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Abstract

In this investigation, we address a particular variant of the Korteweg—de Vries (KdV) equa-
tion, specifically focusing on the (2+1)-dimensional KdV equation. The equation can model
various physical phenomena in different fields, including fluid dynamics, plasma physics,
nonlinear optics, and other areas where coupled wave interactions are important. To com-
mence, we establish the Auto-Bicklund and Cole—Hopf transformations for the given model,
resulting in the derivation of numerous soliton-like solutions characterized by hyperbolic,
trigonometric, and exponential function waves. Furthermore, we effectively elucidate the
behavior of lump, lump-kink, breather, two-wave, and three-wave solutions using the Hirota
bilinear technique. Extensive numerical simulations employing 3-D profiles are conducted
with meticulous consideration of pertinent parameter values, providing additional insights
into the distinctive traits of the obtained solutions. Moreover, employing the extended trans-
formed rational function method grounded in the bilinear form of the underlying equation,
we uncover complexiton solutions. These solutions are depicted using 3-D and 2-D visual-
izations to portray their dynamics. Our findings reveal that the approach adopted to derive
analytical solutions for nonlinear partial differential equations proves to be both efficient and
potent. The combination of numerical simulations and visual representations enhances our
understanding of these solutions, ultimately affirming the effectiveness and robustness of the
employed methodology in tackling nonlinear partial differential equations.
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Introduction

Nonlinear differential equations have an important role in mathematical physics, fluid dynam-
ics, finance, control theory, chemistry, optics and so on. One of these equations is the classical
(1 + 1)-dimensional Korteweg—de Vries (KdV) equation that is given in the following form

[11:
Uy + 6uny + uyyy = 0.

This equation is utilized to characterize the waves in shallow water surfaces. Some scholars
have suggested novel implications for the classical KdV equation, including the formation
of acoustic waves on crystal lattices and ionized plasma. The classical KdV equation comes
in a variety of forms, some of them are generalized KdV, modified KdV and the (2+1)-
dimensional KdV equations [2]. The (2+1)-dimensional KdV equation is presented in the
following way in this essay

u; + 3vuy + 3uvy + tyyx =0, uy —vy =0, (1)
The bilinear form of the underlying equation is given as

(AyAt + AiAy)//v CW= Uy — Ry F xxxy T 3//vxylixx - 3//‘x/f¢xxy — HyMxxx = 0,
(2

using logarithmic transformations

u=2(In M)xy, v=2(In ).

The weak Lax pair concept was used to generate the equation [3]. The (1+1)-dimensional
KdV equation is obtained by taking v = u and y = x in Eq. (3). The Boiti-Leon—-Manna—
Pempinelli (BLMP) expression is established by considering u = wy,v = w, in Eq.
(3). Many researchers were interested in the (2+1) dimensional KdV equation for exam-
ple Wazwaz derived multiple-soliton solutions by the Hirota’s bilinear method in [4], Raza et
al. derived variety of soliton solutions by different analytic methods [5]. Cao et al. generated
deformed multi-solitons and deformed breathers in [6], Ozkan et al. applied the improved
tan(¢/2)- expansion and Jacobi elliptic function expansion methods for finding the exact
solutions in [7], Peng obtained periodic waves and periodic solitons of the given model in
[8], Wang et al. introduce two subequations with different independent variables for con-
structing exact solutions in [9], Zhang and Chen derived the deformation rogue wave by the
bilinear method in [10], Zhai and Zhao applied the Pfaffian Technique to the given model in
[11], Lou obtained the generalized dromion solutions of the given equation in [12].

In the literature, there are lots of methods for finding the exact solutions of nonlinear
partial differential equations, for example the Legendre reproducing kernel method [13],
the Nucci’s reduction method [14], Heir-equations method [15], the enhanced Kudryashov’s
and improved extended tanh-function techniques [16], Kudryashov and exponential methods
[17], the generalized Kudryashov, modified extended tanh and exponential rational function
methods [18], the Jacobi elliptic function method [19], the modified simple equation [20], the
Homotopy analysis method [21], trial equation technique [22], the extended simplest equation
method [23], the extended trial function approach [24], the extended simple equation method
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[25], Hamiltonian’s system [26], generalized exponential rational function method [27-30],
and so on.

In this study, we will apply one of the important methods for finding the complexiton solu-
tions of nonlinear evolution equations which is the extended transformed rational function
method to the given model. This method based on the Hirota bilinear forms of the equations.
Ma and Lee have offered direct method with the help of the rational function transformations.
Then Zhang and Ma have developed the extended transformed rational function method as
an extension of this method in [31]. Many researchers applied this method to the nonlinear
partial differential equations for example Yasar et al. applied the used method to the two dif-
ferent nonlinear differential equations which are (2+1) and (3+1) dimensional in [32], Unsal
et al. used for obtaining the the complexiton solutions of Sawada—Kotera and ninth-order
KdV equations in [33], Mirzazadeh applied the discussed method to the (3+1)-dimensional
generalized KP equation with variable coefficients in [34] and so on.

