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Abstract

The aim of the manuscript is to study new optical soliton solutions of the Kundu—Mukher-
jee—Naskar (KMN) equation via the (G’ /G, 1 /G )-expansion technique and the exponential
rational function (ERF) procedure. The results are produced under the constraint condi-
tions, and their graphical representation highlights them. These discoveries might aid in
the comprehension of intricate nonlinear phenomena and oceanography. Studying the
investigated equation in this paper is very important in explaining oceanographic phenom-
ena such as rogue waves’ ocean currents.
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1 Introduction

As science has advanced, the exact solution of nonlinear partial differential equations
(NPDEs) has gained significance. These solutions are essential for understanding the phys-
ical structure that nonlinear models provide when studying NPDEs that arise in various
contexts (Arqub 2022; Arqub and Al-Smadi 2020). Condensed material physics, astron-
omy, nuclear physics, electromagnetic theory, earth science fluid motion, gravity, physi-
cal chemistry, elastic medium, energy physics, optic fibers, geophysics, biostatistics, nat-
ural physics, chemical mechanics, compound physics, electroch [3] (Arqub 2018, 2020).
Among these solutions, optical solutions are crucial for understanding the physical struc-
ture that nonlinear models provide when studying nonlinearity that occurs in a variety of
contexts.

To deal with the precise solutions of nonlinear differential models, many scientists have
put forth a number of various strategies. For example, Arshed et al. dealt with the optical
solitons of different equations via the (G’ /G?)-expansion technique (Arshed et al. 2022).
Mirzazadeh et al. used the new Kudryashov technique (Mirzazadeh et al. 2021). Osman
et al. utilized the generalized unified method to find double-wave solutions for a nonlin-
ear partial differential equation (NPDE) (Osman et al. 2020). Kumar et al. used the sine-
Gordon expansion technique. Kumar et al. (2017). Wang et al. used the auxiliary equation
method (Wang et al. 2022). Akbulut et al. utilized the modified simple equation (MSE)
procedure (Akbulut et al. 2021). Yang and Ma obtained different solutions which are cat-
egorized as lump-type solutions (Yang and Ma 2017). Yue et al. employed the improved
F-expansion (Yue et al. 2022). Gurefe applied the generalized Kudryashov technique
(Gurefe 2020). Kaplan utilized the transformed rational function technique (Kaplan 2018).
Raza et al. found auto-B &dcklund transformations of some NPDEs (Raza et al. 2022). Tariq
et al. applied the Bernoulli sub-ordinary differential equation technique [17].

The (G’ /G, 1/G)-expansion approach and the exponential rational function procedure
are two adaptable methodologies used in this study to create optical solitons of the KMN
equation. The following is how this manuscript is arranged: In Sect. 2, we outline the main
steps of the (G’ /G, 1/G)-expansion technique. In Sect. 3, we present the ERF approach.
In Sect. 4, we will introduce the governing model. In Sect. 5, we give the utilization of the
(G' /G, 1/G)-expansion technique to the KMN equation. In Sect. 6, we present the utiliza-
tion of the exponential rational function procedure to the KMN equation. Finally, we give
some conclusions in Sect. 7.

2 The (G’ /G, 1/G)-expansion technique

The current part of the manuscript will provide an explanation of the (G//G, 1 /G)-expan-
sion methodology, which is a popular method for generating various types of accurate
NPDE solutions. Akbulut et al. (2016); Demiray et al. (2014). First of all, we will take into
consideration the following equation:

G"(&) +aG(é) =1 (D
and choose
®=G/G,Q=1/G, 2)

for simplification. If we use Eqgs. (1) and (2), we may obtain
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®=-D*+1Q—qa, Q =-0Q. 3)

Equation (1) has three different solutions as follows:
1 TIf a > 0, then general solutions of the Eq. (1) will be

G(&) = m, sin(\/a&) + m, cos(v/a) + é

and we get
Q=2

2
= m(CI) - 21Q + a), @)

where m, and m, are arbitrary constants and y = m? + mZ.
2 If @ < 0, then general solutions of the Eq. (1) will be

G(&) = m, sinh( \/—_af) +m, cosh(\/—_aé’) + i

and we have
2 _ - 2
Q= —azu/ 7 (®° - 21Q + a), 5)

where m; and m, are two arbitrary constants and y = m? — m2.

