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Abstract
This work is concerned with the extraction of auto-Bäcklund transformations of (4 + 
1)-dimensional Boiti–Leon–Manna–Pempinelli (BLMP) equation in accordance with the 
extended homogeneous balance (HB) method incorporating Maple. Subsequently, these 
transformations are used to study analytic explicit solutions of this equation. Also, based 
on the Hirota bilinear form and the extended transformed rational function method, com-
plexiton solutions have been found of the (4 + 1)-dimensional BLMP equation through a 
direct symbolic computation with Maple. This method is the improved form of the trans-
formed rational function method. The obtained complexiton solutions, including trigono-
metric and hyperbolic trigonometric solutions, have been verified utilizing Hirota bilinear 
forms. Some of the solutions are depicted in 3D graphs to understand physical proper-
ties. The reported results are new and have applications in several scientific fields such as 
incompressible fluids.
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1  Introduction

A subclass of nonlinear partial differential equations (PDEs) that describe the development 
of a system with respect to time is called nonlinear evolution equations (NLEEs) (Ablow-
itz and Clarkson 1991). The importance of NLEEs is inevitable due to their applications 
in various scientific fields such as plasma physics, fluid mechanics, quantum field theory, 
optical sciences and oceanography (Lambert and Springael 2008; Weiss et al. 1983; Hirota 
2004; Jhangeer et al. 2020; Raza et al. 2019a, b; Gao et al. 2020c; Rezazadeh et al. 2019; 
Korkmaz et  al. 2018). These models can further be categorized into non-integrable and 
integrable NLEEs. The class of integrable NLEEs have gained importance over the other 
due to their solvability (Xu and Wazwaz 2019).

Higher dimensional NLEEs have engaged researchers all over the globe. A wide range 
of solutions such as quasiperiodic, rogue wave and lump wave solutions are reported for 
NLEEs in higher dimensions (Fokas 2016; Xu and Huang 2013; Wazwaz and EI-Tantawy 
2017; Chow et al. 2017; Dai et al. 2016). Integrable NLEE models having three or more 
space dimensions are proposed recently (Lou 1998; Fokas 2006; Xu 2008). The (4 + 
1)-dimensional Fokas equation (Yang and Yan 2009) is obtained from(2 + 1)-dimensional 
Kadomtsev–Petviashvili (KP) equation by Lax Pair extension. This equation has been part 
of comprehensive investigations including results on point symmetry, potential symmetry, 
rogue waves, multi solitons and much more (Yang and Yan 2009; Lee et al. 2010; Cheng 
and Zhang 2017; Wazwaz 2019). We are motivated by the fact that there are a plenty of 
higher dimensional models such as proposed by Xu and Wazwaz (2019)

Here t represents time while x, y, z, s represent space dimensions.Furthermore, a1 and a2 
represent non-zero constants of arbitrary nature. Equation (1) is derived from (KDV) equa-
tion in (4 + 1)-dimensions. As this equation transforms to BLMP equation in lower dimen-
sions, it is known as BLMP equation in (4 + 1)-dimensions.

Recently, Kuo (2021) studied Eq. (1) resonant multi-solitons using linear superposition 
principle while Hoessini et al. (2020) investigated rational solutions and their evolutionary 
behavior for Eq. (1). In this work, we find new and interesting kinds of complexitons and 
multi wave solutions for this important Eq. (1) which have not been reported before. The 
importance of this study lies in the fact that Eq. (1) generalizes many physical models with 
diverse scientific applications. For appropriate parametric choices, Eq. (1) gives important 
(3+1) and (2 + 1)-dimensional models with a lot of physical applications. For example, if 
u = u(x, y, t) and a1 = a2 = −1 , Eq. (1) transforms to

which is the well known BLMP equation (Boiti et  al. 1986) and can be used to study 
incompressible fluids. Some relevant work on nonlinear physics can also be found in (Liu 
2018a, b, c; Liu and He 2018; Liu et al. 2018; Yin et al. 2018; Liu 2019; Gao et al. 2020a, 
b; Du et al. 2020; Chen et al. 2020; Wang et al. 2020; Akbar et al. 2021; Khater et al. 2021; 
Akinyemi et al. 2021a, b, c, d).