The aim of the paper is to obtain the soliton and complexiton solutions of the (2+1)-
dimensional KdV equation. For this purpose, some necessary informations are given in
SECTION, then we find the Auto-Bicklund transformation, Cole—Hopf transformation of
the given model in Sect. 2. In Sect. 3, solitary waves solutions to (2+1)-dimensional KdV are
extracted. In Sect. 4, various interaction aspects have been discussed. In the next section, we
applied the extended transformed rational function method to the given model also, 3D and
2D figures of the obtained solutions are represented. Finally, conclusion is given.

Auto-Backlund Transformation for (2+1)-Dimensional KdV Equation

We can use the solution of Eq. (1) based on the extended homogeneous balancing approach
as follows [35]

w(x, y, 1) = p W2 + p Wpex + i, v, 3.0 =q" 0 + ¢ (Wi + 9, 3)

P> g, and pu are the three functions that will be determined, and i (x, y, t) is a seed solution
of Eq. (1). This is a simple seed solution that can be used to build a variety of additional
solutions. When Eq. (3) is inserted for Eq. (1), the result is
[p(s) + 3p//q/// + 3p”/q”]uf‘ + [lop(4) + 3p///q/ + 18p//q// + 3plq///]u;’z“x‘x

F 1062 pr + 150002, + 3003 + p®)p” +3ipdq” + Oper, + 302 te)p ¢

+ O + 312 taee) P ¢ 1+ [0 x oy + St fboxns + 2tbxbbs + fhefax + 30302

+ 917“)(,“)5)()[7” + (Bﬁxﬂ)zc + 912/»Lxﬂxx)q” + 617/61/11”#;(”] + [(3ﬁﬂ-xxx + 3ﬁxﬂxx

+ st + Pacre) P+ Gl + Biijee)q | + [iiy + fhey + 300y + i, ] = 0,

(4)
(PWM; - q///ﬂyﬂjzc) + [3p//ﬂxﬂxx - (Mxﬂxy + ,uy,uxx)q”] + (p,:uxxx - q/Mxxy)
+ iy — vy) =0. (5)
In order to simplify the expression [36], we suppose that
p=q=sn(u), (6)
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where s is an arbitrary constant. Then we get

"oom S rom rom mor N
pp 12]’ , pp pq P q 317 )
"o S ron "o S m
P4 6P > pP4q P q 217 )
pq =—5p . 7

Eqs. (4) and (5) can be recast as the sum of certain terms of p(@, p/, p”, pm, p®, and p®
by utilizing the equalities

1 —==0,
P 2

) S S
P(4) : loﬂiﬂ-xx + 3( — §>Iv€)3flvax + 18( - 8>M§Mxx + 3( - g)ﬂiﬂxx =0,

P10 e + 1Spe 2, 43003 + pepn? 4 il + O iy + 303 i

2 2 S\ _
+ 9 iy + 3 )| — 2 )= 0,
J 2 10ty foxxx + Sthx fxxox + 2y foxr + s fhxx + 3ﬁ,rﬂ)25 + 95Mxﬂxx — 65y fhxxx =0,
P30 pxx + 30x flax + Moexr F Maxaxx + 3lxflax + 3lphixx =0,
PO ity dir + 300, + it =0, 8)

Py — yu,
P 3y — Hxhxy + ylxx = 0,
CMxxx — Mxxys

O i, — vy =0. )

P
We deduce the following from the system (8) initial equation:
s =2,
The systems (8) and (9) can be expressed as follows utilizing the equalities (7)
[ftx (Gt ces — 302, + gt + 3002 +3iuD)]p" + 104 x harr + St brrxx
2t s + Pelox + 3012 + 90ty — 120xx s 1P+ [30hharr + 30x st
+ xt + Mo + i e + 3o ]p + [l + e + 308, 4 30,1 =0, (10)

[,LLX(M)ZC - Mny)]P + [Brbx hxx — Moxxy + ,uy:uxx]p
+ [axx — /’Lxxy]p + [ﬁx - i}y] =0. (11)

We obtain the following differential equations by substituting zero for the coefficients of pm,
p', p,and p© in (10):

Ay oy — 3oy + Maftx + 305 + 3iipt =0, (12)
10 bxx toxcxx + Sty Mxxxx + 20y o + e fxx + 317,(/%25 + 90y fhxx — 120kxx fhxxx = 0,
(13)
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3Vpexx + 30x fhax + Mxxr + Maxxox + 3l plox + 3l jdyry =0, (14)
Up + ey + 300, + 30, = 0. (15)

