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The current study deals with the Kaup-Kupershmidt (KK) equation to construct formal Lagrangian, con-
servation laws, and exact solutions. KK is basically a special case of the 5th-order KdV equation. The
conservation laws obtained by using the conservation theorem are trivial conservation laws. In addition,
exact solutions are found via the modified simple equation (MSE) method. For a suitable value of solu-
tions, the 3D surfaces have been plotted using MAPLE. These plots giving novel exact solutions are made
to reveal important wave characteristics. Our obtained results in this work concerning our investigated
equation are essential to explain many physical and oceanographic applications involving ocean gravity
waves and many other related phenomena.
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1. Introduction

In physics, the notion of conservation laws has been considered
profoundly. Whatever the physical laws tackled: solid-state physics,
classical mechanics, quantum mechanics, fluid mechanics, general
relativity, or quantum field theory have always been important in-
gredients to describe nature [1-3]. The existence of conservation
laws is mathematically based on Lie symmetries. This relationship
was suggested by Emmy Noether [4,5].

Conservation laws play an important role in mathematical and
physical problems. If the conservation laws of equations can be
found, it can be said that their integrability is quite possible. Ob-
taining conservation laws for a considered system is frequently a
challenging procedure. Emmy Noether has proposed a theorem in
which the conservation laws can be found when Lagrange equa-
tions exist. According to Emmy Noether’s theorem, conservation
laws can be found with the help of each Lie symmetry generator
and Lagrangian equation [6,7].
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The proposed conservation theorem by Ibragimov is related
to Lie symmetry generators, formal Lagrangian, and adjoint equa-
tions. According to this theorem, we can obtain conservation laws
with every Lie symmetry generator. Obtained conservation laws are
named trivial or non-trivial [8-11].

The constructed exact solutions for nonlinear partial differential
equations are very important due to their essential role in mathe-
matics. Several techniques have been utilized to attain exact solu-
tions to these equations such as the Hirota’s bilinear method [12-
17], the inverse scattering method [18], the homogeneous balance
method [19], the tanh method [20], the sine-cosine method [21,22],
the exp-function method [23], the auxiliary equation method [24],
the Kudryashov method [25], the extended sinh-Gordon equation
expansion method [26], the first integral method [27], the ansatz
method [28,29], the (G’/G)-expansion method [30,31] and so on
(see [32-43]). While there are some interesting studies that are
important to the field of ocean engineering such as the numerical
solution of KdV and Burgers equations formulated in the context
of Caputo fractional derivative (CpFrD) via the technique of local
meshless collocation [60], the solution of potential KdV and Ben-
jamin equations formulated in the context of CpFrD via the tech-
nique of g—homotopy analysis transform [61], novel exact solutions
to some interesting nonlinear equations such as the fifth-order
KdV equation, modified KdV-Zakharov-Kuznetsov equation, and
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Jimbo-Miwa equation using the technique of (G'/G)-expansion
[62], and new solutions to the generalized Hirota-Satsuma coupled
KdV formulated in the context of conformable derivative via the
technique of (G’/G)-expansion [63], our research work is consid-
ered as original and novel where conservation laws and exact solu-
tions are obtained to the fifth-order KdV equation. For more infor-
mation about conformable and fractional derivatives and integrals
with applications, refer to [65-71]. All our results are essential to
understand nonlinear phenomena in dispersive waves which are
important in the field of ocean engineering because investigating
the interaction solutions to the studied model in nonlinear disper-
sive waves can enable other researchers to do further studies on
the effects of dispersive wave in coastal processes and waves’ in-
teractions with complex structures in the nearshore areas [64].

The generalization of the fifth-order Korteweg-de Vries (fifth-
order KdV) equation is given by:

Ur + Ol + Blxlixx + YUy + +Ugexxy = 0, (11)

where «, 8 and y are arbitrary nonzero and real parameters. This
equation describes the motion of long waves which is important
for mathematical models. If we substitute o = 10, 8 =25,y =20
in Eq. (1.1), we obtain the Kaup-Kupershmidt (KK) equation, which
is considered as a special case of the 5th-order KdV equation [44].

This paper is devoted to the fifth-order Kaup-Kupershmidt (KK)
equation which is an essential equation in mathematical physics
and engineering.

Up + 10UUx + 25Uyl + 20U% Uy + Uyxxx = O. (12)

KdV type equations of fifth-order take place in describing many
distinct wave phenomena, like the gravity-capillary waves and
magneto-sound propagation in plasmas and propagation of shal-
low water waves over a flat surface [45]. This equation is known
as the initial equation of the hierarchy of integrable equations with
Lax operator. Eq. (1.2) is completely integrable [46] and has bilinear
representations. The exact solutions to this equation have been ob-
tained by several scientists (refer to [47,48]). Salas et al. [49] have
applied the projective Riccati equations method and Cole-Hopf
transformation. Goodarzian et al. [50] investigated exact solutions
by applying the Exp-function method. Feng and Li founded the ex-
act solutions [51] by using the Fan sub-equation method. Shakeel
and Mohyud-Din [52] and Roshid et al [53]. applied some different
methods.