This paper comprises of five sections. After the introductory first section, second and third 
are dedicated to the application of Auto-Bäcklund transformations and extended transformed 
rational function method for the (4 + 1)-dimensional BLMP equation respectively. The fourth 

(1)
hyt + hzt + hst + a1hxxxy + a1hxxxz + a1hxxxs

+ a2hx(hxy + hxz + hxs) + a2hxx(hy + hz + hs) = 0.

(2)hyt − hxxxy − hxxhy − hxhxy = 0,
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section is devoted to discuss the obtained outcomes and results which is followed by conclud-
ing remarks.

2 � Auto‑Bäcklund transformations for the BLMP equation in (4 + 1) 
dimensions

In accordance with extended homogeneous balancing technique (Shang 2007; Shang et  al. 
2011; Kaplan and Ozer 2018a), we consider solution of Eq. (1) as

Here f, u are to be found, and h0(x, y, z, s, t) is a solution of Eq. (1). Putting Eq. (3) into (1).
For further simplification, we assume

Here c is a constant with arbitrary value. Then we get an equation with nonlinear terms of 
derivatives of f.

This equation can be rewritten in terms of f (0)f �, f ��, f ���, f (4) and f (5) by using the equalities 
of Eq. (5). Then comparing the coefficients of f ′′′, f ′′, f ′, f 0 to zero yields the following dif-
ferential equations:

We find

from Eq. (6). By substituting the value of c, we find the following system. The coefficient 
of the f (4) is vanished and

(3)h(x, y, z, s, t) = f �(u)ux + h0(x, y, z, s, t).

(4)f = c ln u.

(5)

(f �)2 = − cf ��, (f ��)2 = −
c

6
f (4),

f �f ��� = −
c

3
f (4), f �f �� = −

c

2
f ���,

f ��f ��� = −
c

12
f (5).

(6)f (5) ∶ −
c

6
a2u

4

x
(uy + uz + us) + a1u

4

x
(uy + uz + us) = 0.

(7)c =
6a1

a2
,

(8)
f ��� ∶ (a2h0xux + ut + a1uxxx)(uy + uz + us) − 3a1uxx(uxy + uxz + uxs)

+ 3a1ux(uxxy + uxxz + uxxs) + a2u
2

x
(h0y + h0z + h0s) = 0,

(9)

f �� ∶ (uxt + a2h0xxux + a2h0xuxx + a1uxxxx)(uy + uz + us)

+ ux(uyt + uzt + ust) + (ut − 2a1uxxx + 2a2h0xux)(uxy + uxz + uxs)

+ 3a2uxuxx(h0y + h0z + h0s) + 4a1ux(uxxxy + uxxxz + uxxxs) = 0,
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Since h0(x, y, z, s, t) is a solution of Eq. (1), Eq. (11) is expected. If we rearrange Eq. (10), 
the following equation is obtained.

If we differentiate and then regulate Eq. (8), the following equation is found.

Then, by subtracting Eq. (9) from Eq. (13) and dividing the obtained relation to ux , the fol-
lowing equation is obtained.

Then we observe that the preceding conditions are satisfied if the subsequent equations 
hold. By using Eqs. (12)–(14) we found the following equations

where c1 is the integration constant. We find an Auto-Bäcklund transformation for the 
BLMP equation in (4 + 1) dimensions as

where u(x, y, z, s, t) and h0(x, y, z, s, t) satisfy Eqs. (8), (15) and (16).
A number of novel wave profiles to Eq. (1) from Eq. (17) can be retrieved from Eqs. (8), 

(15) and (16) for any solution h0 of Eq. (1).
(i) Setting h0 = c in Eq. (17),

is found, while u(x, y, z, s, t) satisfies the following equations

(10)

f � ∶ uxyt + uxzt + uxst + a1(uxxxxy + uxxxxz + uxxxxs)

+ a2h0xx(uxy + uxz + uxs) + a2uxxx(h0y + h0z + h0s)

+ a2uxx(h0xy + h0xz + h0xs) + a2h0x(uxxy + uxxz + uxxs)) = 0,

(11)
f (0) ∶ h0yt + h0zt + h0st + a1h0xxxy + a1h0xxxz + a1h0xxxs

+ a2h0x(h0xy + h0xz + h0xs) + a2h0xx(h0y + h0z + h0s) = 0.,

(12)
�

�x

(
uyt + uzt + ust + a1(uxxxy + uxxxz + uxxxs)

+a2h0x(uxy + uxz + uxs) + a2uxx(h0y + h0z + h0s)

)

= 0.