Similarly, we obtain the following differential equations by substituting zero for the coeffi-
cientsof p , p', p,and p©@ in (11):

1y =ty =0, (16)
3pxthax — MxMyxy + typxx =0, (I7)
Mxxx — Mxxy =0, (18)
iy — vy = 0. (19)

We can get the relationship between Eqs. (12)-(14) by differentiating Eq. (12) and integrating
Eq. (14) with respect to x.

d o . o
a(“'ﬂxﬂxxx - 3ﬂ)2;X + Wity + BUM)Z( + 3”“?) + /(3Uﬂxxx

+ 3paxUx 4 3l phyxx + 3baxtly + axe + Maxxx)dx = 10y fhyxx
+ St toxxxx + 2 xr + Py + 317)6“)25 + 917,ux Mxx — 120y fhxxx- (20)

Then the following linearly independent equations satisfies Eq. (20),

A e = 30, + Maftx + 303 + 3iipt =0, (21)
35/¢Lxx + 3ﬁﬂxx + Myt + Pxxxx =0, (22)
Uy + tyyy + 300, + 300, =0. (23)

Similarly, we can obtain the relationship between Eqgs. (16)—(18).

0
a(/%zc - MxMy) + /(Mxxx - I/Lxxy)dx

=3y phyx — MxMxy + Uy xx- (24)

Then the following linearly independent equations satisfies Eq. (24),

1y =ty =0, (25)
Mxx — UxMHy = 0, (26)
ity — Uy = 0. 27)

Hence, the auto-Bécklund transformation to the underlying problem is expressed as

Mxx Hoxx

+i,  v(x,y, )= —ZM—; +2
iz u

ux, y, 0 =22 42 +9, (@8
I

where w(x, y, 1), iu(x, y, t) and v(x, y, r) satisfy Egs. (21)—-(23) and Egs. (25)—(27).

Thus, the traveling wave solutions to Eq. (1) from Eq. (28) can be generated by solving Egs.

(21), (22), (25) and (26) for the given sets of solution i, v to Eq. (1).

1. Assuming # = k and v = [ in Eq. (28), we obtain

ur, o = =255 o vy = 2B 0B g (29)
u 0 2 0
where u(x, y, t) verifies the equations below
A frex — 33, + Moy + 30p2 + 3iip? =0, (30)
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3lpx + 3kptxx + txr + txxxx =0, 3D
1y =ty =0, (32)
Mxx — UxMHy = 0. (33)
2. Setting & = 0 and v = 0 in Eq. (28), yields Cole-Hopf transformation
ue,y, 1) = =285 ol ey = B (34)
3 w 1 w

where w(x, v, t) satisfies Egs. (30)—(33).

Solitary Wave Solutions

This section comprises the auto-Bécklund transformation introduced in the previous part to
derive several soliton-like solutions of Eq. (1). Commencing with the mentioned transforma-
tion (29) and the seed solutions i, ¥ of Eq. (1) to obtain our aim.

A. Take u(x, y, t) be of the following type

u(x,y,t) =dcosh(fx +gy+ct+v)+esinh(fx+gy+ct+v)+m, (35)

d,e, f, g, c,andm are constants that will be determined later, while v is arbitrary. An alge-
braic equation system is confirmed by substituting (35) into Egs. (30)-(33). We get the
following two cases from the system’s solutions.

Case-1

d=e, g=Ff, c=—f—=3kf-3If, (36)
where e, f, m and v are arbitrary parameters. Thus, we obtain

w(x, y, 1) = e[cosh(fx + fy + (—f> = 3kf —3Lf)t +v)
+sinh(fx + fy + (—f> = 3kf = 3L)t + v)] + m, (37)

Then by entering Eq. (37) into Eq. (29), solitary wave solution for (2 + 1)-dimensional
KdV is given by (Figs. 1 and 2):
_ 2ef[sinh(fx + fy + (—f = 3kf = 31f)t +v) + cosh(fx + fy + (—f* = 3kf = 3If)1 +v)]
(beosh(fx + fy+ (—f3 = 3kf —3Lf)t +v) + bsinh(fx + fy + (—f3 = 3kf — 3Lf)t + v) + m)?
2ef2[cosh(fx + fy + (= f3 = 3kf = 31f)t 4+ v) + sinh(fx + fy + (= f> = 3kf = 31f)1 +v)]
ecosh(fx + fy+ (—f3 =3kf —3lf)t +v) +esinh(fx + fy+ (—f3 = 3kf = 3lf)t +v) +m
(38)

uy =

2ef[sinh(fx + fy + (—f3 = 3kf — 31f)t + v) 4+ cosh(fx + fy + (—f> = 3kf — 3Lf)t + v)]
(beosh(fx + fy + (—f3 =3kf —3Lf)t +v) + bsinh(fx + fy + (—f3 = 3kf — 3Lf)t + v) + m)?
2ef2[cosh(fx + fy+ (—f3 = 3kf = 3Lf)t 4+ v) +sinh(fx + fy + (—f> = 3kf = 3Lf)t + v)]
ecosh(fx + fy+ (—f3 =3kf —3lf)t +v) +esinh(fx + fy+ (—f3 = 3kf = 31f)t +v) +m
(39)

