 e3 e2 −e1 −1 e7 −e6 e5 −e4
e4 e4 −e5 −e6 −e7 −1 e1 e2 e3
e5 e5 e4 −e7 e6 −e1 −1 −e3 e2
e6 e6 e7 e4 −e5 −e2 e3 −1 −e1
e7 e7 −e6 e5 e4 −e3 −e2 e1 −1
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By using Eqs. (2.3)–(2.5), we get

QnQn+1 + Qn+1Qn − Qn+rQn−r+1 − Qn+r+1Qn−r

=
1
5

[

2(−1)n+1P0 + (−1)n−r(L2rP0 − 5F2r(Q0 − 7λ)
]

.

Now, we need the well-known identity between Fibonacci and Lucas numbers
5F 2

r = L2r − 2(−1)r. With the help of this identity, we obtain

QnQn+1 + Qn+1Qn − Qn+rQn−r+1 − Qn+r+1Qn−r

= (−1)n−r
[

F 2
r P0 − F2r(Q0 − 7λ)

]

(2.6)

From Theorem 2.6 in [10], the real part is

Q2
n − Qn+rQn−r = (−1)n−r

[

F 2
r P0 − F2r(Q0 − 7λ)

]

. (2.7)

Equations (2.6) and (2.7) give Eq. (2.1). Equation (2.2) can be obtained in
a similar way. �

For r = 1 this theorem gives Cassini’s identities for DFOs and DLOs.

Corollary 2.3. For any integer n, we have
˜Q2
n − ˜Qn+1

˜Qn−1 = (−1)n−1 [P0 + 7λ − Q0] (1 + ε)

and
˜P 2
n − ˜Pn+1

˜Pn−1 = 5(−1)n [P0 + 7λ − Q0] (1 + ε),
where λ = 2e5 + 2e6 + e7.

In [10], d’Ocagne’s identity for Fibonacci octonions was given by

Qm+1Qn − QmQn+1 = (−1)m[Fn−mP0 − Ln−m(Q0 − 14e5 − 14e6 − 7e7)].

D’Ocagne’s identities for DFOs and DLOs are given in the following
theorem:

Theorem 2.4. For every integers m,n, we have
˜Qm+1

˜Qn − ˜Qm
˜Qn+1 = (−1)m[Fn−mP0 − Ln−m(Q0 − 7λ)](1 + ε) (2.8)

and
˜Pm+1

˜Pn − ˜Pm
˜Pn+1 = 5(−1)m+1[Fn−mP0 − Ln−m(Q0 − 7λ)](1 + ε) (2.9)

where λ = 2e5 + 2e6 + e7.

Proof. From Theorem 2.8 in [10], we need the following identity.

Qm+1Qn − QmQn+1 = (−1)m[Fn−mP0 − Ln−m(Q0 − 7λ)]. (2.10)

From the definition of DFO, we have
˜Qm+1

˜Qn − ˜Qm
˜Qn+1 = Qm+1Qn − QmQn+1 + ε(−QmQn+2 + Qm+2Qn).

(2.11)
If we take n → n + 1 and m → m + 1 in Eq. (2.10), respectively, we obtain

Qm+1Qn+1 − QmQn+2 = (−1)m [Fn−m+1P0 − Ln−m+1(Q0 − 7λ)] (2.12)

and

Qm+2Qn−Qm+1Qn+1 = (−1)m+1 [Fn−m−1P0 − Ln−m−1(Q0 − 7λ)] . (2.13)
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Adding Eqs. (2.12) and (2.13) side by side, the dual part of Eq. (2.11) becomes

− QmQn+2 + Qm+2Qn = (−1)m[Fn−mP0 − Ln−m(Q0 − 7λ)]. (2.14)

Considering Eqs. (2.10) and (2.14) together, we obtain Eq. (2.8).
Similarly, for the Eq.(2.9) it is sufficient to calculate the real part.