(13)

(a2h0xxux + a2h0xuxx + uxt + a1uxxxx)(uy + uz + us)

+ (a2h0xux + ut − 2a1uxxx)(uxy + uxz + uxs) + 3a1ux(uxxy + uxxz + uxxs)

+ 2a2uxuxx(h0y + h0z + h0s) + a2u
2

x
(h0xy + h0xz + h0xs) = 0.

(14)
uyt + uzt + ust + a1(uxxxy + uxxxz + uxxxs) + a2h0x(uxy + uxz + uxs)

+ a2uxx(h0y + h0z + h0s) − a2(h0xy + h0xz + h0xs) = 0.

(15)h0xy + h0xz + h0xs = 0,

(16)
uyt + uzt + ust + a1(uxxxy + uxxxz + uxxxs)

+ a2h0x(uxy + uxz + uxs) + a2uxx(h0y + h0z + h0s) = c1,

(17)h(x, y, z, s, t) =
6a1

a2

ux

u
+ h0,

(18)h(x, y, z, s, t) =
6a1

a2

ux

u
+ c,
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Here the integration constant is set as zero.
(ii) Setting h0 = 0 in Eq. (17), we retrieve Cole–Hopf transformation

while u(x, y, z, s, t) satisfies Eqs. (19) and (20).

2.1 � Soliton solutions of (4 + 1)‑dimensional BLMP equation

In the current section, the Auto-Bäcklund transformations found in the previous section 
and Maple packet programme to construct various soliton solutions to Eq. (1) is used.

To find such wave profiles, we consider the Auto-Bäcklund transformation given in (17) 
and the constant solution h0.

(i) We consider u(x,  y,  z,  s,  t) in the subsequent form due to homogeneity of partial 
derivatives in Eqs. (19) and (20),

while l, b, a, k, m, n, p and r are to be found and �0 is a constant of integration. Putting Eq. 
(22) into Eqs. (19) and (20) gives an algebraic system of equations whose solution is cat-
egorized in a couple of cases:

Case 1

Here a1 and b, k are arbitrary constants with non-zero values. So, we get

By putting Eq. (24) into Eq. (17), we retrieve soliton solution of (4 + 1)-dimensional 
BLMP Eq. (1) as given below

Case 2

(19)
(ut + a1uxxx)(uy + uz + us) − 3a1uxx(uxy + uxz + uxs)

+ 3a1ux(uxxy + uxxz + uxxs) = 0,

(20)uyt + uzt + ust + a1(uxxxy + uxxxz + uxxxs) = 0.

(21)h(x, y, z, s, t) =
6a1

a2

ux

u
,

(22)
u(x, y, z, s, t) =a cosh

(
kx + ly + mz + ns + rt + �0

)

+ b sinh
(
kx + ly + mz + ns + rt + �0

)
+ p,

(23)a = b, r = −a1k
3.

(24)
u1(x, y, z, s, t) =b cosh

(

kx + ly + mz + ns − a1
k3

2
t + �0

)

+ b sinh

(

kx + ly + mz + ns − a1
k3

2
t + �0

)

+ p.

