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Abstract. Halici (Adv Appl Clifford Algebr 25(4):905-914, 2015) defined
dual Fibonacci and dual Lucas octonions by the relations Qn =Qn+
eQn+1 and ﬁn = P,+¢&P,41 for every integer n where Q,, and P,, are the
Fibonacci and Lucas octonions respectively, and ¢ is the dual unit. The
aim of this paper is to investigate properties of dual Fibonacci and dual
Lucas octonions. After obtaining the Binet formulas for the sequences
{@n}ff’zo and {f’n};";o, we derive some identities for these sequences
such as Catalan’s, Cassini’s and d’Ocagne’s identities.
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1. Introduction

The quaternions were introduced by Sir William R. Hamilton in 1843. Any ¢
quaternion number consists of four real coefficients and the set of all quater-
nions is denoted by

H={gq:q=a+bi+c¢j+dk,a,b,c,dec R},

where i, j,k are the standard orthonormal basis in R3, which satisfy the
following:

=4 =k =1,

ij = —ji=F,
ki = —ik = .
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In 1873, Clifford [3] extended the real numbers to the dual numbers.
For a,a* real numbers, a dual number is of the form
d=a+ea”,
where ¢ is the dual unit and €2 = 0,¢ # 0. Also, the dual unit satisfies
0e=e0=0, le=cl=¢.
We denote the octonion algebra over the field R by Q. Using theCayley-
Dickson method, an octonion p can be expressed by

p=4q +q"e,
where ¢/, ¢” € H and e is another square root of —1 (a new imaginary unit).

Let p1 = ¢} + ¢/e and pa = ¢} + ¢5e. In the octonion algebra, the addition
and the multiplication of any two octonions are defined by

pr4pe= (i +die)+ (g +a5e) = a1 + @5+ (¢f +a3)e

1,1 "1 "7

pip2 = (¢ + qie)(ds + gse) = (¢1a5 — a5 d)) + (62d) + a1 a3),

where £7 qié’ are the conjugates of the quaternions ¢4, ¢4, respectively. Accord-
ing to the these two binary operations, the octonions is an eight-dimensional
non-commutative and non-associative division algebra over the real numbers
R. The natural basis for octonion algebra over R consists of the elements
eo=1, e1=i, ex=j, e3=k, es=e e5=ie, eg=je, er=ke
and any octonion p is in form of

7

p= Zases, as € R.
s=0

The following table is used for multiplication of two octonions.
Any p € O can be written as

7
p=ap+ Zases
s=1
= Re(p) + Im(p),

where Re(p) = ag and I'm(p) = ZZ:1 ases. The conjugate and the norm of
an octonion p are defined by

p = Re(p) — Im(p),
7
N,=pp=pp=)» al.
s=0

The inverse of any non-zero octonion p is given by

)
Np'

The Fibonacci sequence {F),}5°, may be the most well-known one among
the integer sequences. It satisfies the recurrence relation

Fn: 7L—1+Fn—2
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with initial conditions Fy = 0 and F; = 1. Another well-known integer se-
quence is Lucas sequence { L, }°2, which satisfies the same recurrence relation
with Fibonacci sequence but, initial conditions Ly = 2 and L; = 1.

The Binet formulas for the Fibonacci and Lucas numbers are

B a — ﬂn
F, = ~—3 3 (1.1)
and
L,=a"+ 3" (1.2)

where, a = 1+T\/g and 3 = 1_2‘/5 are the solutions of the characteristic equa-
tion 22 — 2z — 1 = 0. The positive root « is known as golden ratio which plays
very important role in theory of integer sequences.

Fibonacci and Lucas quaternions were defined by Horadam in [6]. Many
authors dealt with Fibonacci or generalized Fibonacci quaternions in litera-
ture. Some of these studies can be found in [2,4,7-9,12-14].

We define dual Fibonacci and dual Lucas numbers by

F,=F,+¢eF, (1.3)

and

Ln=Ly+elnii, (1.4)
respectively.
In [10], Kegilioglu and Akkus introduced Fibonacci and Lucas octonions

and gave their Binet formulas. They defined n-th Fibonacci and Lucas octo-
nions by

and

7
P, = ZLnJrses

s=0

respectively, where F,, and L,, are n-th Fibonacci and Lucas numbers, and
{eo,...,er} is the standard basis of octonions. They also studied split Fi-
bonacci and Lucas octonions in [1].

