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Abstract
This paper focuses on a few innovative solutions to the coupled nerve fibers model. The 
constructed solutions can be used to expose this model in a noticeable way. The verified 
solutions are including the trigonometric, exponential, and hyperbolic functions. Utiliz-
ing the Mathematica tool, the results are verified. We employed two approaches, named 
as modified extended tanh expansion and modified ( G

�

G2
)-expansion methods, to obtain the 

results. We gave the 2-D and 3-D plots of the obtained results. The obtained results are dis-
similar from previous results in the literature. The used methods are powerful and effective. 
The obtained results have potential to be conducive for the model’s future development.

Keywords  Coupled nerve fibers model · Conformable derivative · Modified extended tanh 
expansion method · Modified ( G

�

G2
)-expansion method · Solitary wave solutions

1  Introduction

In literature, scientists carry out many physical phenomena in electromagnetic theory, fluid 
mechanics, physical chemistry, geophysics, fluid motion, nonlinear optics, plasma physics, 
and their mathematical models are described by NFDEs. These equations have experienced 
significant several investigations from distinct viewpoints and are frequently utilized in a num-
ber of scientific disciplines. There is growing interest in the soliton theory of these equations. 
Because of this, researchers have studied a wide variety of techniques. Soliton theory has been 
the subject of extensive research. Numerous applications can be found in many fields, includ-
ing as quantum theory, biology, plasma physics, electronics theory, solid state physics, and 
so on. Many kinds of phenomena that occur in nature are modeled using NFDEs. There are 
several different types of soliton, including periodic, brilliant, dark single, real, trigonometric, 
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hyperbolic, dark-bright, and more. Numerous techniques are used to obtain these kind of solu-
tions such as; extended Jacobi’s elliptic function expansion algorithm (Osman et al. 2021), 
modified Kudryashov and addendum Kudryashov methods (Zayed et al. 2022), direct similar-
ity reduction scheme (El-Shiekh et al. 2021), modified extended tanh expansion (METhE) pro-
cedure (Zafar et al. 2021), extended sinh-Gordon equation expansion procedure (Mathanaran-
jan et  al. 2022), and so on. (Ablowitz and Clarkson 1991; Hirota 1971; Weiss et  al. 1983; 
Rezazadeh et al. 2018; Kalim et al. 2018; Tala-Tebue et al. 2018).

Presently a lot of research have been done in the field of optical fibers and nonlinear opti-
cal fibers to observe the dynamically behaviour of neural network. For example, the validity 
of the power law decay distribution checked by using the simulations with a phenomenologi-
cal model (Lv et  al. 2017). A type of switching neural networks based on memristors that 
have time-varying delays has its finite-time stability issue identified (Ali et al. 2017) and many 
more (Moore et al. 1978; Tourani et al. 2016; Huang et al. 2018; Tsai et al. 2018). Soliton 
theory investigated by using analytical methods such as the sub-equation and Bernoulli sub-
equation function procedures (Duran et al. 2021), modified sub-equation method (Duran et al. 
2021), improved tanh method (Yokus et  al. 2022) has attracted attention from all over the 
world. In this study, we applied different methods to a different model.

The exact soliton solutions are governed of the coupled nerve fibers model by using the 
improved Riccati equation mapping procedures (Tala-Tebue et al. 2019).

The fundamental focus of the corrent paper is to examine solitary wave solutions to the 
coupled nerve fibers model based on the METhE and modified ( G

�

G2
)-expansion techniques.

Consider the coupled nerve fibers model given as Tala-Tebue et al. (2019):

where v = v(x, t) and u = u(x, t) represent the travelling waves profiles, M =
Rf

R
 , � = Rf

G

(1−a)
 , 

� =
R0

R
 , R = Ri + R0 , a =

Va

Vb

 . Va shows threshold voltage, and Vb represents the Nernst 
potential. G stands for the total ionic conductance near Vb , and C represents the capaci-
tance. � is the parameter through which two fibers are linearly coupled and � shows the 
internodal spacing. If we take � = 1 , then we get the model met in the literature which is a 
special case of aforementioned model. Equation (1) has been also analyzing by Maïna and 
co-workers for integer order derivatives (Maïna et al. 2015). A partial differential equation 
called an evolution equation shows how a physical system changes over time starting from 
given initial data. The used equation can be described as a nonlinear evolution equation 
because evolution equations are used in many fields of applied and engineering sciences 
Yokus et al. (2022).