This manuscript is organized as follows: First, some preliminar-
ies of the new conservation theorem have been given in sec. 2.
Then, we have adopted a theorem to the fifth-order KK equation in
sec. 3. In the next section, some preliminaries of the MSE method
have been introduced. The MSE method has been applied to the
given equation. Also, we have plotted the graphics of all founded
solutions that have been given by setting some special values for
the parameters in sec. 5. The graphics have been plotted by MAPLE.
Conclusions have been given in the last section.

2. Some preliminaries on conservation laws
In this section, some needed preliminaries will be given about

new conservation theorem. We first deal with the k-th order par-
tial differential equations:

P(x,u,uy, uy, ..., u,) =0, (2.1)
here: x= (x1,Xy,...,Xn) are m independent variables,
u = (ul,u?,...,u") are dependent variables. u, denotes the deriva-
tive with respect to x. Here, fora =1,2,...,kand iy =1,2,...,m.
Lie symmetry generator can be written as follows:
;0 0

X=§&_— o , 2.2

& o 1 g (2.2)
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where £ and n“ are called infinitesimals, i=1,2,...,m and o =
1,2,...,n. Infinitesimals are functions that contain dependent and
independent variables. In this paper, only Lie point symmetries are
obtained. The k-th prolongation of the Lie symmetry generator is
expressed as:

ky _ (D (k) a

X® =X +nf g Tt i k=1, (2.3)
i iqip..g
where
1 )

0% = Din® — (D uy

(3 (k=1 i
ni1iz...ik - Dikniliz»--ik4 - (Dikgj)uﬁiz---ikqj’
here: i,j=1,2,....mand «=1,2,....,n and i, =1,2,...,m for
p=1,2,...,kD; is called the total derivative operator. Formal La-
grangian is given by:
L=whp, (2.4)

where w = (Wl,w2 ..... wh) is an adjoint variable, and so adjoint
equation can be founded as follows [54]:

« s(wPp
Pi(xou,w,. . ugy. we) = ((W ) = 0 (25
a=1,2,....m
where % is variational derivative with:
) 0 0
Su® T Quw +s:0( )" Dy s oug
(a=1,...,m).

P; admits the same symmetries with given equation. If we obtain:
Eq. (2.1) by substituting w = u in Eq. (2.5), then Eq. (2.1) is said to
be a self adjoint equation.

Conserved quantities can be obtained by the following for-
mula:

. . SL oL
T = EL+We 2= 4+ D, ..D (W9
ouft ~sz1 " l ..
(i=1,...,m), (2.6)
where W* = 5% —£/u% and o =1,....n, T'. The obtained conser-

vation laws involve w so that we can say that obtained conserva-
tion laws are infinite conservation laws. The finite number of con-
servation laws can be found by selecting a special w.

For the conservation laws to be trivial, the following equality
must be ensured [55-57]:
Di(T') = 0. (2.7)
3. Applying conservation theorem to the Kaup-Kupershmidt
(KK) equation

New conservation laws will be obtained in this section for a
given equation. The formal Lagrangian for Eq. (1.2) can be con-
structed in the following form:

L=w(t, x) (ut + 20u2ux + 25Uxuxy + 10UUxxx + uXXXXX)v (3.1)

where w is the new adjoint variable. The adjoint equation can be
obtained by substituting Eq. (3.1) in Eq. (2.5) as follows:

P* = —w; — 20U%Wy — SUyxWyx — 5UxWxx — 10UWxex — Wigor.  (3.2)

Then, it is concluded that Eq. (1.2) is not verified by substitut-
ing w =u in Eq. (3.2). Consequently, we reach the end of that Eq.
(1.2) which is not self-adjoint. Also, w = 1 satisfies Eq. (3.2).

KK equation has three Lie-point symmetry generators as fol-

X =2,

X, = % (3.3)
9 9 9

X3 =X5; + St — 2u5.
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Let us obtain the conservation laws of Eq. (1.2).
Case 1: We deal with:

0

Xi=+~ 3.4
1= 50 (34)
& = 0,

& = 1, (3.5)

n = 0.