Case-2
d=—e, g=/f, c=—f—3kf-23If, (40)
where e, f, m and v are arbitrary constants. Thus, we obtain

w(x, y, 1) = e[sinh(fx + fy + (= f> = 3kf = 31f)t +v)

@ Springer



Int. J. Appl. Comput. Math (2023) 9:125 Page70f21 125

o \ —
-4 =2 2 4
(b)
Fig. 1 Solitary wave solution for u(x, y, t) acquired in Case-1 fore =2, f = -1, k=1,v=1,1 = -2,
m=-2,y=0
o
6,
,./ o
2.
1 e X
-4 -2 2 4
(a) (b)

Fig. 2 Solitary wave solution for vy (x, y, ¢) acquired in Case-1 fore =2, f = -1, k=1, v=1,1 = =2,
m=-=2,y=0

—cosh(fx + fy + (= f> = 3kf = 31f)t +v)] +m, (41)

Then by entering Eq. (41) into Eq. (29), solitary wave solution for (2 + 1)-dimensional KdV
is given by (Figs. 3 and 4):

2ef[cosh(fx + fy + (—f3 —3kf —3Lf)t 4+ v) — sinh(fx + fy + (—f> = 3kf — 3L)t + v)]

T (bsinh(fx + fy + (—f3 = 3kf = 31f)t + v) — beosh(fx + fy + (—f3 — 3kf — 3Lf)t + v) + m)?
2ef2[sinh(fx + fy + (—f3 = 3kf — 31f)t +v) — cosh(fx + fy + (—f> = 3kf — 31f)t + v)]
esinh(fx + fy + (—f3 = 3kf — 3f)t +v) —ecosh(fx + fy + (—f3 = 3kf = 3If)t +v) +m

(42)

uy =

2efcosh(fx + fy+ (—f3 = 3kf = 3Lf)t + v) — sinh(fx + fy + (= f* = 3kf = 31f)t + )]

T (bsinh(fx + fy + (—f3 —3kf — 31f)t + v) — beosh(fx + fy + (—f3 — 3kf — 3Lf)t + v) + m)?
2ef2[sinh(fx + fy + (—f3 = 3kf — 3Lf)t +v) — cosh(fx + fy + (—f> = 3kf — 31f)t + v)]
esinh(fx + fy+ (=f3 =3kf = 31f)t +v) —ecosh(fx + fy + (=f3 =3kf =3I )t +v)+m

(43)

vy =
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3.0f /_,’
2.5
o}
1.5F
- X
-4 -2 2 4
(b)

Fig.3 Traveling wave solution for up (x, y, #) acquired in Case-2 fore =2, f = -1, k=1, v=1,1 = -2,
m=-2,y=0

(@) (b)

Fig.4 Traveling wave solution for vy (x, y, ¢) acquired in Case-2 fore =2, f = -l k=1,v=1,1 = -2,
m=-2,y=0

B. Assume w(x, y, t) of the following form
wx,y, t)=dcos(fx+gy+ct+v)+esin(fx+gy+ct+v)+m, (44)

where d, e, f, g, c and m are unknown constants and v represents an arbitrary parameter.
Entering (44) into Egs. (30)—(33) an equation system is satisfied.

d=te, g=1F, c=f3—3kf—3lf, (45)
where e, f, m and v are arbitrary constants.

wx,y, t) =eltsin(fx + fy+ (f3 —3kf =31t +v)
+cos(fx + fy+ (f = 3kf = 31f) + )] +m, (46)

Then by inserting Eq. (46) into Eq. (29), travelling wave solution for (2 + 1)- dimensional
KdV is given by (Figs. 5 and 6):