Halici, studied dual Fibonacci octonions firstly in [5]. He/she gave gen-
erating function, Cassini’s identity and some other identities. Dual Fibonacci
octonions are defined by

7
@n = Zﬁn+ses~ (1.5)

s=0
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By using Eq. (1.3), we obtain

e 7
Qn - ZFn—i-ses +5ZFn+s+1es

s=0 s=0
e
- Z(Fn+s + 5Fn+s+1)es
s=0
= Qn + €Qn+1 (16)

Similarly, we define the dual Lucas octonion by the relation

7
P, = Z Loises (1.7)
s=0

and we have
Py =Py +ePoi1.

For abbreviation, throughout this paper we use DFO and DLO for the
dual Fibonacci and dual Lucas octonion.

Here, we express Binet formulas for DFOs and DLOs in a different forms
from [5]. After having Binet formulas, we give many identities for DFOs and
DLOs including Catalan’s, Cassini’s and d’Ocagne’s identities in §2 and §3.

Let Op and O be the sets of all Fibonacci and Lucas octonions, re-
spectively. The sets of all DFOs and DLOs are denoted by

@F = {@n = Qn + EQn+1 : QnaQn+1 € ©F7€2 = 0a5 7£ 0}
and
Qp={P,=P,+ePyi1:P,,Pyy1 €0p,e* =0,e #0}

respectively.
The conjugate of a DFO and DLO are

_ 7 7
Qn:Fn_ZFn+sesa Pn:Ln_ZLn+ses~
s=1 s=1
The norm of a DFO and DLO are defined by
N(@n) :énén :énénv N(]Sn) :ﬁnﬁn :ﬁnﬁnv
respectively. By [5], with a small correction, the norm N(Q,,) is

N(@n) = 21(ﬁ2n+7 + 5F2n+8)-

Similarly, we have
7
N(P,) = Z(Ln+8)2
s=0
and, by using the identity L2 = 5F2 + 4(—1)" (see [11, p. 75]) between
Fibonacci and Lucas numbers, we get

N(f)ﬂ) = 105(ﬁ2n+7 + 5F2n+8)~
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The DFO with negative indices was given in [5] as
7

8
Qvfn = Z(_l)n_s-i_anfses +e Z(_l)n_s—’_an*SeS*l‘

s=0 s=1
In the same way, we get

7
P, = ZLfnJrses
s=0

7 8
= E LfnJrses +e E LfnJrsest
s=0 s=1

By the equation L_,, = (—1)"L,, [11, p. 84], we obtain
7

8
P, = Z(_l)nisLn—ses + 82(_1)’"‘73[/71‘—868—1'
s=0 s=1

By using the last equation, we have
7

ﬁn + ﬁ—n = Z(ES+TL + Zs—n)es-
s=0

2. Binet Formulas for Dual Fibonacci and Lucas Octonions

In this section, we obtain Binet formulas for DFOs and DLOs. Using Binet
formulas, we give Catalan’s, Cassini’s and d’Ocagne’s identities. The following
theorem gives the Binet Formulas.
Theorem 2.1. Forn > 0, the n-th DFO and n-th DLO are given by
~ Qo — 6/6"
Qn = T a-j3
and B
Pn =aa" + ﬁ ﬁn
where o = (1 + ea) ZZ:O afes and B = (1+¢f) ZZ:O Bes.
Proof. In [10], the Binet formulas for the Fibonacci and Lucas octonions are

given as follows:
afa — ﬁ*ﬂn
Q=X o
a—p
and
Pn — a*an + ﬁ*ﬁn
where o* = ZZ:O afe; and f* = ZZZO B%es. By considering these two equa-
tions with Eqs. (1.5) and (1.7), the proof is completed. O

In [10], Catalan’s identity for Fibonacci octonions was given by
Q2 = QuirQuy = (=1)"" [F2Py — F2,(Qo — 14e5 — 1deg — Ter)] .

