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A B S T R A C T

In this paper, with the aid of symbolic computation, different types of traveling wave solutions to a model
involving an integrable equation for wave packet envelope have been presented. The exp(−𝛷(𝜉))-expansion and
modified Kudryashov procedures have been adopted and finally 3D and 2D graphics of the obtained solutions
have been plotted. The obtained results are including dark, breather, bright, and periodic soliton solutions.
. Introduction

Exact solutions of nonlinear partial differential equations (NPDEs)
escribe crucial physical and mathematical phenomena. A countless
umber of interesting manuscripts have been published to work on
hese solutions.1–15 For example, Javid and Raza have employed the
odified simple equation procedure to find singular and dark soliton

olutions of the (1+2)-dimensional nonlinear Schrodinger’s equation.2
a has obtained rational solutions to the KdV equation via linear

uperposition principle.3 Kumar et al. have obtained some novel exact
olutions of generalized Schrödinger–Boussinesq equations.4 Yao et al.
ave obtained dark, bright, combined bright–dark, and singular optical
olitons of higher-order Sasa–Satsuma equation by using the improved
eneralized Riccati equation mapping technique.5 Ye et al. have de-
ived dark vector soliton solutions for complex mKdV systems.6 Kaplan
nd Ozer have employed Auto-Backlund transformations to find differ-
nt explicit solutions to nonlinear evolution equations.7 Akbulut et al.
ave considered the Phi-4 equation to find conservation laws and trav-
ling wave solutions.8 Liu and Osman have founded lump wave and pe-
iodic wave solutions of the 3D variable-coefficient generalized shallow
ater wave equation.9 Wang and Ma have constructed lump solutions

o nonlinear PDEs involving Hirota derivative.10 Kaplan et al. have
iven the sensitivity analysis of Oskolov type equations.16 Younis et al.
ave investigated the integrability of Schrö dinger–Poisson dynamical
ystem.17 Tang et al. have solved the generalized Hirota equation via
he exponential rational function procedure and Jacobi elliptic function
ational expansion technique.18 Manukure et al. have founded lump
olutions to a (2+1)-dimensional extended KP equation.19 Zada et al.
ave employed the auxiliary function method to find approximate-
nalytical solutions to partial differential equations.11 Kaabar have
sed the double Laplace transform method.12 Az-Zo’bi et al. have

∗ Corresponding author.
E-mail address: mkaplan@kastamonu.edu.tr (M. Kaplan).

applied the simplest equation technique.13 Bhanotar and Kaabar have
considered triple Laplace transform decomposition procedure.14 Abu-
Shady and Kaabar have employed enhanced homotopy perturbation
method.15

In this manuscript, we consider the following NPDE which is used
for describing traveling wave solutions in optical fibers. Let 𝑞(𝑥, 𝑡) is a
complex-valued function and 𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5, and 𝑎6 are parameters.

𝑖𝑞𝑡+𝑎1𝑞𝑥𝑥+ 𝑖𝑎2𝑞𝑥𝑥𝑥+𝑎3𝑞𝑥𝑥𝑥𝑥+𝑎4 |𝑞|
4 𝑞+𝑎5 |𝑞|

2 𝑞+𝑎6
(

|𝑞|2
)

𝑥𝑥 𝑞 = 0. (1.1)

In this equation if we choose 𝑎2 = 𝑎3 = 𝑎4 = 𝑎6 = 0, the nonlinear
Schrödinger equation is obtained. If 𝑎2 = 𝑎3 = 𝑎6 = 0 is chosen cubic–
quintic nonlinear Schrödinger equation is founded.20,21 This equation
describes the boson gas with two and three-body interactions,22 nuclear
hydrodynamics with Skyrme forces,23 and the optical pulse propaga-
tions in dielectric media of non-Kerr type.24 Therefore, we can consider
Eq. (1.1) as a generalization of the NLSE. It could be utilized for
describing nonlinear processes in optics. Kudryashov has obtained the
Lax pair for this equation and verified the general solution of this
equation via the ultraelliptic integrals.25

To obtain different types of traveling wave solutions to a model
involving an integrable equation for wave packet envelope, we will
applied the exp(−𝛷(𝜉)) and modified Kudryashov procedures. The
exp(−𝛷(𝜉)) -expansion technique has been considered by many scientist
to derive exact solutions to NPDEs and nonlinear fractional differential
equations. For example, Roshid et al. have derived traveling wave
solutions to the simplified MCH equation.26 Khan and Akbar applied
this method to the Vakhnenko–Parkes equation.27 Also, Kabir et al.
have utilized the modified Kudryashov technique to the seventh-order
Sawada–Kotera and Kuramoto–Sivashinsky equations.28 Ege and Misirli
have considered the (2+1) dimensional Nizhnik–Nokikov–Veselov sys-
tem via this method.29
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Fig. 1. (a) The 3D surfaces of the dark wave soliton of |
|

𝑞1,1 (𝑥, 𝑡)|| when 𝛼1 = 2, 𝑙 = 1, 𝑎6 = 0.2, 𝐶 = 1, 𝜆 = 3, 𝜇 = 1, (b) 2D plot of |
|