1.1 � Conformable derivative

Let f ∶ (0,∞) → ℝ be a function. Then, for all t > 0,

is called 𝛼, 0 < 𝛼 ≤ 1 order conformable fractional derivative of f (Khalil et al. 2014).
Some characteristics are given below:

(1)
M[(1 − �)�2vxx − ��2uxx] = RfCD

�
t
v + �v(v − a)(v − 1)

M[(1 − �)�2uxx − ��2vxx] = RfCD
�
t
u + �u(u − a)(u − 1)

D�
t
(f (t)) = lim

�→0

f (t + �t1−�) − f (t)

�



Solitary wave solutions of coupled nerve fibers model based…

1 3

Page 3 of 15  591

Let 0 < 𝛼 ≤ 1, 𝛾 > 0, a, b ∈ ℜ , and g, f �−differentiable at a point t > 0 , then

	 (i)	 D�
t
(a f + b g) = aD�

t
(f ) + bD�

t
(g) , for all a, b ∈ ℝ

	 (ii)	 D�
t
(f g) = f D�

t
(q) + g D�

t
(f )

	 (iii)	 D�
t
(f◦g(t)) = t1−� g�(t) f �(g(t)).

	 (iv)	 D�
t
(th) = h th−� , for all h ∈ ℝ

	 (v)	 D�
t
(�) = 0 , where � is constant.

	 (vi)	 D�
t
(f∕g) =

gD�
t
(f )−fD�

t
(g)

g2
.

Similarly, if f is differentiable, then D�
t
(f (t)) = t1−�

df (t)

dt
.

2 � Summary of the strategy

The used methods are inspired from the (w∕g)-expansion procedure. Firstly, we consider a 
general nonlinear partial differential equation (NPDE) the form:

where x and t are independent variables, u is dependent variable. The following are the 
phases of the main technique: 

1.	 If we apply the transformation � = x − vt , u(x, t) = u(�) to Eq. (2), we transform Eq. (2) 
to the following ODE: 

 where u�

=
du

d�
, v will be find out.

2.	 We assume the following solution for Eq. (3): 

 where aj (j = 0,… ,M) are constants which is going to be found out later. M is calcu-
lated by the use of homogeneous balance technique. This means, we balance the high-
est order derivatives and with the nonlinear terms in Eq. (3).

3.	 For w and g the following relation is given: 

 here a, b and c are arbitrary constants. One can discover that from Eq. (5): 

4.	 Then, by substituting Eq. (4) into Eq. (3); by use of (5) and then by equating each coef-
ficient of all powers of (w∕g)j to zero, one may verify an equation system including 
aj (j = 0, ...,M), a, b, c and v.

(2)F(u, ut, ux, utt, uxt, uxx,…) = 0,

(3)F(u,−vu�, u�, v2u��,−vu��, u��,…) = 0

(4)u(�) =

M∑
j=0

aj

(
w

g

)j

,

(5)
(
w

g

)�

= a + b

(
w

g

)
+ c

(
w

g

)2

,

(6)w�g − wg� = ag2 + bwg + cw2.



	 W. Razzaq et al.

1 3

591  Page 4 of 15

5.	 From the solutions of these equations, one may obtain the values of aj and v. After that, 
by substituting these values into (4), one finally obtain all possible solutions [?]. From 
now on, the customization of the (w∕g)-expansion technique will be given and we have 
the following cases.

Case 1: From the substitution of w = g�, a = −�, b = −�, c = −1 in (4) and (6), one may 
get the following results:

and g is the solution of:

This algorithm is called 
(
G�∕G

)
expansion method (Wang et al. 2008).

Case 2: From the substitution of w = tanh (�), g = 1, a = 1, b = 0, c = −1 in (4) and 
(6), we obtain:

and g is the solution of following equation:

Here is the tanh−function method (Wazwaz 2005).
Case 3: From the substitution of w = g�∕g, b = 0 in (4) and (6), a new form of solution 

may be rewritten as:

and the following second order ODE may be rewritten:

which is called 
(
g�∕g2

)
expansion procedure (Zayed and Arnous 2014).