Catalan’s identities for DFOs and DLOs can be found in the following
theorem.
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Theorem 2.2. For every integers n and r, we have
@ = QuirQu-r = ()" " [FPPo — Far(Qo = TN)] (1 +2)  (21)
and
P2~ Py Py =5(-1)" T [F2P) — For(Qo — TN (1 +6)  (2:2)
where A = 2e5 + 2e¢ + er7.

Proof. For DFOs we have

@?L - @n+r@n—r = (Qn + 5Qn+1)2 - (Qn+r + 5Qn+T+1)(Qn—r + EQn—r+1>
= QEL - Qn+rQn—r
+e(QnQnt1 + Qni1Qn — QnirQn—rt1 — Qnirt1Qn—r)-
The dual part of the last equation is

QnQnJrl + QnJrlQn - Qn+'rQn77’+l - Qn+r+1Qn7T

= ¢ [(@*a" = g 5" ("o — 5
+(a*an+1 _ 5*ﬂ"+1)(a*an _ 5*ﬁn)
_(a*an+r _ ﬁ*5n+r>(a*an—r+1 _ ﬁ*ﬁn—r-&-l)
_ (a*an+r+1 _ ﬁ*6n+r+1)(a*an—r _ ﬁ*ﬁn—r)]
= [0 (o + B0 + Fa)
+ anfrﬁnfr(a + ﬁ)(a*ﬁ*a% T ﬁ*a*ﬂQT)] )
By using Table 1, we obtain

o B* = Py — V5Qo + 7TV5\ (2.3)
and
Bra* = Py +vV5Qo — TV5A. (2.4)
From Egs. (2.3) and (2.4), we have
a* B+ frat =2P, (2.5)

TABLE 1. The multiplication table for the standard basis of
octonions

1 €1 €9 €3 €4 €5 €g €7
1 1 e es es ey es e er

e1 er —1 e3 —ey  es —ey —e7 €g
€y €2 —e€3 -1 €1 €g (&rd —€4 —€j5
€3 €3 €2 —e€1 -1 (&rd —€g €5 —€4
€4 €4 —€5 —€g —€7 -1 €1 €9 €3
es es5 ey —er  eg —e;1 —1 —e3 eo
e €g €7 ey —e5 —eg e -1 —e

er ey —eg €s ey —e3 —es €] -1
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By using Egs. (2.3)-(2.5), we get

QnQn+l + QnJrlQn - Qn+rQn77‘+l - Qn+r+lQn7T

= % [2(=1)""' Py + (=1)" " (Lar Py — 5F2,(Qo — TN)] -

Now, we need the well-known identity between Fibonacci and Lucas numbers
5F% = Ly, — 2(—1)". With the help of this identity, we obtain

QnQnJrl + QnJrlQn - QnJernfrJrl - QnJrrJrlanr

= (=1)"" [F?Py — F2r(Qo — TN)] (2.6)

From Theorem 2.6 in [10], the real part is
Qh = QnrQur = (=1)"7" [FPy = Far(Qo = TA)] - (27)
Equations (2.6) and (2.7) give Eq. (2.1). Equation (2.2) can be obtained in
a similar way. O

For r = 1 this theorem gives Cassini’s identities for DFOs and DLOs.

Corollary 2.3. For any integer n, we have

Qvi - ©n+1én—1 = (_1)7171 [PO + A — QO] (1 + 5)

and

P2 — PPy =5(=1)" [Py + 7\ — Qo] (1 +¢),
where A = 2e5 + 2eg + e7.

In [10], d’Ocagne’s identity for Fibonacci octonions was given by
Qm+1Qn - Qan+1 = (_1)m[Fn7mP0 - Lnfm(QO — ldes — 14eg — 767)]'

D’Ocagne’s identities for DFOs and DLOs are given in the following
theorem:

Theorem 2.4. For every integers m,n, we have
Qm1@n — QmQui1 = (—1)™[FyemPo — Ly (Qo — TN)](1 +¢)  (2.8)
and
Pr1Py = PPy = 5(=1)" " [P Py = Ly-m(Qo — TN)](1+2)  (2.9)
where X = 2e5 + 2eg + e7.
Proof. From Theorem 2.8 in [10], we need the following identity.
Qm+1@Qn — QmQni1 = (—1)"[Fn—mPo — Ln—m(Qo — TA)]. (2.10)
From the definition of DFO, we have

va+1@n - @m@n«FI = Qm+1Qn — QmQni1 + 5<_Qan+2 + Qm+2Qn)-
(2.11)