For X;, conserved vectors’ formulations can be obtained by using

Eq. (2.6) as follows:

ro= sew[i]

T = EL+W[H - De(i) + Di(ais) + Dt (5iss )]
+DW)[ 5 — D) = D3 ()] (3.6)
+DFW) [ + D% ()] + D[P ()]
+D4[6umxx ]

We can determine W by using (3.5) as follows:

W — _ut. (37)

Therefore, conserved vectors can be found as follows:

T = w(20u2ux + 25Uy Uyy + 10Uy + uxxxxx),

T = —20uu?w — 10U LW 4 5Uly Wy — 10U UWyy

—UrWyexx — 15UxeUxW 4+ 10U UWy + Uye Wixx
— 10U UW — Uyt Wxx + Ugxxe Wx — Uxxxxt W, (3.8)

for Eq. (1.2). Then, we substitute w =1 in Eq. (3.8) to obtain fol-
lowing finite conservation laws:

T{ = 20u2ux + 25Uxuyy + 10UUxxx + Urxxxx,
TY = —20uu? — 10Uty — 15Uxelly — 10U U — Ugext. (3.9)
We find:
D, (T{) + Dy (T}) - o (3.10)
by substituting Eq. (3.9) in Eq. (2.7).
Case 2: Similarly, we deal with X, as follows:
ad

Xy = +. 3.11

2= 5o (3.11)

Now, conservation laws that correspond to symmetry X, can be
constructed as follows:

& = 1

& = 0, (312)
n = 0

can be obtained From X,. Then, we find:

W = -—u. (3.13)

by using W = n — €Xuy — £'u, and Eq. (3.12). Hence, we obtain the
following conserved vectors by substituting Eq. (3.13) in (3.6):

T = —uw,

TY = W + 512wy — 10U UWy — UxWi (3.14)
F 10U UWy + Uy Wixx — UxxxWax + Uxxxx W

Similarly, we find:

o= U (3.15)

TZX = Us.

by substituting w =1 in Eq. (3 14), we conclude that Eq. (2.7) is

satlsﬁed for (3.15). Therefore, Tf andT" are conservation laws for
q. (1.2).
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Case 3: Finally, the following Lie-point symmetry will be used:

ad ] 0
X3 =X+ +5t— —2u——.
=% e T M
Eq. (1.2) satisfies invariance test for X3. We can obtain the con-

served vectors by applying the same procedure as follows:

(3.16)

T = Sty + 50Uy 4+ 1258 Uyl + 1008020y — 2u — XUy,

T¥ = —Bllyxxx — Stilgxxye — 4512 — 40u> — 100tUe 1% — 50t ULy
—75t Uy Uy — 50t Uy U — 60Uy + XU (317)

Also, it is shown that

D, (T;> +Dy (T}) - o (318)

by using Eq. (2.7) for (3.17). Therefore, we conclude that the invari-
ance condition is satisfied.

4. Some preliminaries on modified simple equation (MSE)
method

The algorithm of the MSE method is provided step-by-step in
this section.

1. Let us think that a nonlinear partial differential equation is
given as follows:

=0

2. To solve the above equation, we consider the following form
of wave transformation because this transformation is needed to
construct exact solutions by helping us overcome the challenges
of solving PDEs by reducing into ordinary differential equations
(ODEs) which can be easily solved:

u(t, x) =u(§), (4.2)

where c is the wave speed. Eq. (4.1) can be reduced as an ODE via
this transformation

.)=0

Eq. (4.3) should be integrated as much as possible.
According to MSE method, we investigate the solutions of ODE

P(u, ug, Uy, U, Uxr, Uy, - - (4.1)

& =x—ct,

Qu, v, u”, u"”, (4.3)

Eq. (4.3) in terms of ‘f;,((g)) as follows [58,59]:

LR TNk
u =>Ya , ap = const.,a 0. 4.4
© =3 n[%) " n # (44)

Here, W (£) is a function to be determined. (¥’ (&) + 0).

By equating the highest power of the nonlinear term(s) and the
highest power of the highest order derivative of Eq. (4.3), the pos-
itive integer m in Eq. (4.4) can be determined.

If we substitute Eq. (4.4) into Eq. (4.3), we should collect all
coefficients: WJ(&) (j=0,-1,-2,...). Each equation in the ob-
tained determining equation system must equal zero. In addition,
we find the solutions of obtained determining equation system
with the help of symbolic computation. Then, we substitute them
into Eq. (4.4) for finding the exact solutions of Eq. (4.1).

5. Applying MSE method to the kaup-Kupershmidt (KK)
equation

The exact solutions of Eq. (1.2) by MSE are obtained in this sec-
tion. Then, all graphs of obtained exact solutions are given. Let us
begin with the traveling wave transformation Eq. (4.2). This trans-
formation reduces Eq. (1.2) to following ODE:

=0.

" YU

—ct' +u® + 10uu” + 25u'u” + 20Uy’ (5.1)
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Fig. 1. The graph of u; in Eq. (5.10) where c = -3,¢; = -2,¢c; = -3.