Case 4: Surrogating w = gg� in (4) and (6), to get:

and the following equation can be rewritten:

which is called as 
(
g′
)
expansion method (Akbulut et al. 2022).

u(�) =

M∑
j=0

aj

(
g�

g

)j

g�� + �g� + �g = 0.

u(�) =

M∑
j=0

aj(tanh (�))
j

(tanh (�))� = 1 − (tanh (�))2.

(7)u(�) =

M∑
j=0

aj

(
g�

g2

)j

(8)g��g2 − 2gg�2 = ag4 + cg�2,

(9)u(�) =

N∑
i=0

ai
(
g�
)i

(10)g�� = a + bg� + cg�2,
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2.1 � Description of METhEM

In the current part of the paper, we will give demonstration of the main steps of METhEM. 
Assuming a conformable fractional nonlinear partial differential equation (CFNPDE):

where g = g(x, t) shows the profile function. Assuming below travelling waves 
transformations:

where � represents the wave speed. From the substitution of Eq. (12) in Eq. (11), the fol-
lowing NLODE is obtained:

Assuming the root of Eq. (13) given below:

Here a0, ai, bi, (i = 1, 2, 3, ...,N) are unknowns and it is necessary that both ai and bi are 
nonzero constants. Then from the utilization of the homogenous balance technique into 
Eq. (13), we obtain value of N.

Where �(� ) fulfill the below equation:

where Ω is a constant and roots of Eq. (15) are given as Raslan et al. (2017):
Case 1: For Ω < 0:

or

 For Ω = 0:

: For Ω > 0:

or

(11)G(g, g2, ...,
��g

�t�
,
�2�g

�t2�
, ...,

�g

�x
,
�2g

�x2
, ...) = 0.

(12)g(x, t) = G(� ), � = �(x − �
t�

�
)

(13)�(G,G2,�G�,��2G
��

, ...) = 0

(14)G(� ) = a0 +

N∑
i=1

ai�
i(� ) +

N∑
i=1

bi�
−i(� )

(15)� �(� ) = Ω + �2(� )

(16)�(� ) = −
√
−Ω tanh(

√
−Ω � ),

(Case 2:17)�(� ) = −
√
−Ω coth(

√
−Ω � ).

(Case 318)�(� ) =
−1

�

(19)�(� ) =
√
Ω tan(

√
Ω � ).

(20)�(� ) = −
√
Ω cot(

√
Ω � ).
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By substituting of the Eq. (14) into Eq. (13) with Eq. (15), and by collecting the co-effi-
cient of �(� ) for each order and inserting each order equal to 0, a set of algebraic equations 
having a0, ai, bi(i = 1, 2, 3...,N) , and Ω is obtained to solve by using symbolic computation 
algorithms. Then, we solve the system to get the results of Eq. (11).

2.2 � Modified ( G
�

G2
)‑expansion method

Assuming (1+1)-dimensional conformable fractional PDE of the form

where u(x, t) represents a wave profile.
The modified ( G

�

G2
)-expansion procedure will be performed to find analytical results of 

Eq. (21). Now, steps of modified ( G
�

G2
)-expansion technique will be described (Zafar et al. 

2020):
Step 1 By applying the travelling wave transformation

Equation (21) changed into resulting nonlinear ODE:

where U =
dU

d�
,U�� =

d2U

d�2
, ...

Step 2 Assuming roots of Eq.(13) given as:

where di(i = 0, 1, 2, ...,m) are ungoverned that to be find out later with factor dm ≠ 0.
A function G=G(� ) fulfill the below differential equation,

where Ξ and Δ are the ungoverned parameters. Equation (25) has the following solutions:
When ΞΔ < 0,

When ΞΔ > 0,

When Ξ = 0 and Δ ≠ 0,

(21)H(u, u2, ...,
��u

�t�
,
�2�u

�t2�
, ...,

�u

�x
,
�2u

�x2
, ...) = 0,

(22)� = �

(
x − �

t�

�

)
, u(x, t) = U(� ),

(23)N(U,U� ,U�� , ...) = 0,

(24)U(� ) =

m∑
i=0

di(
G�

G2
)i,

(25)
(
G�

G2

)�

= Δ

(
G�

G2

)2

+ Ξ,

(26)
�
G�

G2

�
= −

√�ΞΔ�
Δ

+

√�ΞΔ�
2

[
c1 sinh(

√
ΞΔ � ) + c2 cosh(

√
ΞΔ � )

c1 cosh(
√
ΞΔ � ) + c2 sinh(

√
ΞΔ � )