2ef[—tcos(fx + fy+ (f> = 3kf — L)t +v) +sin(fx + fy+ (f> = 3kf =31t +v)]
(tecos(fx + fy+ (f3 —3kf = 31f)t +v) + esin(fx + fy + (f3 = 3kf = 31f)t +v) +m)?
2ef2[—tecos(fx + fy + (f3 =3kf —3lf)t +v) —esin(fx + fy+ (f3 = 3kf = 31f)t +v)] -
tecos(fx + fy+ (f3 =3kf =31 )t +v) +esin(fx+ fy+ (f3=3kf =31f)t +v)+m ’
47

uz = —
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-5 X 1.8F

-4 -2 2 4 6

(@ (b)
Fig. 5 Periodic wave solution for u3(x, y, t) acquired in (B) for e = % f=-Lk=1Lv=11= -2,
m=-=-2,y=0

=N\ N/

22
20¢

1.8

2.0 \
1.5 160
5 141
1]
-5 £ L A L
-4 -2

(@) (b)

Fig. 6 Periodic wave solution for v3(x, y, t) acquired in (B) for e = %, f=-Lk=1Lv=11=-2,
m=-=-2,y=0

2ef[—tcos(fx + fy + (f3 = 3kf = 3Lt +v) +sin(fx + fy + (f> = 3kf —31f)1 +v)]
(tecos(fx + fy+ (f3 =3kf =31t +v) +esin(fx + fy+ (f3 = 3kf —3Lf)t +v) + m)?
2ef2[—tecos(fx + fy + (f3 = 3kf — 3L)t +v) — esin(fx + fy + (f> = 3kf — 31f)t +v)]

vy = —

tecos(fx + fy+ (f3 = 3kf = 31f)t +v) +esin(fx + fy + (f3 = 3kf = 3lf)t +v) +m +1
(48)
C. Now we assume the solution of Eq. (1) of the following form
//«(X, y, t) =d ef1x+g1y+clz+v1 +e ef2x+g2y+czt+vz, (49)

where d, e, f;, gi,ci,vi (i = 1, 2) are arbitrary parameters. Inserting (49) into Eqgs. (30)—(33)
an equation system is fulfilled.

=0, @=0 @=f. a=0 a=-f-3kHL-3fH (50
where f>, m, vy and v, are arbitrary constants

w(x, y,1) = de”! +ee—tf—23—3ktf2—31:f2+f2x+f2y+vz +m, (51)
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(@) (b)

Fig.7 Travelling wave solution for u4(x, y, t) acquiredin C ford = l,e =1, f, = —1,v; = -1,k = -2,
vw=—-11=3m=4y=0

>

AT 50
RS
IR
S \
e
‘ ~...'g.~.~_.~5 45
10 40+
’ \
350 \
10 10 -10 -5 5 10
(a) (b)
Fig.8 Traveling wave solution for v4(x, y, t) acquired in C ford = l,e =1, fop = —1,v; = -1,k = =2,

vw=—-1Ll1=3m=4y=0

Then by entering Eq. (51) into Eq. (29), periodic wave solution for (2 + 1)-dimensional KdV
is given by (Fig. 7 and 8):

de2€_tf_23—3ktf2—3ltf2+f2x+fZY+V2

e = (de" + ee—tf ~B=3ktfa=3lfr+ o+ fry+v2 4 )2
2df2e—tf—23—3ktf2—31tfz+f2x+f2y+v2
2 +k, (52)
de’! + ee—tf—Z =3kt fo=3Itfr+ frx+ fry+v2 +m
2d fre~t =2 =3ktf2=3ltfrt frx+ foy+v
(2

T (de" + ee— '[P 3Kp3Up fxt oyt 4 m)2
2df226—tf—23—3ktf2—31tf2+f2x+f2y+V2

deV! + ee—1f—22=3kifor=3ltfo+frx+fry+v2 4 1y +i (53)

Note that by substituting zero for the arbitrary constant m in the given solutions, the precise
explicit solutions to Eq. (1) for Cole-Hopf transformation Eq. (34) can be easily verified.
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(@) (b)

Fig.9 aLump solution to Set-1 for by = —1.05, b1 = 0.45, b5 = 0.05,b3 =2.5,b =9.9,b3 = 0.8,y = 1.
b Lump solution to Set-2 for by = —7.95, by = 1.95, b5 =2.5,bg =5.5,bg =0.59,b3 =8.8,y =1

Interaction Aspects

A lump solution is a real-analytic, rational function solution that decays in all spatial variable
directions. In this section we have discussed lump, lump—kink, breather wave, two-wave and
three wave solutions along with their graphical visualization [37, 38].