𝑞1,1 (𝑥, 𝑡)|| when 𝛼1 = 2, 𝑙 = 1, 𝑎6 = 0.2, 𝐶 = 1, 𝜆 = 3, 𝜇 = 1,
he red line is drawn when 𝑡 = 0, the green line is drawn when 𝑡 = 1, the blue line is drawn when 𝑡 = 2. (For interpretation of the references to color in this figure legend, the
eader is referred to the web version of this article.)
Fig. 2. (a) The 3D surfaces of the periodic wave solution |

|

𝑞1,2 (𝑥, 𝑡)|| when 𝛼1 = 0.2, 𝑙 = 1, 𝑎6 = 0.2, 𝐶 = 1, 𝜆 = 1, 𝜇 = 2, (b) 2D plot of |

|

𝑞1,2 (𝑥, 𝑡)|| when 𝛼1 = 0.2, 𝑙 = 1, 𝑎6 = 0.2, 𝐶 = 1, 𝜆 =
, 𝜇 = 2, The red line is drawn when 𝑡 = 0, the green line is drawn when 𝑡 = 5, the blue line is drawn when 𝑡 = 10. (For interpretation of the references to color in this figure
egend, the reader is referred to the web version of this article.)
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This paper is organized as follows. In Section 2, we first give
dopted algorithms, namely the exp(−𝛷(𝜉))-expansion and modified
udryashov methods. In Section 3, we get the exact traveling wave
olutions to a model involving an integrable equation for wave packet
nvelope and graph the obtained solutions (Figs. 1–7). Finally, we give
he conclusions.

. Adopted algorithms

Let us present the preliminaries to reduce a NPDE to an ordinary
ifferential equation (ODE). Assume the following NPDE
(

𝑞, 𝑞𝑡, 𝑞𝑥, 𝑞𝑡𝑡, 𝑞𝑥𝑥, 𝑞𝑥𝑡,…
)

= 0, (2.1)

here 𝑃 is a polynomial of 𝑞 and its partial derivatives, and 𝑞 is a
omplex-valued function.
2

We will take a transformation as:

(𝑥, 𝑡) = 𝑢 (𝜉) 𝑒𝑖(𝑙𝑥−𝜔𝑡), 𝜉 = 𝑥 − 𝑐1𝑡. (2.2)

ere 𝜔, 𝑙, and 𝑐1 are constants. By the application of Eq. (2.2) to
q. (2.1) and equating the real and imaginary parts to zero, we obtain
wo equation systems. Then, we solve these systems to find conditions
or parameters and use the values of the parameters. Therefore, we find
n ODE as follows which will be integrated with respect to 𝜉 possible
imes.
(

𝑢, 𝑢
′
, 𝑢

′′
, 𝑢

′′′
,…

)

= 0, (2.3)

here the partial derivative is given with respect to 𝜉.30

Next, we will describe the modified Kudryashov and exp(−𝛷(𝜉))
procedures.
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Fig. 3. (a) The 3D surfaces of the bright soliton |

|

𝑞1,3 (𝑥, 𝑡)|| when 𝛼1 = 0.2, 𝑙 = 1, 𝑎6 = 0.2, 𝐶 = 1, 𝜆 = −2, (b) 2D plot of |

|

𝑞1,3 (𝑥, 𝑡)|| when 𝛼1 = 0.2, 𝑙 = 1, 𝑎6 = 0.2, 𝐶 = 1, 𝜆 = −2, The red
ine is drawn when 𝑡 = 0, the green line is drawn when 𝑡 = 10, the blue line is drawn when 𝑡 = 20. (For interpretation of the references to color in this figure legend, the reader
s referred to the web version of this article.)
Fig. 4. (a) The 3D surfaces of the bright soliton solution |

|

𝑞1,4 (𝑥, 𝑡)|| when 𝛼1 = 0.2, 𝑙 = −1, 𝑎6 = −0.2, 𝐶 = 1, 𝜆 = −4, 𝜇 = 4, (b) 2D plot |

|

𝑞1,4 (𝑥, 𝑡)|| when 𝛼1 = 0.2, 𝑙 = −1, 𝑎6 = −0.2, 𝐶 =
, 𝜆 = −4, 𝜇 = 4, The red line is drawn when 𝑡 = 0, the green line is drawn when 𝑡 = 50, the blue line is drawn when 𝑡 = 100. (For interpretation of the references to color in this
igure legend, the reader is referred to the web version of this article.)
𝛷

𝛷

𝛷

.1. The exp(−𝛷(𝜉))-expansion procedure

The exp(−𝛷(𝜉))-expansion procedure is presented.26,31 The desired
olution of Eq. (2.3) presented as:

(𝜉) =
𝑚
∑

𝑛=0
𝛼𝑛(exp(−𝛷(𝜉)))𝑛, (2.4)

here 𝛼𝑛
(

𝛼𝑚 ≠ 0
)

are constants to be calculated later and 𝛷(𝜉) is the
olution of:

′(𝜉) = exp(−𝛷(𝜉)) + 𝜇 exp(𝛷(𝜉)) + 𝜆. (2.5)

rom the solutions of Eq. (2.5), we can clearly obtain:
3

1 When 𝜇 ≠ 0 and 𝜆2 − 4𝜇 > 0,

1(𝜉) = ln
⎛

⎜

⎜

⎝

−
√

𝜆2 − 4𝜇 tanh(
√

𝜆2−4𝜇
2 (𝜉 + 𝐶)) − 𝜆

2𝜇

⎞

⎟

⎟

⎠

. (2.6)