3 If @ = 0, the general solutions of the Eq. (1) will be
G() = éfz +mE +m,

and we have

1
Q= —— (D - 20Q), )

2
mi — 2im,

where m; and m, are two arbitrary constants.
We will take into consideration a NPDE with, let’s say, x and t as the two independent
variables:

P(u, v,y Uy, Uy Uy, o) = 0. 7

The (G’ /G, 1/G) expansion technique can be summarized as follows:
1. From the transformation & = x — wt and with u(x, t) = u(€), Eq. (7) may be transformed
to an ODE on u(&) with

P, ou' i, 0", 0u”,..) =0, (8)

where / represents the derivative with respect to &.
2. Assume that the solution of Eq. (8) may be shown by a polynomial in @ and €2 as

N N
u@ = p®+ Y o', ©)
i=0

i=1

where G = G(£) is the solution of auxiliary equation Eq. (1), p;(i=0,...,N),
¢(i=1,..,N),w,a and 1 are constants which will be calculated, and the positive integer
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N may be calculated by utilizing the homogeneous balance principle between the highest
order derivatives and the nonlinear terms in Eq. (8).

3. When we surrogate Eq. (9) is into Eq. (8), use Egs. (3) and (4) (here the first case
is considered as example) the left-hand side of Eq. (8) can be transformed into a poly-
nomial in @ and Q, in which the degree of Q is not larger than 1. If we equate each coef-
ficient of the polynomial to zero, we find an algebraic equation system in p;(i =0, ..., N),
Gi=1,...,N),w,a(A <0),1,m and m,.

4. Utilize Maple to solve the obtained algebraic solutions. Surrogating the values of
pii=0,.,N),¢(i=1,..,N), o, a,1, m and m, obtained into Eq. (9), it is obtained the
travelling wave solutions shown by the hyperbolic functions of Eq. (8).

5. Substitution of Eq. (9) into Eq. (8), utilizing Eqgs. (3) and (5) [or Egs. (3) and ( 6)]
gives the optical soliton solutions of Eq. (8) demonstrated by trigonometric functions (or
demonstrated by rational functions).

3 The ERF technique

Suppose the solution of Eq. (8) of the form Ghanbari and Inc (2018); Aksoy et al. (2016):

N

p.
q($) = Z T+ e +Je§)N,PN #0 (10)

=0

where pj(j =0,1,2,...,N) are constants will be calculated and N is the balancing number
which can be calculated as before. Then, if we substitute Eq. (10) into Eq. (8), we acquire
a set of algebraic equations in parameters ij =0,1,2,...,N) and w. After that, if we solve
the obtained system, we may construct new optical solutions of Eq. (7). This technique is
effective, direct and useful for obtaining exact solutions to NPDEs in mathematical physics
and optics.

4 Governing Model

In this section, the KMN equation will be examined as follows:
i, + Aty + idyu(ui;, — u'u,) =0 11

where u(x, y, f) is wave portrait indicated the complex nonlinear wave envelope and * sig-
nifies the complex conjugation. The dispersion term in Eq. (11) is identified by the coef-
ficient of A,, and the nonlinear term appearing as a coefficient of 4, is different from the
conventional Kerr law nonlinearity or any known non-Kerr law media.