],

(27)(
G�

G2
) =

�
Ξ

Δ
[
c1 cos(

√
ΞΔ � ) + c2 sin(

√
ΞΔ � )

c1 sin(
√
ΞΔ � ) − c2 sin(

√
ΞΔ � )

],
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Where c1 and c2 are the constants.
Step 3 Substituting Eq. (24) into Eq. (23) with Eq. (25) and setting all the constants 

of each power of ( G
�

G2
)i equal to zero, and by solving the obtained sets of equations, we 

get the solutions.
Step 4 Substituting Eq. (24) of which di,Δ, � has been find out in the Step 3 into Eq. 

(22), we find the traveling wave roots of Eq. (21).

3 � Applications

3.1 � Application to the METhEM

In this section, we will give the applications of the METhEM to the Eq. (1). We will 
consider the following travelling wave transformation:

By using the Eq. (29) into Eq. (1), we get

If we use of homogeneous balance technique into Eq. (30), we achieve N = 1 . Therefore 
Eq. (14) changes in to:

From the substitution of Eq. (31) into Eq. (30) with Eq. (15), a system of algebraic equa-
tions in terms of a0 , a1 , b1 , f0 , f1 , � and Ω is obtained. Using Mathematica software pro-
gram, we can obtain the following solutions:

Set 1:

if Ω < 0 , then by putting Eqs. (32) and (16) in Eq.(31), we gain:

(28)(
G�

G2
) = −

c1

Δ(c1� + c2)
.

(29)v(x, t) = V(�), where � = �

(
x −

�t�

�

)

(30)
−��RfCV

�

− �2�2M[(1 − �)V
��

− �U
��

] + �[V3 − (1 + a)V2 + aV] = 0

−��RfCU
�

− �2�2M[(1 − �)U
��

− �V
��

] + �[U3 − (1 + a)U2 + aU] = 0

(31)
V(�) = a0 + a1�(�) + b1�(�)−1

U(�) = f0 + f1�(�) + d1�(�)−1

(32)

{a0 = f0 =
1

2
, a1 = f1 = 0, b1 = d1 = ∓

i
√
�

4
√
2
√
2� − 1�

√
M�

,

� = ∓
i(2a − 1)

√
�
√
2� − 1

√
M�

√
2CRf

,Ω =
�

8(2� − 1)�2M�2
}
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or by substituting Eqs. (32) and (17) in Eq. (31), we get:

Figure 1 represents graph of v1(x, t) for Eq. (33) and this figure called periodic.
If Ω > 0 , then by substituting Eqs. (32) and (19) in Eq. (31), we can find:

or
by substituting Eqs. (32) and (20) in Eq. (31), we may get:

Figure 2 represents graph of v2(x, t) for Eq. (34) and this figure called kink shape wave.
Set 2:

(33)v1(x, t) = u1(x, t) =
1

2

⎛
⎜⎜⎜⎝
1 ± coth

⎛
⎜⎜⎜⎝

�
�

�

�2�2(M−2�M)

2
√
2

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠

(34)v2(x, t) = u2(x, t) =
1

2

⎛
⎜⎜⎜⎝
1 ± tanh

⎛
⎜⎜⎜⎝

�
�

�

�2�2(M−2�M)

2
√
2

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠

(35)v3(x, t) = u3(x, t) =
1

2

⎛
⎜⎜⎜⎝
1 ∓ i cot

⎛
⎜⎜⎜⎝

�
�

�

(2�−1)�2M�2

2
√
2

⎞
⎟⎟⎟⎠

⎞⎟⎟⎟⎠

(36)v4(x, t) = u4(x, t) =
1

2

⎛
⎜⎜⎜⎝
1 ± i tan

⎛
⎜⎜⎜⎝

�
�

�

(2�−1)�2M�2

2
√
2

⎞
⎟⎟⎟⎠

⎞⎟⎟⎟⎠

Fig. 1   Graph of v1(x, t) for Eq. (33)
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Set 3:

Set 4:

Set 5:

(37)

{a0 = f0 =
1

2
, a1 = f1 = ±

i
√
2
√
2� − 1�

√
M�√

�
, b1 = d1 = ∓

i
√
�

16
√
2
√
2� − 1�

√
M�

,

� = ∓
i(2a − 1)

√
�
√
2� − 1

√
M�

√
2CRf

,� =
�

32(2� − 1)�2M�2
}

(38)

{a0 = f0 =
1

2
, a1 = f1 = ∓

i
√
2
√
2� − 1�

√
M�√

�
, b1 = d1 = 0,

� = ±
i(2a − 1)

√
�
√
2� − 1

√
M�

√
2CRf

,Ω =
�

8(2� − 1)�2M�2
}

(39)

{a0 = f0 =
a + 1

2
, a1 = f1 = −

√
2(a − 1)2�

−
(a−1)4�

(2�−1)�2M�2

, b1 = d1 = −

�
−

(a−1)4�

(2�−1)�2M�2

16
√
2

,

� = −
(a − 1)2(a + 1)�√

2C�Rf

�
−

(a−1)4�

(2�−1)�2M�2

,Ω =
(a − 1)2�

32(2� − 1)�2M�2
}

Fig. 2   Graph of v2(x, t) for Eq. (34)
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Set 6:

Set 7:

Set 8:

Set 9:

Set 10:

(40)

{a0 = f0 =
a + 1

2
, a1 = f1 = +

√
2(a − 1)2�

−
(a−1)4�

(2�−1)�2M�2

, b1 = d1 = +

�
−

(a−1)4�

(2�−1)�2M�2

16
√
2

,

� = +
(a − 1)2(a + 1)�√

2C�Rf

�
−

(a−1)4�

(2�−1)�2M�2

,Ω =
(a − 1)2�

32(2� − 1)�2M�2
}

(41)

{a0 = f0 =
a + 1

2
, a1 = f1 = 0, b1 = d1 = ∓

�
−

(a−1)4�

(2�−1)�2M�2

4
√
2

,

� = ∓
(a − 1)2(a + 1)�√

2C�Rf

�
−

(a−1)4�

(2�−1)�2M�2

,Ω =
(a − 1)2�

8(2� − 1)�2M�2
}

(42)

{a0 = f0 =
a + 1

2
, a1 = f1 = ∓

i
√
2
√
2� − 1�

√
M�√

�
, b1 = d1 = 0,

� = ∓
i(a + 1)

√
�
√
2� − 1

√
M�

√
2CRf

,� =
(a − 1)2�

8(2� − 1)�2M�2
}

(43)

{a0 = f0 =
a

2
, a1 = f1 = ±

i
√
2
√
2� − 1�

√
M�√

�
, b1 = d1 = ∓

ia2
√
�

16
√
2
√
2� − 1�

√
M�

,

� = ±
i(a − 2)

√
�
√
2� − 1

√
M�

√
2CRf

,Ω =
a2�

32(2� − 1)�2M�2
}

(44)

{a0 = f0 =
a

2
, a1 = f1 = 0, b1 = d1 = ∓

ia2
√
�

4
√
2
√
2� − 1�

√
M�

,

� = ±
i(a − 2)

√
�
√
2� − 1

√
M�

√
2CRf

,Ω =
a2�

8(2� − 1)�2M�2
}
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3.2 � Application to the modified ( G
�

G2
)‑expansion method

For N = 1 , Eq. (24) changes to:

Putting Eq. (46) into Eq. (30) with Eq. (25), we achieve sets of algebraic equations in terms 
of d0 , d1 , f0 , f1 , � and � . Using the Mathematica software program, we can find the follow-
ing results:

Set 1:

(45)

{a0 = f0 =
a

2
, a1 = f1 = ∓

i
√
2
√
2� − 1�

√
M�√

�
, b1 = d1 = 0,

� = ∓
i(a − 2)

√
�
√
2� − 1

√
M�

√
2CRf

,Ω =
a2�

8(2� − 1)�2M�2
}

(46)
V(�) = d0 + d1(

G�

G2
)

U(�) = f0 + f1(
G�

G2
)

Fig. 3   Graph of v11(x, t) for Eq. (48)
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When ΞΔ < 0,

Figure 3 represents graph of v11(x, t) for Eq. (48).
When ΞΔ > 0,

Figure 4 represents graph of v12(x, t) appears in Eq. (49) ad this figure called singular bell 
shape wave.