Lump Solutions

To construct the lump type solutions of Eq. (1) we consider the following ansatz function,
plx,y, 1) = g%+ h* + bo, (54)

where ¢ = b1x + byy + b3t + bg and h = bsx + by + b7t + bs. By inserting Eq. (54) for
Eq. (2) and equating like coefficients to zero, we get:
Set-1:

 =3(by — ths) (b + tbs)>

by = —tbg, b7 =—1b3, by b
3

. b3 # 0. (55)

Putting Eq. (55) in Eq. (54), yields

wlx,y, t) =(br1x —bgy + b3t + b4)2 + (bsx + bey — that + b3)2
n —3(by — tbs)(by + tbs)?

by (56)
Set-2:
by = the, by =iby, by = — LT ‘bzz(b‘ + ths)® by £ 0. (57)
Putting Eq. (57) in Eq. (54), yields
((x, v, 1) = (b1x + they + b3t + ba)* + (bsx + bey + bt + bg)?
_ 3(b1 — ws)(by +Lb5)2. (58)

b3
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Lump-Kink Solutions

To construct the lump—kink solutions of Eq. (1) we consider the following ansatz function,
pe,y 1) = f2+g + e + b, (59)

where f = bix+byy+b3t+ba, g = bsx+bey-+bit+bgand { = box +b1oy+b11t+b12.
By inserting Eq. (59) for Eq. (2) and equating like coefficients to zero, we get:
Set-1:

_ 3(bibg — wbsb3) _bby 3u(b1b3 — 1bsh})

by=hg, by=— AL, IO = :
2 243 3 ) 4 bS 7 )

2(b% 4 b2)
bio=0, biu=-by, biz=—"5"" (60)
bg
putting Eq. (60) in Eq. (59), yields

3(b1b2 — 1bsb? bib
(brbg —thsb9) L D188 12 | (hox 4 bey

n(x,y,t) = (b1x + thgy —

2 bs
B 3L(b1b§2— chbg)t by
2, 2
bty 20T B erb5). (61)
bs
Set-2:
3b1b} 3ub1b3
by =—tbg, b3=—-———, bs=0, byj=——, bg=0,
2 2
3 2b¢
bio=0, byy=-by, biz=—, (62)
bs
putting Eq. (62) in Eq. (59), yields
3ub1b} )
Iu(x5 Y, t) = (bl-x - Lb6y - T A +b4)
2
2 2
" <b6y " 3b;b9> + eng—bgt+b|2 + % (63)
9

Breather Wave Solutions

To construct the breather wave solutions of Eq. (1) we consider the following ansatz function,
p(x, y, 1) = Ll PHarty) o= GuHarty) 4y cos(po(bay + cat +x)). (64)

By inserting Eq. (64) for Eq. (2) and equating like coefficients to zero, we get:
Set-1:
byl1?% p%

I = . a=pi-3p}, ca=3p}-ph (65)
4by
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(@) (b)

Fig. 10 a Lump-Kink solution to Set-1 for by = 1.9, b5 = 9.5, bg = 2.5, bg = 0.2, bg = 1.5, b1 = 0.01,
y = 1. b Lump—Kink solution to Set-2 for by = —7.45, by = 8.5, b5 = —9.05, bg = —0.9, bg = 5.5,
bg =725,b17=98,y=1

putting Eq. (65) in Eq. (64), yields

2.2
bali PG i e y+Gr3—pn

Syt =~
w(x, y, 1) b,
+ePIOHIECR PN 4 cos(p(x + by + BpE — pD).  (66)
Set-2:
3 2 2 3
+ 3 -3 + 3 b
h=0, o="72000 Po e L b= L;fl’ c1 = —4pi, (67)

putting Eq. (67) in Eq. (64), yields

wx,y, ) = e—p1(X+b1y—4P%f) + lzepl(X+b1}’—4P12t). (68)
Set-3:
b= — B(co —4p}) by — _thipi
N _ 2 _ _ 2 1upi’ B po
dea +4py — 12upop1 — 12p] 2
3 2 2 3
Lpy — LC +3 — 3¢ —
o = Po 2P0 P;)?f’l popPT — Pi , (69)
putting Eq. (69) in Eq. (64), yields
3 2 a2 3
W,y 1) = — 3(ca — 4p3) : (p1(x+b1+l”°7“”°+3pgf‘ MPOPITPY 4y
T 120p3
—der +4pg — 12epop1 — 12p7 — 52
3 2 2_ 3
-~ tpy—tep Po+3pP1—3tP0 PT =Py b
ol TP xthrt g 0y Iy cos(po(x — 7;):1 y + cat)).
(70
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Fig. 11 a Breather solution to Set-1 for pg = 0.9, p1 = 1.9,/1 = 1.5, =5.5,b1 = 1.9, y = 1. b Breather
solution to Set-2 forlp, = —9.9, p1 =1.9,11 = 1.5,bp = 5.5, b1 = 1.9, y = 1. ¢ Breather solution to Set-3
forly = =7.7, po = =2.0,bp =4.5,11 = =55, p1 =0.07,b; = —1.1,y =1