In order to account for oceanic rogue waves and both hole waves, the KMN equation
was originally put forth in 2014. The idea that this model may be used to study optical
wave propagation through coherently excited resonant wave guides which are doped with
erbium atoms was also put out in 2013. It was mentioned that the model may specifically
investigate the phenomenon of light beam bending. Several academics are now streaming
results from this model. Previously, it was thought that the model would run into bright
and solitary solitons by employing an extended trial function technique. Additionally indi-
cated were higher-order logical solutions (Ekici et al. 2019; Wen 2017). In 2016, rogue
wave solutions for the KMN equation have been presented. Following that, various soliton
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solutions were created using the trial equation methodology and the MSE technique (Qiu
et al. 2016; Yildirim 2019a, b). With respect to Kerr law and non-Kerr law nonlineari-
ties, the KMN equation provides an advance version of the nonlinear Schrodinger equation
known as current-like nonlinearity.

We will assume the following transformation:

u(x,y, 1) = q(&)e?, & = T x + Ty — vi, 12)
where (&) and v are the amplitude and velocity of the soliton, and
¢ =rx+ry+o, (13)

here, k; and «, are the soliton frequencies in x— and y—directions while @ indicates the
soliton wave number.From the substitution of Egs. (12) and (13) into Eq. (11 ), yields

Mg = (@ + Ay 72)q + 211 g =0, (14)
from real part
v =A(1172 + Ta7))- (15)

and from imaginary part.

5 Application of the (G’ /G, 1/G)-expansion technique

The current part of the manuscript presents the utilization of the (G’/G, 1/G)-expansion
technique to the KMN equation.

According to the homogeneous balancing principle, if we balance the nonlinear term ¢’
with the highest-order linear term ¢° in Eq. (14), we may find

N=1. (16)
Consequently from Eq. (9) we get
q9&) =py+pP+¢Q, )

where p, p;, ¢, are constants which will be calculated. Then, we substitute this solution
into the reduced equation and collecting the coefficients together and setting them as zero,
we find an equation system. There are three cases that need to be explained, as we indi-
cated above:

1. When a > 0O:

Surrogating Eq. (17) into Eq. (14), utilizing Eqgs. (3) and (4), we find a polynomial in ®
and Q :

@ Springer



97 Page6o0of13 X.-G.Yueetal.

3 —4A 1 Typ Py + 6/12y1p1g12a12 + 24,7 1y0 @ty + 2/111'112/)‘1‘1
+ 4/127/1;)?(121//12 - 2/12}/13,011141;/2 - 2/12;/1/)?14 - 6/12y1p1g12a3u/ =0,

P*Q' 1 — 64y, Pigl 4 224y 16 AP = 20,7,6) Py = 64571076 2y
+ 24116 ar® + 2A, 71,611 — 44 7 16w + 12447, p%glotzt//l2 =0,

P2Q0 ;. — 6127/1;)0;2131;/ + 1247, popia®wi> — 64y, popi Aty? — A 7106140y
+ T 16 P A = 64371 po Pt + 640119561 AP+ 4Aor 61 %1 =0

D'Q' 1 641717, Py = 124,71 p167a8 + 124,776,070y — 12457, pop; 6 @y
+ 2405719001617 W = 34Ty Ty 10ty = 3417110 10 = 1237, p9p 611 = 0
o0 — 6/12;/1/)3,0114 — 4411 Typ Yt — wpit + 20,17y p i + 200p, Pt — wpaty?
+ 2411720 W1 = Ayyraeyit = 6)“2}’1/’1§120‘4V/ + 247100 @y
+ 1245y, p§p102w12 - }’2!710‘41112 + 6/127’1P1€f‘12’2 - 6/121’12170/’1“4‘//2 =0,

Q! =246 @y + 24y 6l ar — 64,1760y + 20,1y Ty6 0ty
— 64y, p1¢] 1 — 4071196, Py + 24,7y 156,10 + 1247, pi6 P yi? = 0,

Q0 : 1171T2€1la V= 612}’1/’01’ a‘y? —6)L29’1/’0€1)L ll/+4/12}’1§105 !
= 641p0011" + 471156, P+ 64y pogiar + 124571 popra’yi® = 0.