Where c1 and c2 are arbitrary constants.
Set 2:

(47)

{d0 = f0 =
1

2
, d1 = f1 = ∓

i
√
Δ

2
√
Ξ
, � = ∓

(1 − 2a)
√
�
√
Δ(2� − 1)(−M)Ξ�2

√
2c
√
Δ
√
ΞRf

,

� = −
i
√
�

√
8ΔMΞ�2 − 16Δ�MΞ�2

}

(48)

v11(x, t) = u11(x, t) =
1

2
−

i
√
Δ

2
√
Ξ
[−

√�ΞΔ�
Δ

+

√�ΞΔ�
2

[
c1 sinh(

√
ΞΔ �) + c2 cosh(

√
ΞΔ �)

c1 cosh(
√
ΞΔ �) + c2 sinh(

√
ΞΔ �)

]],

(49)v12(x, t) = u12(x, t) =
1

2
−

i
√
Δ

2
√
Ξ
[

�
Ξ

Δ
[
c1 cos(

√
ΞΔ �) + c2 sin(

√
ΞΔ �)

c1 sin(
√
ΞΔ �) − c2 sin(

√
ΞΔ �)

]],

Fig. 4   Wave profile of v12(x, t) appears in Eq. (49)
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Set 3:

4 � Discussion and results

In the current manuscript, we applied two different techniques which are called modi-
fied extended tanh expansion and modified( G

�

G2
)-expansion methods to the coupled nerve 

fibers model.The obtained results are different from previous results in literature. The 
obtained results are given as trigonometric, hyperbolic and exponential functions. Then 
in Fig.  1, we plotted the first solution obtained using method modified extended tanh 
expansion method. Firstly, we plotted 2D figure for different value of t in Fig. 1a, b is 
plotted for different values of � . Secondly, we plotted 3D in Fig. 1c–e for different val-
ues of � . Finally, we say Fig. 1 represents periodic solutions. With the same procedure, 
we plotted the solution Eq. (34) in Fig.  2 represents kink shape wave profile. All the 
plotted figures are different from each other. If we substitute different values of t and � 
in the results, the motion of the wave does not change.

5 � Conclusion

We have succeed to obtain the modernistic solitary wave solutions of coupled nerve fib-
ers model along novel definition of derivative by utilizing the modified extended tanh 
expansion function and modified ( G

�

G2
)-expansion methods. Used auxiliary ordinary dif-

ferential equations are different from each other in the methods. So, the solutions of the 
auxiliary equations are different from each other. The obtained solutions have been veri-
fied and demonstrated via the graphical representations by using software programmes. 
At the end, it is concluded that, to solve other CFNPDEs, the modified extended tanh 
expansion and modified ( G

�

G2
)-expansion techniques are very reliable, straightforward, 

and helpful. The used methods are powerful for constructing the exact solutions of the 
fractional order differential equations. Also, it’s easy to apply methods to equations and 
we obtain the different solutions from each other.

(50)

{d0 = f0 =
a + 1

2
, d1 = f1 = ∓

1

2

�
−
(a − 1)2Δ

Ξ
,

� = ∓
i(a − 1)(a + 1)

√
�
√
Δ(2� − 1)(−M)Ξ�2

√
2cΞRf

�
−

(a−1)2Δ

Ξ

,

� = −
i(a − 1)

√
�

√
8ΔMΞ�2 − 16Δ�MΞ�2

}

(51)

{d0 = f0 =
a

2
, d1 = f1 = ∓

ia
√
Δ

2
√
Ξ
, � = ∓

(a − 2)
√
�
√
Δ(2� − 1)(−M)Ξ�2

√
2c
√
Δ
√
ΞRf

,

� = −
ia
√
�

√
8ΔMΞ�2 − 16Δ�MΞ�2

}
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