(25)

h1(x, y, z, s, t) =
6a1

a2

bk sinh
(
kx + ly + mz + ns − a1k

3t + �0
)
+ bk cosh

(
kx + ly + mz + ns − a1k

3t + �0
)

b cosh
(
kx + ly + mz + ns − a1k

3t + �0
)
+ b sinh

(
kx + ly + mz + ns − a1k

3t + �0
)
+ p

+ C1.
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Here a1 and b, k are arbitrary constants with non-zero values. Then, we get

By putting Eq. (27) into Eq. (17), we retrieve soliton solution for the (4 + 1)-dimensional 
BLMP equation Eq. (1) as follows

Case 3

Here m and n are arbitrary constants with non-zero values. Then, we get

By putting Eq. (30) into Eq. (17), we find solitary wave solution for the BLMP equation in 
(4 + 1) dimensions given in Eq. (1) as follows

Case 4

Here b,  k, m, p and n are constants with non-zero values of arbitrary nature. Thus, we 
retrieve

By putting Eq. (33) into Eq. (17), we find soliton solution for the (4 + 1)-dimensional 
BLMP equation Eq. (1).

(26)a = −b, r = −a1k
3.

(27)
u2(x, y, z, s, t) = − b cosh

(
kx + ly + mz + ns − a1k

3t + �0
)

+ b sinh
(
kx + ly + mz + ns − a1k

3t + �0
)
+ p.

(28)

h2(x, y, z, s, t) =
6a1

a2

bk cosh
(
kx + ly + mz + ns − a1k

3t + �0
)
− bk sinh

(
kx + ly + mz + ns − a1k

3t + �0
)

b sinh
(
kx + ly + mz + ns − a1k

3t + �0
)
− b cosh

(
kx + ly + mz + ns − a1k

3t + �0
)
+ p

+ C1.

(29)l = −m − n.

(30)
u3(x, y, z, s, t) =a cosh

(
kx − (m + n)y + mz + ns + rt + �0

)

+ b sinh
(
kx − (m + n)y + mz + ns + rt + �0

)
+ p

(31)

h3(x, y, z, s, t) =
6a1

a2

ak sinh
(
kx − (m + n)y + mz + ns + rt + �0

)
+ bk cosh

(
kx − (m + n)y + mz + ns + rt + �0

)

a cosh
(
kx − (m + n)y + mz + ns + rt + �0

)
+ b sinh

(
kx − (m + n)y + mz + ns + rt + �0

)
+ p

+ C1.

(32)a = −
b((ekx−(m+n)y+mz+ns−4a1k

3t+�0 )2 − 1)

(ekx−(m+n)y+mz+ns−4a1k
3t+�0 )2 + 1

, r = −4a1k
3.

(33)

u4(x, y, z, s, t) = −
b((ekx−(m+n)y+mz+ns−4a1k

3t+�0 )2 − 1)

(ekx−(m+n)y+mz+ns−4a1k
3t+�0 )2 + 1

cosh

(

kx − (m + n)y + mz + ns − a1
k3

2
t + �0

)

+ b sinh

(

kx − (m + n)y + mz + ns − a1
k3

2
t + �0

)

+ p.
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(ii) We next consider u(x, y, z, s, t) be of the form

where m, n, n, r, a, b, k,  l, p and �0 are the unknown constants while �0 is a constant of 
integration having arbitrary value. Putting Eq. (22) into Eqs. (19) and (20) give a system of 
equations whose solutions gives:

Case 5

Here m and n are constants with arbitrary value. Then, we obtain

By putting Eq. (36) into Eq. (17), we retrieve periodic wave for Eq. (1) as follows

Here C1 is integration constant.
It is observed that for c = 0 in retrieved solutions, the exact solutions of nonlinear evolution 

equation in (2 + 1)-dimensions can easily be verified Cole–Hopf transformation Eq. (21).

3 � Extended transformed rational function method

The extended transformed rational function method have been proposed by Zhang and Ma in 
2014 (Zhang and Ma 2014) to find complexiton solutions containing hyperbolic and trigo-
nometric functions. This method is the improved form of the transformed rational function 
method which is constructed by Ma and Lee in 2009 (Ma and Lee 2009). Both these meth-
ods have been applied to various equations (Yasar et al. 2019; Kaplan and Ozer 2018b; Unsal 
2018).

3.1 � Description of the extended transformed rational function method

The extended transformed rational function method is described as follows:
Suppose that a NPDE in Hirota bilinear from, considering variables x and t as independent 

and f as dependent variable:

where Dx,Dt, ..., are Hirota’s differential operators defined by

(34)
u(x, y, z, s, t) =a cos

(
kx + ly + mz + ns + rt + �0

)

+ b sin
(
kx + ly + mz + ns + rt + �0

)
+ p,

(35)l = −m − n

(36)
u5(x, y, z, s, t) =a cos

(
kx − (m + n)y + mz + ns + rt + �0

)

+ b sin(kx − (m + n)y + mz + ns + rt + �0) + p.