2 When 𝜇 ≠ 0 and 𝜆2 − 4𝜇 < 0,

2(𝜉) = ln
⎛

⎜

⎜

⎝

√

4𝜇 − 𝜆2 tan(
√

4𝜇−𝜆2
2 (𝜉 + 𝐶)) − 𝜆

2𝜇

⎞

⎟

⎟

⎠

. (2.7)

3 When 𝜆 ≠ 0, 𝜇 = 0, and 𝜆2 − 4𝜇 > 0,

3(𝜉) = − ln
(

𝜆
)

. (2.8)

cosh(𝜆(𝜉 + 𝐶)) + sinh(𝜆(𝜉 + 𝐶)) − 1
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Fig. 5. (a) The 3D surfaces of the breather wave soliton |

|

𝑞1,5 (𝑥, 𝑡)|| when 𝛼1 = 2, 𝑙 = 1, 𝑎6 = 0.2, 𝐶 = 1, (b) 2D plot of |

|

𝑞1,5 (𝑥, 𝑡)|| when 𝛼1 = 2, 𝑙 = 1, 𝑎6 = 0.2, 𝐶 = 1, Red line is drawn
hen 𝑡 = 0, the green line is drawn when 𝑡 = 1, the blue line is drawn when 𝑡 = 2. (For interpretation of the references to color in this figure legend, the reader is referred to the
eb version of this article.)
Fig. 6. (a) The 3D surfaces of the kink soliton |

|

𝑞1 (𝑥, 𝑡)|| when 𝛼1 = 1, 𝑙 = 0.5, 𝑎6 = 2, 𝑎 = 0.5, 𝛿 = 1, (b) 2D plot of |

|

𝑞1 (𝑥, 𝑡)|| when 𝛼1 = 1, 𝑙 = 0.5, 𝑎6 = 2, 𝑎 = 0.5, 𝛿 = 1, The red line is
rawn when 𝑡 = 0, the green line is drawn when 𝑡 = 1, the blue line is drawn when 𝑡 = 2. (For interpretation of the references to color in this figure legend, the reader is referred
o the web version of this article.)
c
i

𝜙

4 When 𝜇 ≠ 0, 𝜆 ≠ 0, and 𝜆2 − 4𝜇 = 0,

4(𝜉) = ln
(

−
2(𝜆(𝜉 + 𝐶) + 2)

𝜆2(𝜉 + 𝐶)

)

. (2.9)

5 When 𝜆 = 0, 𝜇 = 0, and 𝜆2 − 4𝜇 = 0,

5(𝜉) = ln(𝜉 + 𝐶). (2.10)

ere 𝐶 is the constant of integration. We may also balance the highest
rder linear term with the highest order nonlinear term in Eq. (2.3) to
ind the balancing number 𝑚.

Sequentially, we substitute Eq. (2.4) into Eq. (2.3) and collect all
erms with the same order of exp(−𝛷(𝜉))𝑛(𝑛 = 0, 1, 2,…) together. Then,

we derive a polynomial in exp(−𝛷(𝜉)) and vanish the coefficients to
get a set of algebraic equations for 𝛼 , 𝑙, 𝜆, 𝜇, 𝜔 and 𝑐 . Finally, we can
𝑛 1

4

construct a variety of exact solutions for Eq. (2.1) from the solutions of
this system.

2.2. The modified Kudryashov procedure

We will assume the exact solution of Eq. (2.3) by

𝑢 (𝜉) =
𝑚
∑

𝑛=0
𝛼𝑖 (𝜙 (𝜉))𝑛 , (2.11)

to employ the modified Kudryashov method. Here 𝛼𝑛 (𝑛 = 0, 1,… , 𝑚) are
onstants and they will be determined later and 𝛼𝑚 cannot be zero. 𝑚
s called the balancing term. 𝜙 (𝜉) is given by

(𝜉) = 1 , (2.12)

1 + 𝛿𝑎𝜉



M. Kaplan and A. Akbulut Partial Differential Equations in Applied Mathematics 5 (2022) 100312

0
f

a

𝜙

S
i
n
o
o

3

i
(

F

𝑎

B

Fig. 7. (a) The 3D surfaces of the dark soliton |

|

𝑞2 (𝑥, 𝑡)|| when 𝛼1 = 0.2, 𝑙 = 3, 𝑎4 = 0.1, 𝑎5 = 0.2, 𝑎6 = 0.2, 𝑎 = 2, 𝛿 = 1, (b) 2D plot of |

|

𝑞2 (𝑥, 𝑡)|| when 𝛼1 = 0.2, 𝑙 = 3, 𝑎4 = 0.1, 𝑎5 = 0.2, 𝑎6 =
.2, 𝑎 = 2, 𝛿 = 1, The red line is drawn when 𝑡 = 0, the green line is drawn when 𝑡 = 1, the blue line is drawn when 𝑡 = 2. (For interpretation of the references to color in this
igure legend, the reader is referred to the web version of this article.)
nd Eq. (2.12) satisfies following first order ODE
′
(𝜉) = 𝜙 (𝜉) (𝜙 (𝜉) − 1) ln 𝑎, (2.13)

ubstituting Eq. (2.11) into Eq. (2.3) along with Eq. (2.13) then accept-
ng all the coefficients of 𝜙𝑛 (𝜉) is zero, we get a set of over-determined
onlinear algebraic equations for 𝛼𝑛 (𝑛 = 0,… , 𝑚) , 𝑎, 𝑙, 𝜔, 𝑐1. If we solve
btained determining equation system with the help of Maple, we
btain a variety of exact solutions.32–34