Two-Wave Solutions

To construct the two-wave solutions of Eq. (1) we consider the following ansatz function,
wx, y, t) =d & +dre ™t + ds sin(a) + dy sinh(n), (71)

where £ = p(ajx +axy+ast),a = asx +asy +agt and n = arx +agy + aot. By inserting
Eq. (71) for Eq. (2) and equating like coefficients to zero, we get:

Set-1:
_ " - B S 7
a=-—ap.  a3=dg,  a1=—7, 3 =0, (72)
putting Eq. (72) in Eq. (71), yields
a? a? a3
w(x, v, 1) = dleﬂ(azy*qutagt) +dze*p(azy7mx+ugt) + dy sinh(agy — #x + aot).
Set-2:
a) = Las, az = —ai?’ — 31a12a4 + Salaf + Lai — tag, dy =0,

2«/d1d2(\/—3ta% — 3a%a4 — 3La1af + ai — ag)

d3 = ,
,/4a2—a6

(73)
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(a) (b)
Fig. 12 a Two-wave solution to Set-1 for ag = —0.5,a3 = 0.9,dr, =2.5,d; = —0.1,dy = 1.2, p = —0.9,
ay; = —0.1, y = 1. b Two-wave solution to Set-2 for ag = —0.5, as = —1.9, ag = 0.08, a; = 0.02,

ags =0.05,a3 =—-0.1,dp = -54,d; =03, p=-0.1,y =1

putting Eq. (73) in Eq. (71), yields
M(x, y, l) — dlep(u1x+ta5y+(7al373La%a4+3a1af+taifta(,)t)
+d26—p(a1x+ta5y+(—a?—3ta%a4+3a1 a§+1a2 —tag)t)

2«/d1d2(\/—3taf — 3a%a4 — 3La1a§ + ag — ag)

1/4612—06

sin(asx + agy + a7t(ji4)

Three-Wave Solutions

To construct the three-wave solutions of Eq. (1) we consider the following ansatz function,
wlx,y, t) = aleé +ef 4 ap cos(a) + a3 sin(B), (75)

where § = kjx + 11y +mt,a = kox 4+ Iy + mot and B = kax + I3y + m3t. By inserting
Eq. (75) for Eq. (2) and equating like coefficients to zero, we get:
Set-1:

ki = —tk, 11 =0, m=—4k3, m3=4k3, ar=0, (76)
putting Eq. (76) in Eq. (75), yields
w(x, y, 1) = are™ 4K 1 gy sin(ksx + 3y + 4k3). 7
Set-2:
my =4k}, my=—ky, mz=4k3, L =hL=1I=0, (78)
putting Eq. (78) in Eq. (75), yields
w(x, v, 1) = a1 1 g cos(kox — kot) + as sin(ksx + 4k31). (79)
Set-3:

my=4k3, L=h=10=0, (80)
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putting Eq. (80) in Eq. (75), yields

p(x, y, 1) = areF¥=mst 4 gy cos(kox — mat) + az sin(ksx + 4k3t). (81)

Extended Transformed Rational Function Methodology

As complexiton solutions include novel sorts of traveling wave speeds, it is hard to construct
them for nonlinear partial differential equations. We improve the transform rational function
technique in the manner described below to produce complexitons. [39, 40]. Steps involved
in the extended transform rational function method are described as:

Step A: Consider the Hirota bilinear form of Eq. (1) as below

H(Qx, 2, o) - 0= 0. (82)
Hirota operators €2, €2;,... are represented as
QY u(s) - v(s) = (O — dyly=s = (s +sHv(s — 5|y =0, (83)

where n > 1.
Step B: Suppose

u(éi,82)
p= o (84)
v(d1,82)
where u (81, §7) are polynomials and &1, &, satisfies the following relation
v d?8
=— =6, (85)
1 1
d g12
5// d282 8 (86)
) = —5 =02,
d gzz

where ¢1=p1x +bq1y +rit + k1 and co=prx + bgry + rat + kp and constants p;, g;, r; and
ki (i = 1,2) can be derived.