(37)

h5(x, y, z, s, t) =
6a1

a2

bk cos(kx − (m + n)y + mz + ns + rt + �0) − ak sin
(
kx − (m + n)y + mz + ns + rt + �0

)

a cos
(
kx − (m + n)y + mz + ns + rt + �0

)
+ b sin(kx − (m + n)y + mz + ns + rt + �0) + p

+ C1.

(38)P(Dx,Dt, ...)f ⋅ f = 0,

(39)Dp
y
f (y) ⋅ g(y) = (�y − �y� )

pf (y)g(y�)
|||y�=y

= �
p

y�
f (y + y�)g(y − y�)||y�=0, p ≥ 1.
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Then, we seek the solution of Eq. (38) the following form:

where p(�1, �2) and q(�1, �2) are polynomials and �1 and �2 admit the following differential 
equations ,

where �1 = k1x + �1t + c1 �2 = k2x + �2t + c2, where �1,�2, k1 and k2 are unknowns to be 
determined and c1 and c2 are constants having arbitrary value.

Here one can easily find the solutions of Eqs. (41) and (42) as follows:

respectively. The following equalities can be obtained from Eq. (43)

Then, by choosing suitable p(�1, �2) and q(�1, �2) , Eq. (38) can be converted into an alge-
braic equation contains ki and �i . By using symbolic computation programs like Maple or 
Matlab, analytic complexiton solutions to Eq. (38) can be verified.

3.2 � Application

In this section, implementation of the extended transformed rational function method to (4 
+ 1)-dimensional BLMP equation is given.

To find complexiton solutions, we consider

and

where A, B, ki , and �i are to be determined.

3.3 � (4 + 1)‑Dimensional BLMP equation

Considering the Hirota bilinear form of Eq. (1) and along with

(40)f =
p(�1, �2)

q(�1, �2)

(41)���
1
=
d2�1

d�2
1

= −�1,

(42)���
2
=
d2�2

d�2
2

= �2,

(43)
�1 = ± sin �1 or �1 = ± cos �1,

�2 = ± sinh �2 or �2 = ± cosh �2,

(44)��2
1
= 1 − �2

1
and ��2

2
= 1 + �2

2
.

(45)p(�1, �2) = A�1 + B�2, q(�1, �2) = 1

(46)
�1 =k1x + bk1y + ck1z + dk1s + �1t + c1,

�2 =k2x + bk2y + ck2z + dk2s + �2t + c2,
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the following equation is obtained

Substituting Eq. (45) into Eq. (48) along with Eq. (44), a polynomial of �1�2, �′1�
′
2
,�2

1
 and �2

2
 

is obtained and then comparing coefficients of this polynomial, a system of algebraic equa-
tions is retrieved as:

From the solutions of the system above with thanks to Maple, we get two different cases:
Case 1

Therefore the solution of Eq. (48) takes the following form:

and

The corresponding complexiton solution of the (4 + 1)-dimensional BLMP equation can 
be written as

(47)h =
6a1

a2

fx

f
,

(48)

2[ffyt − fyft + ffzt − fzft + ffst − fsft

+ a1(ffxxxy − fxxxfy − 3fxfxxy + 3fxxfxy)

+ a1(ffxxxz − fxxxfz − 3fxfxxz + 3fxxfxz)

+ a1(ffxxxs − fxxxfs − 3fxfxxs + 3fxxfxs)] = 0.