From the solutions of the algebraic equation system, one finds:

ATT
_ _ ,1271 M0 = LTnely A(ar, —2y7,)
po=0,py =t—7— w = s

4),ay, ’ 2
18)
where y = mf + mg, a # 0. We may find the optical soliton solution of Eq. (11) by surro-
gating these values into Eq. (17), using Eqgs. (2) and (4).

. A =2,
l(y1x+y2y+7] mrlf% 2 yZ))
l +e

D2 m
‘“‘"’2 ~ —viy) )=y [ L0 _ Ari e bng)
( Azn m cos(\/a(r,xﬁ-rzy VI))) 2 my sin (\/>(T|X+Tz)’ vt)) — (19)

s
2a(m sin ( \/E(r, x+12y—vt) +m, cos ( \/E(r] xX+1yy— vt)) )+21

where v = 4,(1,y, + 1,7)).
Particularly, when m; =0, m, > 0 and 1 = 0 in Eq. (19), we find the following peri-
odic solution:

. A (aty =271 72)
_ iy xyyy+ LTI
up(x,y,0) = £ 7Y 2

a1 T, a/llrl 7, < ) ATy T00m]
[04 — - —_—m sin T X+ T,y — vt rre—
< Aan \/_( ! 2y ) 4har,

2am, cos(\/a(rlx + 7,y — vt))

s

(20)
where v = A,(7,7, + 7,7;) and when m, = 0, m; > 0 and 1 = 0, we find the following peri-
odic solution:
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. A (et 19=2y112)
i(y x4y y+ AN
Uy (x5, y, 1) = % VY : )

a1 T, _ Mrinam?
1/ T <ml cos <\/E(rlx + 15y vt))) +4/ “iha 1)

2am; sin (\/&(Tlx + 7y — vt))

where v = 4,(r,7, + 7,7,) (Fig. 1).

2. Whena < 0:

We find a polynomial in @ and Q by surrogating Eq. (17) into Eq. (14), using Egs. (3)
and (5). Then from the solutions of this system, we find

ATiT 2 5
_ _ Aani _ ATnl + AT Ty _ Mlaryr, = 2y17)
po—O,Pl—i—2 6 =X\ — w = ) =

s

4hay,

(22)

Fig.1 Graphical representation of u;(x,y,t) when 1=0,m =0,4, =09, 7,=02,7,=04,4,
=08,a=09m,=1,7y,=1Ly,=12,y=0
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where v = mz 2 We may find the optical soliton solutions of Eq. (11) by surrogating

these values ifito Eq (17), using Eqgs. (2) and (5):

Alatyp=2y117)
2

i(y) x+yay+ )

uy(x,y,1) = te

/ 2 +a2m2—a2m2
ATy ) ' . llrlrz(l +atmy—a mz)
a[ e s m cosh ( \/—=a(7;x + 7,y — vt) | + my sinh ( \/—a(r;x + 7,y =) | | + T

2(m, (sinh (\/—_a(rlx + 1y — vt))a + m, cosh (\/—_a(-r]x + 17y — vt))ot +1))

(23)

where v = 4,(7,y, + 17}).
Particularly, when m; =0, m, > 0 and 1 =0 in Eq. (23), we get the following solitary
solution

. AUt T9-2y172)
— i(y Xty y+=———5—=)
Uy ((x,y, 1) = 71772 2

ATy . 1 Ty0tm?
a(\ /—(xﬁ(m2 sinh (\/—a(‘rlx—l— T,y — vt))) +4/ W) (24)

2m, cosh <\/—a(11x + 7y — vt))a

and when m, = 0,m; > 0 and: = 0, we get the following solitary solution

. A (ar| 1 =27172)
— iy x+yy+———5—=)
u2!2(x9y7 t) —ie ! 2 2

prvs _ _/llrlrzaﬂmf
a(\/ﬁ<ml coshy/—a(z;x + 15y Vt)) + \/7 (25)

2m; sinh (\/—a(rlx + 17y — vt))a

where v = 4,(7,7, + 7,7,) (Fig. 2).