Step C: By selecting appropriate u (81, §2) and v(31, §2), Eq. (83) can be converted into an
algebraic expressions comprising p;, ¢; and r;. By resolving these algebraic expressions we
can achieve complexiton solutions to Eq. (1). The bilinear representation of the considered
problem is given by Eq. (2). Utilizing the extended transformed rational function method,
we suppose that

u(81,82) = 881+ T8, v(d1,8) =1, 87
such that,
n =88+ Té, (83)

where 81 and §; are defined by (85) and (86) and S, T are to be determined.
It is well-known that (85), (86) verifies the following solutions

81 =sinv; or &y =cosvy, (89)

8p =sinhvy, or &8y =coshvy, (90)

respectively.
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(@) (b)

Fig. 13 (a) Three-wave solution to Set-1 fora; = —0.2, k; = —0.7,kr =9.1,k3 =7.5,11 =2.1,13 = 4.1,
m3 = —0.4, y = 1. (b) Three-wave solution to Set-2 for aj = —0.2, kj = —0.7, kp = 9.1, k3 = 7.5,
1 =21,3=41,m3=-04,y=1

Fig. 14 Three-wave solution to
Set-3 fora; =0.2,a; = 0.3,
k1 =0.7,ky =1.1,kz3 = 0.5,
my = 0.8, my = —8.2,
m3=0.1,y=1

Substituting (88) into (2) and collecting coefficients of 82, (S%, 5162, 8/18/2, constant term and

comparing them to zero. Based on the result 5,12 =1- 512 and 8/22 = 1+ 82, we derive a
system of equations.

STbpi* —6SThp1%>p2” + SThpy* — STbpiry + SThpary =0, 1)
4STbpi>py — 4 STbpips> — SThpiry — SThpar; = 0, (92)
v4 S2bp1* — 4T bpr* — S%bpir1 — T?bpory = 0. (93)

Solving Egs. (91)-(93), we obtain

P2
SziTE, ri=pi=3pip3, = pGpi-pd). (94)

Inserting (89), (90) with (94) into (88) respectively, the solutions to Eq. (1) are shown visually
by Figs. 14 and 15.

u(x’ yﬁt):2(ln/'l’(xv ys [))xys U(x, y7t):2(ln”“(x7 y’t))XJﬁ (95)

uix,y, 1) = S(Sin(plx +bpry + (pi +3p1p)t + ki)
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(a) (b)

Fig. 16 Complexiton solution to Eq. (1) acquired for p; = % ky = —%, p2= %, b=-2,ky = —%, y=0

1 .
i% sinh(pax + bpoy + p2(3pT — p3)t + kz)), (96)

or

wix,y, 1) = S(COS(plx +bp1y + (p7 +3p1p)t + ki)

j:% sinh(pax + bpay + p2(3p% — p%)t + k2)>. (97)

Results and Discussion

To begin, the auto-Bicklund and Cole—Hopf transformations have been established for the
(2+1)-dimensional KdV equation, resulting in the generation of numerous soliton-like solu-
tions. The fundamental significance of soliton solutions and the concept of auto-Backlund
transformations in the realm of nonlinear integrable systems holds wide-reaching importance
in diverse branches of physics and mathematics. By carefully selecting parameters, we have
visually portrayed the dynamics of various bright, dark, singular, exponential, and periodic
solutions derived from the auto-Bicklund transformation through 3-D and 2-D plots in figs.
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1,2,3,4,5,6,7and 8. Additionally, we have examined the interaction properties of different
wave structures using the hirota bilinear form. Notably, Figs. 910, 11, 12, 13 and 14 exhibit
lump, lump—kink, breather, two-wave, and three-wave solutions concurrently, employing the
previously discussed parameters.

Moving on, we have applied the extended transformed rational function method to con-
struct complexiton solutions. These solutions involve intricate complex-valued functions that
manifest highly localized behavior and can arise in various physical systems. The importance
of complexiton solutions lies in their capacity to elucidate and account for specific rare and
extreme events encountered in diverse scientific and engineering domains. The visualization
of complexiton solutions is illustrated through 3-D and 2-D plots in Figs. 15 and 16. In sum-
mary, soliton, complexiton, and breather solutions represent pivotal concepts in the study of
nonlinear wave phenomena. Each category of solution provides distinct insights and bears
significant implications across a broad spectrum of disciplines encompassing physics, math-
ematics, and engineering. These solutions offer profound understandings of intricate system
behaviors, furnish tools for communication, energy manipulation, and risk evaluation, and
propel advancements in the realms of mathematical and computational methodologies.

Conclusion

This article examined the classical (2+1)-dimensional coupled KdV equation. The extended
homogeneous balance technique has produced the auto-Bicklund and Cole—Hopf transfor-
mations, as well as several analytical solutions. 3-D and 2-D wave profiles of the traveling and
periodic wave solutions have been portrayed. Moreover, the collisions between the lump and
other analytical solutions have been examined in this research. Using Hirota bilinear tech-
nique, lump, lump—kink, breather, two-wave and three-wave solutions have been explored.
Considering the bilinear form of the underlying problem, complexitons have been extracted by
the extended transform rational function method. The numerical simulations of the extracted
solutions are exhibited by identifying appropriate values for the parameter. The outcomes
of this research undoubtedly added new knowledge and innovative conclusions to the (2 +
1)-dimensional KdV equation.
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