(49)

a1Ak
4

1
cB + a1Bk

4

2
bA − 6a1Ak

2

1
Bbk2

2
− Ack1�1B + a1Bdk

4

2
A

− Adk1�1B + a1Bk
4

2
cA + a1Ak

4

1
bB − 6a1Ak

2

1
Bck2

2
+ ABbk2�2

− BAbk1�1 + a1Adk
4

1
B + Bck2�2A − 6a1Ak

2

1
Bdk2

2
+ Bdk2�2A = 0,

− Bdk2A�1 − Ack1B�2 − Abk1B�2 − 4a1Bk
3

2
Ack1

+ 4a1Ak
3

1
Bbk2 − Bck2A�1 − 4a1Bk

3

2
Abk1 − Adk1B�2

− Bbk2A�1 + 4a1Ak
3

1
Bdk2 − 4a1Bk

3

2
Adk1 + 4a1Ak

3

1
Bck2 = 0,

− 4a1B
2k4

2
b − 4a1B

2k4
2
c − 4a1B

2dk4
2
+ 4a1A

2dk4
1

+ 4a1A
2k4

1
b − A2bk1�1 − A2dk1�1 − B2dk2�2

+ 4a1A
2k4

1
c − A2ck1�1 − B2bk2�2 − B2ck2�2 = 0.

(50)
A =

k2

k1
B,

�1 =(k
2

1
− 3k2

2
)a1k1,�2 = (−k2

2
+ 3k2

1
)a1k2.

(51)
f1(x, y, z, s, t) =

k2

k1
B sin

(
k1x + bk1y + ck1z + dk1s + (k2

1
− 3k2

2
)a1k1t + c1

)

+ B sinh
(
k2x + bk2y + ck2z + dk2s + (−k2

2
+ 3k2

1
)a1k2t + c2

)
,

(52)
f2(x, y, z, s, t) =

k2

k1
B cos

(
k1x + bk1y + ck1z + dk1s + (k2

1
− 3k2

2
)a1k1t + c1

)

+ B sinh
(
k2x + bk2y + ck2z + dk2s + (−k2

2
+ 3k2

1
)a1k2t + c2

)
.
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and

Case 2

Hence the solution of Eq. (48) takes the subsequent form:

and

The corresponding complexiton solution of the (4 + 1)-dimensional BLMP equation can 
be written as

and

(53)

h1(x, y, z, s, t) =
6a1

a2
k1 cos

(
k1x + bk1y + ck1z + dk1s + (k2

1
− 3k2

2
)a1k1t + c1

)

+ k2 cosh
(
k2x + bk2y + ck2z + dk2s + (−k2

2
+ 3k2

1
)a1k2t + c2

)
∕

sin
(
k1x + bk1y + ck1z + dk1s + (k2

1
− 3k2

2
)a1k1t + c1

)

+ sinh
(
k2x + bk2y + ck2z + dk2s + (−k2

2
+ 3k2

1
)a1k2t + c2

)

+ C1,

(54)

h2(x, y, z, s, t) =
6a1

a2
k2 sinh

(
k2x + bk2y + ck2z + dk2s + (−k2

2
+ 3k2

1
)a1k2t + c2

)

− k1 sin
(
k1x + bk1y + ck1z + dk1s + (k2

1
− 3k2

2
)a1k1t + c1

)
∕

sin
(
k1x + bk1y + ck1z + dk1s + (k2

1
− 3k2

2
)a1k1t + c1

)

+ sinh
(
k2x + bk2y + ck2z + dk2s + (−k2

2
+ 3k2

1
)a1k2t + c2

)

+ C1,

(55)
A = −

k2

k1
B,

�1 =(k
2

1
− 3k2

2
)a1k1,�2 = a1k2(−k

2

2
+ 3k2

1
).

(56)
f3(x, y, z, s, t) = −

k2

k1
B sin

(
k1x + bk1y + ck1z + dk1s + (k2

1
− 3k2

2
)a1k1t + c1

)

+ B sinh
(
k2x + bk2y + ck2z + dk2s + (−k2

2
+ 3k2

1
)a1k2t + c2

)
,

(57)
f4(x, y, z, s, t) = −

k2

k1
B cos

(
k1x + bk1y + ck1z + dk1s + (k2

1
− 3k2

2
)a1k1t + c1

)

+ B sinh
(
k2x + bk2y + ck2z + dk2s + (−k2

2
+ 3k2

1
)a1k2t + c2

)
.