3. Whena =0

‘We may construct the optical soliton solutions of Eq. (11) by surrogating these values into
Eq. (17), using Egs. (3) and ( 6):

AT
Y, 24, T, Ty, — M2A, T, T
;m ,§1=i\/— 11720 M7 (26)

,o === .
407 V172

po=0,py ==

and therefore

/4 -2
V3 4 U8 (x4 Ty —vi) +my ) + ‘Tlrzgmy m;)
271

l(Tlx + 7,y — V)2 4+ 2m (7,x + T,y — vE) + 2m,

Ll

I,t:,’(_x’y7 1= iei(hx‘*’h)}b]hh)[

@7
where v = 4, (1, + 7,7,) (Fig. 3).
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Fig.2 Graphical representation of u,(x,y,t) when 1=0,m; =0,4, =09,7, =0.2,7, =0.4,1, = 0.8,
a=09,m,=1,y,=11,7,=12,y=0

6 Application of the ERF technique

Since the balancing number is 1, the desired solution for ¢(¢) has the following form:

P

q&) = py + T+

(28)

Another polynomial in exponential function is obtained by surrogating Eq. (28) into Eq.
(14) and combining all terms with the same order of the exponential function’s coefficients.
Then, by sellecting each coefficient to zero and we find the system below:

e* 1 =2hyy1p) — @py — Ay1172P0 = 0
& 1 lnnapy = 30py — 640705 = 34717200
- 612719301 = Arrap —wp =0,
¢ 1 =6Ayy1p0p; = 3wpy — AT 101 = 341117200
— 6427105 = 20717201 — 124211 95p, — 20p, =0,
% 1 —A1112p0 = M1172P) = 6401 Pgpy — @py
— 643710007 — 249719, — 2Aa71 9 — wp; = 0.
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Fig.3 Graphical representation of uz(x,y,t) when 1 =1,m; =2,4, =09,7, =0.2,7, =0.4,4, = 0.8, m,
=Ly =1Ly,=12,y=0

Thus, from the substitution of the obtained values in to the solution form, we obtain the

following solutions:
ATn
V. ar MTin

pp=t—]—. P =F
2 Any

and

__ a2y 7, + 117)
2

Therefore, the solution takes the form:

. ayirn+r10)
1(71*"72)"%)

uy(x,y,t)=+e

MTTy (cosh (Tlx + 17y — vt) + sinh (Tlx + 7y — vt) - 1)

3

2(11)/1 ﬂi:‘yfz (cosh (7)x + 7,y — vt) + sinh (z,x + 7,y — vt) + 1))

where v = 4,(t,7, + 7,7,) (Fig. 4).
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Fig.4 Graphical representation of u,(x,y,?) when 4, =0.9,7, =0.2,7, =0.4,4, =0.8, 1 =0.9,y, = 1.1,
7, =12,y=0

7 Conclusion

The paper has addressed the (G'/G, 1/G)-expansion technique and the ERF principle
to uncover fairly interesting optical solitons of the KMN equation. Any optical field
that does not change throughout propagation is referred to as an optical soliton due to
a careful balance between linear and nonlinear effects in the medium. For that reason,
optical solitons are important in transmission. For that reason, optical solitons have a
great impact on transmission. The obtained results has revealed that the adopted proce-
dure is effective, direct and useful for addressing other NPDEs in mathematical physics.
The reportable solutions are novel and gift a beneficial contribution to the literature
in nonlinear dynamics. We have used the symbolic computation programs to reach our
goal. The results are also produced under the constraint conditions, and their graphical
representation highlights them.
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