. Implementations

By substituting Eq. (2.2) into Eq. (1.1) and equaling the real and
maginary parts to zero yields:

𝑎2 + 4𝑎3𝑙
)

𝑢𝜉𝜉𝜉 +
(

2𝑎1𝑙 − 𝑐1 − 3𝑎2𝑙2 − 4𝑎3𝑙3
)

𝑢𝜉 = 0. (3.1)

𝑎3𝑢𝜉𝜉𝜉𝜉 + 2𝑎6𝑢2𝑢𝜉𝜉 + 2𝑎6𝑢2𝜉𝑢 +
(

𝑎1 − 3𝑎2𝑙 − 6𝑎3𝑙2
)

𝑢𝜉𝜉
+𝑎4𝑢5 + 𝑎5𝑢3 +

(

𝜔 − 𝑎1𝑙2 + 𝑎2𝑙3 + 𝑎3𝑙4
)

𝑢 = 0.
(3.2)

rom Eq. (3.1), one may find:

2 = −4𝑎3𝑙, 𝑐1 = 2𝑎1𝑙 + 8𝑎3𝑙3. (3.3)

y applying Eq. (3.3) in Eq. (3.2),

𝑎3𝑢𝜉𝜉𝜉𝜉 + 2𝑎6𝑢2𝑢𝜉𝜉 + 2𝑎6𝑢2𝜉𝑢 +
(

𝑎1 + 6𝑎3𝑙2
)

𝑢𝜉𝜉 + 𝑎4𝑢5 + 𝑎5𝑢3

+
(

𝜔 − 𝑎1𝑙2 − 3𝑎3𝑙4
)

𝑢 = 0,
(3.4)

is founded. Next, the exp(−𝛷(𝜉)) and modified Kudryashov procedures
will be presented.

3.1. The exp(−𝛷(𝜉)) procedure

Noticing the homogeneous balance process between 𝑢𝜉𝜉𝜉𝜉 and 𝑢5 in
Eq. (3.4), the balancing number is founded as 1 and the desired solution
becomes

𝑢 (𝜉) = 𝛼0 + 𝛼1 exp(−𝛷(𝜉)), (3.5)

substituting Eq. (3.5) into Eq. (3.4) gives the following system:

−𝑎1𝑙2𝛼0 + 2𝑎6𝛼20𝛼1𝜇𝜆 − 3𝑎3𝑙4𝛼0 + 𝑎5𝛼30 + 6𝑎3𝑙2𝛼1𝜇𝜆 + 𝑎4𝛼50
2 2 3 2 (3.6)
+𝜔𝛼0 + 2𝑎6𝛼1𝛼0𝜇 + 𝑎3𝛼1𝜇𝜆 + 𝑎1𝛼1𝜇𝜆 + 8𝑎3𝛼1𝜇 𝜆 = 0,

5

5𝑎4𝛼40𝛼1 + 2𝑎6𝛼31𝜇
2 + 𝑎1𝛼1𝜆2 + 22𝑎3𝛼1𝜇𝜆2 + 2𝑎1𝛼1𝜇 + 2𝑎6𝛼20𝛼1𝜆

2

+3𝑎5𝛼20𝛼1 + 𝑎3𝛼1𝜆4 + 8𝑎6𝛼0𝛼21𝜇𝜆 − 3𝑎3𝑙4𝛼1
+16𝑎3𝛼1𝜇2 + 12𝑎3𝑙2𝛼1𝜇 + 6𝑎3𝑙2𝛼1𝜆2 + 𝜔𝛼1 + 4𝑎6𝛼20𝛼1𝜇 − 𝑎1𝑙2𝛼1 = 0,

(3.7)

60𝑎3𝛼1𝜇𝜆 + 10𝑎4𝛼30𝛼
2
1 + 18𝑎3𝑙2𝛼1𝜆

+3𝑎1𝛼1𝜆 + 3𝑎5𝛼0𝛼21 + 6𝑎6𝛼20𝛼1𝜆 + 6𝑎6𝛼31𝜇𝜆
+12𝑎6𝛼0𝛼21𝜇 + 15𝑎3𝛼1𝜆3 + 6𝑎6𝛼0𝛼21𝜆

2 = 0,
(3.8)

40𝑎3𝛼1𝜇 + 50𝑎3𝛼1𝜆2 + 8𝑎6𝛼31𝜇
+4𝑎6𝛼31𝜆

2 + 4𝑎6𝛼20𝛼1 + 10𝑎4𝛼20𝛼
3
1

+12𝑎3𝑙2𝛼1 + 𝑎5𝛼31 + 2𝑎1𝛼1 + 16𝑎6𝛼0𝛼21𝜆 = 0,
(3.9)