If we integrate Eq. (5.2) with respect to £ once, we establish:

20 ,
?u =0.
The balance is obtained by m = 2. Based on the MSE method, the

solution of Eq. (5.2) is given by:

—cu+u® +10uu” + ; W)? + (5.2)

N v\
u(é):a0+a1(w((§))) +a2<%> . (5.3)
By substituting Eq. (5.3) into Eq. (5.2), we get:
wo(§) cap — a2 —ap =0,

w-1(E) 1P + a1 D" —2a001 P + ca; P =0,
v2(§) 2a;(®")? — az(P)? - 2a0a,(P")? — a3 (P')?

-3a19"®" +2a, P’ D" + cay ()2 =0,
w3(§) —10a, ()2 — 2a, (D' )3ay + 2a; (d')3 =0,
W—4(&) —a3(P)* +6ax(P)* =0.

(5.4)

We obtain that from the above equation system the following:
ay=0,a0=c—1, (5.5)
and
a, =6. (5.6)

Next, we replace (5.5) and (5.6) with the other equations in the
system. Since ay has two different values, we have two different
cases. Let us now discuss both of these cases.

Casel: When ag = 0, Eq. (5.4) turns into:

wié) —aq¥V + ¥ +ca ¥ =0,
w2(§) 12(W")? —6(W')2 — a2(W')? 57)
30,V + 1200 +6¢(W)? =0,

w3 (&) —60(W)2W" —10a; (V)3 = 0.

From Eq. (5.7), we find:

a; =+64/1—c, (5.8)

and

wE) =59 e, (5.9)
vi=c

where ¢ # 1. Therefore, u(&) takes the following form:
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Fig. 2. The graph of u; in Eq. (5.10) where ¢ = -3,¢; = -2,¢; = -3.

Fig. 3. The graph of u3 in Eq. (5.14) where c=5,¢; = -2,¢, = 3.

6+/1 — ccy(cosh(v/1 — c€) — sinh(v/1 —c£))

:FCI (cosh(«/1—c2;‘]):jinh(\/1—c&)) 10

N 6¢2 (cosh(v/1 —c&) — sinh(v/T —c£))?
<:Fc1 (cosh(«/ﬁjginh(mg)) n (,‘2>2 s

u2(8) =

(5.10)

where £ = x — ct. Fig. 1 is the graph of the solution u; where this
solution is categorized as multi solitons interaction, and Fig. 2 is
the graph of the solution u; where this solution is categorized as
anti-kink soliton.

Case2: When ag = ¢ — 1, Eq. (5.4) turns into:

WIE): —a W + ;¥ +ca; ¥ +2(1 — )y @' =0,
W2(E) : 1202 —6(¥)? —a?(W)? —3a; W' W
+129' 0" 4 6c(¥)2 - 12(1 —c)(¥)2 =0,
W3 (E) 1 —60(¥ )2 —10a, (W) = 0. (5.11)
Then, we similarly solve the above system to obtain:
a; = +64/c—1, (5.12)
and
W(E e (5.13)
=F— +0y, .
&)=+ NS 2
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Fig. 4. The graph of uy4 in Eq. (5.14) where ¢ =5,¢; = —2,¢, = —3.

where ¢ # 1. Finally, to complete the determination of the solution
of Eq. (1.2), we substitute the values into Eq. (5.3), and it derives:

6+/c — 1cq(cosh(v/c — 1) — sinh(vc - 1§))
+ :Fcl(cosh(«/ﬁé)—sinh(«/ﬁé)) 10

Nl

+66f (cosh(v/c—1&) — sinh(v/c — 1§))?

¢ =)

where & = x — ct. The graphs of solutions: u3 and u4 are given in
Fig. 3 which represent multi solitons interaction, and Fig. 4 repre-
sents anti-kink soliton.

uz4(§) =c—1

, (5.14)

¢q (cosh(v/c—=1§)—sinh(vc—1£))
V-1

6. Conclusion

The conserved quantities and exact solutions of the Kaup-
Kupershmidt equation are covered in this study. Firstly, we have
given the required information about the new conservation the-
orem and MSE method. Also, we have implemented these meth-
ods to the considered system. Then, we have derived a formal La-
grangian and adjoint equation. Conservation laws are derived for
every five Lie symmetry generators. Consequently, we can state
that w=1 is a solution to the adjoint equation. Since the diver-
gence condition is satisfied, the obtained conservation laws are
trivial. Besides, we have obtained exact solutions of the equa-
tion mentioned and have plotted the 3D under suitable values of
constants. The used methodology is shown to prove a productive
approach to solve the nonlinear partial differential equations in
mathematical physics. We can conclude that the obtained solutions
in our work are totally different in comparison to the existing ones
in the literature. Furthermore, according to the best of our knowl-
edge, the obtained exact solutions are very useful in various areas
of applied mathematics to interpret some physical and ocean engi-
neering phenomena. Some other new exact solution strategies can
be applied to the investigated equation in future research works.
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