If we take n — n+ 1 and m — m + 1 in Eq. (2.10), respectively, we obtain
Qm+1Qn+l - Qan+2 = (_1)m [Fn7m+1P0 - Lnferl(QO - 7)\)] (212)

and

Qm+2Qn_Qm+lQn+1 = (_1)m+1 [Fn—m—lpo - Ln—M—l(QO - 7/\)] : (2-13)
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Adding Egs. (2.12) and (2.13) side by side, the dual part of Eq. (2.11) becomes

= QmQnt2 + Qm+2@n = (=1)"[FoemPo — Ly—m(Qo — TA)].  (2.14)
Considering Eqgs. (2.10) and (2.14) together, we obtain Eq. (2.8).
Similarly, for the Eq.(2.9) it is sufficient to calculate the real part.
Ppi1Py — P Poyr = (o™t + g7 ") (o a™ + 5*8")
—(a”a™ + 5" F")(a"a" ! + 573"
=amp" [a" A" (a = B) — frata" T (o = B)]
= (~=1)"™V5(a* g """ — rara ™)
=5(-1)"" Y (Fy_Po+ Ly-mQo — TA\Ly_m). (2.15)
If we repeat same steps above, we reach to the dual part of Eq. (2.9). O

3. Some Identities

In this section, we give other identities for DFOs and DLOs. One can check
these results by using Table 1 and definitions of DFO and DLO, easily.

We have the following identities by the help of definitions of DFO and
DLO, directly.

n n
Z@kzén-‘ﬂ_@ly Zﬁk:ﬁn—&ﬂ_ﬁla

k=0 k=0
Z Q2k-1 = Q2n — Qo Zﬁm@q = Py — R,
k=1 k=1
S Gok = Goner —Dr. > Py = Popr — By,
k=1 k=1

The following theorem gives the relationship between DFO and DLO.
Theorem 3.1. For every integer n we have
ﬁn = @n—l + @n—i—l-

Proof. To prove the theorem we need the identity L, = F,,—1 + F,41. By
using it, we obtain

@nfl + én+1 - anl + (‘:Qn + QnJrl + EQn+2
7 7

= Z (Fn—i-s—l + Fn+s+1) es + 52 (Fn+s + Fn+s+2) €s
s=0 s=0

7 7
= § Ln+ses +e § Ln+s+1es
s=0 s=0

= P,.
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By using Binet formulas for DFOs and DLOs, the following identities
can be shown easily.

~ o~ 6 8
P2 4+ Q? = —819Ly,, — 1827F,, + gLZnP0 + 6F5,Qo + 3(—1)”P0

12 8
€ <5L27L+1P0 + 12an+1Qo — 1638L2y,4+1 — 3654 F5,4+1 + 5(—1)”P0) ,

~ o~ 4 12
P2 — Q2 = —546Ly,, — 1218F,,, + ngnPO + 4F5, Q0 + E(—1)"13O

8 12
+e <5L2n+1po + 8F2n+1Q0 — 1092L2n+1 — 2436F2n+1 + 5(-1)”P0> s

QP = PruQu = [ Fuvin 2Py = 1365) + Ly (2Q0 — 609)]
+€ [Frnn+1(2F — 1365) Lin4n+1(2Q0 — 609)] ,

1365 609
1365 609
+e [P0F2n+1 + QoLont1 — TF2n+1 - 2L2n+1:| ;

énﬁn = POFQn + QOLQn -

QnirLntr + Qnr Ly = Loy Qan +2(—1)"T"Qo,
QnirFrtr = QnorFoy = ForQay,

PrirQuis — PotsQuir = 2(=1)" " PyFy_ (1 +¢),
Quin + (—1)"Qm-n = QuLn(1+2),

PoirLnir+ PuoyLn_y = Loy Pon +2(—=1)" " R,
PotrLotr — Py Ly = 5F5,Qon,

ﬁn+T’Fn+t + ﬁn+tFn+r = 2@2n+r+t - (*UnHLr—tQU
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