60𝑎3𝛼1𝜆 + 10𝑎6𝛼0𝛼21 + 10𝑎6𝛼31𝜆 + 5𝑎4𝛼0𝛼41 = 0, (3.10)

24𝑎3𝛼1 + 𝑎4𝛼
5
1 + 6𝑎6𝛼31 = 0. (3.11)

By solving this system gets:
Solution 1:

𝑎1 = −
𝑎6𝛼21𝜆

2

3 +
4𝑎6𝛼21𝜇

3 + 𝛼21𝑎6𝑙
2, 𝛼0 =

𝛼1𝜆
2 , 𝑎3 = −

𝑎6𝛼21
6 ,

𝑎4 = − 2𝑎6
𝛼21

, 𝑎5 = −𝑎6(−𝜆2 + 4𝜇),

𝜔 =
𝛼21𝑎6(24𝜇𝜆

2−48𝜇2+32𝑙2𝜇−3𝜆4−8𝑙2𝜆2+12𝑙4)
24 .

(3.12)

In this case, we find the solution as as given Box I.
Solution 2:

𝛼0 =
𝛼1𝜆
2

, 𝑎4 = −
6(𝑎6𝛼21 + 4𝑎3)

𝛼41
,

𝑎5 = −
2(𝑎6𝛼21𝜆

2 + 20𝑎3𝜇 + 6𝑎3𝑙2 + 𝑎1 + 4𝑎6𝛼21𝜇 − 5𝑎3𝜆2)

𝛼21
,

(3.18)

and

𝜔 = −2𝑎1𝜇 +
𝑎1𝜆2

2
− 𝑎3𝜆

4 + 3𝑎3𝑙4 − 2𝑎6𝛼21𝜇
2 + 𝑎1𝑙

2

−16𝑎3𝜇2 −
𝑎6𝛼21𝜆

4

8
+ 𝑎6𝛼

2
1𝜆

2𝜇 + 8𝑎3𝜇𝜆2 + 3𝑎3𝑙2𝜆2 − 12𝑎3𝑙2𝜇.
(3.19)

In this case, we find the solution as as given Box II.



M. Kaplan and A. Akbulut Partial Differential Equations in Applied Mathematics 5 (2022) 100312
1.1. When 𝜇 ≠ 0 and 𝜆2 − 4𝜇 > 0

𝑞1,1 (𝑥, 𝑡) = 𝑒
𝑖

(

𝑙𝑥−

(

𝛼21𝑎6(24𝜇𝜆
2−48𝜇2+32𝑙2𝜇−3𝜆4−8𝑙2𝜆2+12𝑙4)

24

)

𝑡

)

⎛

⎜

⎜

⎜

⎜

⎝

𝛼1𝜆
2

−
2𝜇𝛼1

√

𝜆2 − 4𝜇 tanh
(

√

𝜆2−4𝜇
2

(

𝑥 −
(

2
3𝑎6𝛼

2
1 𝑙

3 − 2
3 𝑙𝑎6𝛼

2
1𝜆

2 + 8
3 𝑙𝑎6𝛼

2
1𝜇

)

𝑡 + 𝐶
)

)

+ 𝜆

⎞

⎟

⎟

⎟

⎟

⎠

.
(3.13)

2. When 𝜆2 − 4𝜇 < 0 and 𝜇 ≠ 0,

𝑞1,2 (𝑥, 𝑡) = 𝑒
𝑖

(

𝑙𝑥−

(

𝛼21𝑎6(24𝜇𝜆
2−48𝜇2+32𝑙2𝜇−3𝜆4−8𝑙2𝜆2+12𝑙4)

24

)

𝑡

)

⎛

⎜

⎜

⎜

⎜

⎝

𝛼1𝜆
2

+
2𝜇𝛼1

√

4𝜇 − 𝜆2 tan
(

√

4𝜇−𝜆2
2

((

𝑥 −
(

2
3𝑎6𝛼

2
1 𝑙

3 − 2
3 𝑙𝑎6𝛼

2
1𝜆

2 + 8
3 𝑙𝑎6𝛼

2
1𝜇

)

𝑡
)

+ 𝐶
)

)

− 𝜆

⎞

⎟

⎟

⎟

⎟

⎠

.
(3.14)

1.3. When 𝜆 ≠ 0, 𝜇 = 0, and 𝜆2 − 4𝜇 > 0

𝑞1,3 (𝑥, 𝑡) = 𝑒
𝑖

(

𝑙𝑥−

(

𝛼21𝑎6(−3𝜆
4−8𝑙2𝜆2+12𝑙4)
24

)

𝑡

)

⎛

⎜

⎜

⎜

⎝

𝛼1𝜆
2

+
𝛼1𝜆

cosh(𝜆(
(

𝑥 −
(

2
3𝑎6𝛼

2
1 𝑙

3 − 2
3 𝑙𝑎6𝛼

2
1𝜆

2
)

𝑡
)

+ 𝐶)) + sinh(𝜆(
(

𝑥 −
(

2
3𝑎6𝛼

2
1 𝑙

3 − 2
3 𝑙𝑎6𝛼

2
1𝜆

2
)

𝑡
)

+ 𝐶)) − 1

⎞

⎟

⎟

⎟

⎠

.
(3.15)