Pm+1Pn − PmPn+1 = (α∗αm+1 + β∗βm+1)(α∗αn + β∗βn)
−(α∗αm + β∗βm)(α∗αn+1 + β∗βn+1)

= αmβm
[

α∗β∗βn−m(α − β) − β∗α∗αn−m(α − β)
]

= (−1)m
√

5(α∗β∗βn−m − β∗α∗αn−m)
= 5(−1)m+1(Fn−mP0 + Ln−mQ0 − 7λLn−m). (2.15)

If we repeat same steps above, we reach to the dual part of Eq. (2.9). �

3. Some Identities

In this section, we give other identities for DFOs and DLOs. One can check
these results by using Table 1 and definitions of DFO and DLO, easily.

We have the following identities by the help of definitions of DFO and
DLO, directly.

n
∑

k=0

˜Qk = ˜Qn+2 − ˜Q1,

n
∑

k=0

˜Pk = ˜Pn+2 − ˜P1,

n
∑

k=1

˜Q2k−1 = ˜Q2n − ˜Q0,
n

∑

k=1

˜P2k−1 = ˜P2n − ˜P0,

n
∑

k=1

˜Q2k = ˜Q2n+1 − ˜Q−1,
n

∑

k=1

˜P2k = ˜P2n+1 − ˜P−1.

The following theorem gives the relationship between DFO and DLO.

Theorem 3.1. For every integer n we have

˜Pn = ˜Qn−1 + ˜Qn+1.

Proof. To prove the theorem we need the identity Ln = Fn−1 + Fn+1. By
using it, we obtain

˜Qn−1 + ˜Qn+1 = Qn−1 + εQn + Qn+1 + εQn+2

=
7

∑

s=0

(Fn+s−1 + Fn+s+1) es + ε

7
∑

s=0

(Fn+s + Fn+s+2) es

=
7

∑

s=0

Ln+ses + ε

7
∑

s=0

Ln+s+1es

= ˜Pn.

�
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By using Binet formulas for DFOs and DLOs, the following identities
can be shown easily.

˜P 2
n + ˜Q2

n = −819L2n − 1827F2n +
6
5
L2nP0 + 6F2nQ0 +

8
5
(−1)nP0

ε

(

12
5

L2n+1P0 + 12F2n+1Q0 − 1638L2n+1 − 3654F2n+1 +
8
5
(−1)nP0

)

,

˜P 2
n − ˜Q2

n = −546L2n − 1218F2n +
4
5
L2nP0 + 4F2nQ0 +

12
5

(−1)nP0

+ε

(

8
5
L2n+1P0 + 8F2n+1Q0 − 1092L2n+1 − 2436F2n+1 +

12
5

(−1)nP0

)

,

˜Qm
˜Pn − ˜Pm

˜Qn =
[

˜Fm+n(2P0 − 1365) + ˜Lm+n(2Q0 − 609)
]

+ε [Fm+n+1(2P0 − 1365)Lm+n+1(2Q0 − 609)] ,

˜Qn
˜Pn = P0F2n + Q0L2n − 1365

2
F2n − 609

2
L2n + (−1)n(−2Q0 + 14λ)

+ε

[

P0F2n+1 + Q0L2n+1 − 1365
2

F2n+1 − 609
2

L2n+1

]

,

˜Qn+rLn+r + ˜Qn−rLn−r = L2r
˜Q2n + 2(−1)n+r

˜Q0,

˜Qn+rFn+r − ˜Qn−rFn−r = F2r
˜Q2n,

˜Pn+r
˜Qn+s − ˜Pn+s

˜Qn+r = 2(−1)n+rP0Fs−r(1 + ε),
˜Qm+n + (−1)n ˜Qm−n = QmLn(1 + ε),
˜Pn+rLn+r + ˜Pn−rLn−r = L2r

˜P2n + 2(−1)n+r
˜P0,

˜Pn+rLn+r − ˜Pn−rLn−r = 5F2r
˜Q2n,

˜Pn+rFn+t + ˜Pn+tFn+r = 2 ˜Q2n+r+t − (−1)n+tLr−t
˜Q0.
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