(58)

h3(x, y, z, s, t) = −
6a1

a2
k1 cos

(
k1x + bk1y + ck1z + dk1s + (k2

1
− 3k2

2
)a1k1t + c1

)

+ k2 cosh
(
k2x + bk2y + ck2z + dk2s + (−k2

2
+ 3k2

1
)a1k2t + c2

)
∕

sin
(
k1x + bk1y + ck1z + dk1s + (k2

1
− 3k2

2
)a1k1t + c1

)

+ sinh
(
k2x + bk2y + ck2z + dk2s + (−k2

2
+ 3k2

1
)a1k2t + c2

)

+ C1,
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4 � Discussion of results and conclusions

This paper studies (4 + 1)-dimensional BLMP equation with three different kinds of inte-
gration algorithms. In second section, auto-Bäcklund transformations of the aforemen-
tioned equation are retrieved. The obtained solutions are given in five different cases. 
These hyperbolic solutions are given in Eqs. (24), (27), (30), (32) and (36). Furthermore, 
3D graphs of these hyperbolic solutions are given in Figs. 1, 2, 3, 4 and 5 respectively for 
appropriate choice of parameters. In 3rd section, the extended rational function method 
is capitalized to investigate complexiton solutions of Eq. (1) based on Hirota bilinear 
forms. These complexiton solutions are reported in two cases. The wave profiles of these 

(59)

h4(x, y, z, s, t) = −
6a1

a2
k2 sinh

(
k2x + bk2y + ck2z + dk2s + (−k2

2
+ 3k2

1
)a1k2t + c2

)

− k1 sin
(
k1x + bk1y + ck1z + dk1s + (k2

1
− 3k2

2
)a1k1t + c1

)
∕

sin
(
k1x + bk1y + ck1z + dk1s + (k2

1
− 3k2

2
)a1k1t + c1

)

+ sinh
(
k2x + bk2y + ck2z + dk2s + (−k2

2
+ 3k2

1
)a1k2t + c2

)

+ C1,

Fig. 1   The 3D plot 
of Eq. (25) where 
b = 2, k = 1, l = 2,m = 1, n = 2,

p = 1, a1 = 2, a2 = 1, �0 = 1,

C1 = 1, y = 0, z = 0, s = 0
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complexitons are given in Eqs. (53), (57) and (58) respectively along with there 3D graphs 
given in Figs. 6, 7 and 8 respectively.

Briefly highlighting our results, we have studied different kinds of solutions including 
exponential, trigonometric and hyperbolic solutions of (4 + 1)-dimensional BLMP equa-
tion by using two different methods. Firstly, we obtained auto-Bäcklund transformations of 
the considered equations which in turn give the analytic solutions of aforementioned equa-
tion. Secondly, by using extended transformed rational function method, we have obtained 
complexiton solutions of the considered equations. These newly reported results can be 
useful in different sectors of communication engineering.

Fig. 2   The 3D plot 
of Eq. (28) where 
b = 2, k = 1, l = 2,m = 1, n = 2,

p = 1, �0 = 1, a1 = 2, a2 = 1,

C1 = 1, y = 0, z = 0, s = 0

Fig. 3   The 3D plot 
of Eq. (31) where 
k = 1,m = 1, n = 2, r = 2, p = 1,

�0 = 1, a1 = 2, a2 = 1, a = 1, b = 2,

C1 = 1, y = 0, z = 0, s = 0
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Fig. 4   The 3D plot of the 
obtained solution where 
k = 1, l = 2,m = 1, n = 2, p = 1

, �0 = 1, a1 = 2, a2 = 1,

b = 2,C1 = 1, y = 0, z = 0, s = 0

Fig. 5   The 3D plot 
of Eq. (37) where 
k = 1,m = 1, n = 2, r = 2, p = 1,

�0 = 1, a1 = 2, a2 = 1, a = 1,

b = 2,C1 = 1, y = 0, z = 0, s = 0

Fig. 6   The 3D plot 
of Eq. (54) where 
k1 = 1, k2 = 2,B = 3, b = 2, c = 2,

d = 4, c1 = 2, c2 = 1, a1 = 2,

a2 = 1,C1 = 0, y = 0, z = 0, s = 0
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