1.4. When 𝜆 ≠ 0, 𝜇 ≠ 0, and 𝜆2 − 4𝜇 = 0,

𝑞1,4 (𝑥, 𝑡) = 𝑒
𝑖

(

𝑙𝑥−

(

𝛼21𝑎6(4𝜆
2 𝑙2+3𝑙4)
6

)

𝑡

)

(

𝛼1𝜆
2

−
𝛼1(𝜆2(𝜉 + 𝐶))
2(𝜆(𝜉 + 𝐶) + 2)

)

. (3.16)

1.5. When 𝜆2 − 4𝜇 = 0, 𝜇 = 0 and 𝜆 = 0,

𝑞1,5 (𝑥, 𝑡) = 𝑒
𝑖

(

𝑙𝑥−
𝑙4𝛼21𝑎6

2 𝑡

)

𝛼1
𝑥 − 2

3𝑎6𝛼
2
1 𝑙

3𝑡 + 𝐶
. (3.17)

Box I.
3

𝑞

3

𝑞

Solution 3:

𝑎1 =
𝛼21 (−20𝜇+5𝜆

2+6𝑙2)𝑎6
6 , 𝑎3 = −

𝑎6𝛼21
6 , 𝑎4 = − 2𝑎6

𝛼21
, 𝑎5 = − 8𝑎6(−𝜆2+4𝜇)

3 ,

(3.25)

𝜔 =
𝛼21 (−4𝜆

4 − 64𝜇2 + 32𝜇𝜆2 + 5𝑙2𝜆2 − 20𝑙2𝜇 + 3𝑙4)𝑎6
6

, (3.26)

𝛼0 = 𝛼1

(

𝜆
2
+

√

𝜆2 − 4𝜇
2

)

. (3.27)

3.1. When 𝜇 ≠ 0 and 𝜆2 − 4𝜇 > 0,

𝑞3,1 (𝑥, 𝑡) = 𝑒
𝑖
(

𝑙𝑥−
(

𝛼21 (−4𝜆
4−64𝜇2+32𝜇𝜆2+5𝑙2𝜆2−20𝑙2𝜇+3𝑙4 )𝑎6

6

)

𝑡
)

⎛

⎜

⎜

⎝

𝛼1

(

𝜆
2
+

√

𝜆2 − 4𝜇
2

)

−
2𝜇𝛼1

√

𝜆2 − 4𝜇 tanh(
√

𝜆2−4𝜇
2

(𝑥 − 𝑎6𝛼21
3

(

2𝑙3 + 5𝑙𝜆2 − 20𝜇𝑙
)

𝑡 + 𝐶)) + 𝜆

⎞

⎟

⎟

⎠

.

(3.28)

3.2. When 𝜇 ≠ 0 and 𝜆2 − 4𝜇 < 0,

𝑞3,2 (𝑥, 𝑡) = 𝑒
𝑖
(

𝑙𝑥−
(

𝛼21 (−4𝜆
4−64𝜇2+32𝜇𝜆2+5𝑙2𝜆2−20𝑙2𝜇+3𝑙4 )𝑎6

6

)

𝑡
)

⎛

⎜

⎜

⎝

𝛼1

(

𝜆
2
+

√

𝜆2 − 4𝜇
2

)

+
2𝜇𝛼1

√

4𝜇 − 𝜆2 tan(
√

4𝜇−𝜆2

2
(𝑥 − 𝑎6𝛼21

3

(

2𝑙3 + 5𝑙𝜆2 − 20𝜇𝑙
)

𝑡 + 𝐶)) − 𝜆

⎞

⎟

⎟

⎠

.

(3.29)
6

3.3. When 𝜆 ≠ 0, 𝜇 = 0, and 𝜆2 − 4𝜇 > 0,

𝑞3,3 (𝑥, 𝑡) = 𝑒
𝑖

(

𝑙𝑥−

(

𝛼21 (−4𝜆
4+5𝑙2𝜆2+3𝑙4)𝑎6

6

)

𝑡

)

⎛

⎜

⎜

⎝

𝛼1

(

𝜆
2 +

√

𝜆2
2

)

+ 𝛼1𝜆

cosh(𝜆(𝑥−
𝑎6𝛼

2
1

3 (2𝑙3+5𝑙𝜆2)𝑡+𝐶))+sinh(𝜆(𝑥−
𝑎6𝛼

2
1

3 (2𝑙3+5𝑙𝜆2)𝑡+𝐶))−1

⎞

⎟

⎟

⎠

.

(3.30)

.4. When 𝜆 ≠ 0, 𝜇 ≠ 0, and 𝜆2 − 4𝜇 = 0,

3,4 (𝑥, 𝑡) = 𝑒
𝑖

(

𝑙𝑥−
𝛼21 𝑙

4𝑎6
2 𝑡

)

⎛

⎜

⎜

⎜

⎝

𝛼1𝜆
2

−
𝛼1(𝜆2(𝑥 −

2𝑎6𝛼21 𝑙
3𝑡

3 + 𝐶))

2(𝜆(𝑥 −
2𝑎6𝛼21 𝑙

3𝑡
3 + 𝐶) + 2)

⎞

⎟

⎟

⎟

⎠

. (3.31)

.5. When 𝜆 = 0, 𝜇 = 0, and 𝜆2 − 4𝜇 = 0,

3,5 (𝑥, 𝑡) = 𝑒
𝑖

(

𝑙𝑥−
𝛼21 𝑙

4𝑎6
2 𝑡

)

𝛼1

𝑥 −
2𝑎6𝛼21 𝑙

3𝑡
3 + 𝐶

. (3.32)

3.2. The modified Kudryashov method

According the method, we can choose exact solution of Eq. (3.4):

𝑢 𝜉 = 𝛼 + 𝛼 𝜙 𝜉 . (3.33)
( ) 0 1 ( )
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2.1. When 𝜇 ≠ 0 and 𝜆2 − 4𝜇 > 0,

𝑞2,1 (𝑥, 𝑡) = 𝑒
𝑖

(

𝑙𝑥−

(

−2𝑎1𝜇+
𝑎1𝜆

2

2 −𝑎3𝜆4+3𝑎3𝑙4−2𝑎6𝛼21𝜇
2+𝑎1𝑙2−16𝑎3𝜇2−

𝑎6𝛼
2
1𝜆

4

8 +𝑎6𝛼21𝜆
2𝜇+8𝑎3𝜇𝜆2+3𝑎3𝑙2𝜆2−12𝑎3𝑙2𝜇

)

𝑡

)

⎛

⎜

⎜

⎝

𝛼1𝜆
2

−
2𝜇𝛼1

√

𝜆2 − 4𝜇 tanh(
√

𝜆2−4𝜇
2 (𝑥 −

(

2𝑎1𝑙 + 8𝑎3𝑙3
)

𝑡 + 𝐶)) + 𝜆

⎞

⎟

⎟

⎠

.
(3.20)

2.2. When 𝜇 ≠ 0 and 𝜆2 − 4𝜇 < 0,

𝑞2,2 (𝑥, 𝑡) = 𝑒
𝑖

(

𝑙𝑥−

(

−2𝑎1𝜇+
𝑎1𝜆

2

2 −𝑎3𝜆4+3𝑎3𝑙4−2𝑎6𝛼21𝜇
2+𝑎1𝑙2−16𝑎3𝜇2−

𝑎6𝛼
2
1𝜆

4

8 +𝑎6𝛼21𝜆
2𝜇+8𝑎3𝜇𝜆2+3𝑎3𝑙2𝜆2−12𝑎3𝑙2𝜇

)

𝑡

)

⎛

⎜

⎜

⎝

𝛼1𝜆
2

+
2𝜇𝛼1

√

4𝜇 − 𝜆2 tan(
√

4𝜇−𝜆2
2 (𝑥 − (2𝑎1𝑙 + 8𝑎3𝑙3)𝑡 + 𝐶)) − 𝜆

⎞

⎟

⎟

⎠

.
(3.21)

2.3. When 𝜆 ≠ 0, 𝜇 = 0, and 𝜆2 − 4𝜇 > 0,

𝑞2,3 (𝑥, 𝑡) = 𝑒
𝑖

(

𝑙𝑥−

(

𝑎1𝜆
2

2 −𝑎3𝜆4+3𝑎3𝑙4+𝑎1𝑙2−
𝑎6𝛼

2
1𝜆

4

8 +3𝑎3𝑙2𝜆2
)

𝑡

)

(

𝛼1𝜆
2

+
𝛼1𝜆

cosh(𝜆(𝑥 − (2𝑎1𝑙 + 8𝑎3𝑙3)𝑡 + 𝐶)) + sinh(𝜆(𝑥 − (2𝑎1𝑙 + 8𝑎3𝑙3)𝑡 + 𝐶)) − 1

)

.
(3.22)

2.4. When 𝜆 ≠ 0, 𝜇 ≠ 0, and 𝜆2 − 4𝜇 = 0

𝑞2,4 (𝑥, 𝑡) = 𝑒𝑖
(

𝑙𝑥−
(

3𝑎3𝑙4+𝑎1𝑙2
)

𝑡
)

(

𝛼1𝜆
2

−
𝛼1(𝜆2(𝜉 + 𝐶))
2(𝜆(𝜉 + 𝐶) + 2)

)

. (3.23)

2.5. When 𝜆 = 0, 𝜇 = 0, and 𝜆2 − 4𝜇 = 0,

𝑞2,5 (𝑥, 𝑡) = 𝑒𝑖
(

𝑙𝑥−
(

3𝑎3𝑙4+𝑎1𝑙2
)

𝑡
) 𝛼1
𝑥 − (2𝑎1𝑙 + 8𝑎3𝑙3)𝑡 + 𝐶

. (3.24)

Box II.
A

𝑞

Substituting Eq. (3.33) along with Eq. (2.13) into Eq. (3.4), then
assuming the coefficients of 𝜙 (𝜉)𝑛 zero,

24 (ln 𝑎)4 𝛼1𝑎3 + 6 (ln 𝑎)2 𝛼31𝑎6 + 𝛼51𝑎4 = 0,
−60 (ln 𝑎)4 𝛼1𝑎3 + 10 (ln 𝑎)2 𝛼0𝛼21𝑎6 − 10 (ln 𝑎)2 𝛼31𝑎6 + 5𝛼0𝛼41𝑎4 = 0,
50 (ln 𝑎)4 𝛼1𝑎3 + 4 (ln 𝑎)2 𝛼20𝛼1𝑎6 − 16 (ln 𝑎)2 𝛼0𝛼21𝑎6 + 4 (ln 𝑎)2 𝛼31𝑎6

+12𝑙 (ln 𝑎)2 𝛼1𝑎3 + 10𝛼20𝛼
3
1𝑎4 + 2 (ln 𝑎)2 𝛼1𝑎1 + 𝛼31𝑎5 = 0,

−15 (ln 𝑎)4 𝛼1𝑎3 − 6 (ln 𝑎)2 𝛼20𝛼1𝑎6 + 6 (ln 𝑎)2 𝛼0𝛼21𝑎6 − 18𝑙2 (ln 𝑎)2 𝛼1𝑎3
+10𝛼30𝛼

2
1𝑎4 − 3 (ln 𝑎)2 𝛼1𝑎1 + 3𝛼0𝛼21𝑎5 = 0,

(ln 𝑎)4 𝛼1𝑎3 + 2 (ln 𝑎)2 𝛼20𝛼1𝑎6 + 6𝑙2 (ln 𝑎)2 𝛼1𝑎3 + (ln 𝑎)2 𝛼1𝑎1
+5𝛼40𝛼1𝑎4 − 3𝑙4𝛼1𝑎3 − 𝑙2𝛼1𝑎1 + 3𝛼20𝛼1𝑎5 + 𝛼1𝜔 = 0,

𝛼50𝑎4 − 3𝑙4𝛼0𝑎3 − 𝑙2𝛼0𝑎1 + 𝛼30𝑎5 + 𝛼0𝜔 = 0,

(3.34)

is obtained. If we solve the Sys. (3.34), we obtain values of the con-
stants.

Solution 1:

𝛼0 = 0, 𝛼1 = 𝛼1, 𝑎1 =
𝛼21𝑎6

(

5(ln 𝑎)2+6𝑙2
)

6(ln 𝑎)2
, 𝑎3 = −

𝛼21𝑎6
6(ln 𝑎)2

,

𝑎4 = − 2(ln 𝑎)2𝑎6
𝛼21

, 𝑎5 =
8(ln 𝑎)2𝑎6

3 , 𝜔 = −
𝛼21𝑎6

(

4(ln 𝑎)4−5𝑙2(ln 𝑎)2−3𝑙4
)

6(ln 𝑎)2
.

(3.35)

If we use above values, we get following exact solution:

𝑞1 (𝑥, 𝑡) =
𝛼1𝑒

𝑖

(

𝑙𝑥+
𝛼21𝑎6

(

4(ln 𝑎)4−5𝑙2(ln 𝑎)2−3𝑙4
)

𝑡

6(ln 𝑎)2

)

𝑥−
𝛼21𝑎6 𝑙(5(ln 𝑎)2+2𝑙2)𝑡

. (3.36)
1 + 𝛿𝑎 3(ln 𝑎)2

7

Solution 2:

𝛼0 = −
𝛼1
2
, 𝛼1 = 𝛼1 ,

𝑎1 =
𝛼21

(

−𝑎6 (ln 𝑎)
4+

(

−
5𝑎4𝛼

2
1

6
+6𝑙2𝑎6−2𝑎5

)

(ln 𝑎)2+𝛼21𝑎4 𝑙
2
)

4(ln 𝑎)4
,

𝑎3 = −
𝛼2
1

(

𝛼2
1𝑎4 + 6 (ln 𝑎)2 𝑎6

)

24 (ln 𝑎)4
,

𝜔 =
𝛼2
1

((

− 𝑎4𝛼21
2

− 2𝑙2𝑎6 − 2𝑎5
)

(ln 𝑎)4 +
(

6𝑙4𝑎6 + 𝑙2
(

− 5𝑎4𝛼21
3

− 4𝑎5
))

(ln 𝑎)2 + 𝑙4𝛼2
1𝑎4

)

8 (ln 𝑎)4
.

(3.37)

ccording to above values, we get:

2 (𝑥, 𝑡) =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

− 𝛼1
2 + 𝛼1

1+𝛿𝑎
𝑥−

𝑙𝛼21

⎛

⎜

⎜

⎝

−3𝑎6(ln 𝑎)4+
⎛

⎜

⎜

⎝

−
5𝑎4𝛼

2
1

2 +6𝑙2𝑎6−6𝑎5
⎞

⎟

⎟

⎠

(ln 𝑎)2+𝑙2𝛼21𝑎4
⎞

⎟

⎟

⎠

𝑡

6(ln 𝑎)4

⎞

⎟

⎟

⎟

⎟

⎟

⎠

𝑒

𝑖

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑙𝑥−

𝛼21

⎛

⎜

⎜

⎝

⎛

⎜

⎜

⎝

−
𝑎4𝛼

2
1

2 −2𝑙2𝑎6−2𝑎5
⎞

⎟

⎟

⎠

(ln 𝑎)4+
⎛

⎜

⎜

⎝

6𝑙4𝑎6+𝑙
2
⎛

⎜

⎜

⎝

−
5𝑎4𝛼

2
1

3 −4𝑎5
⎞

⎟

⎟

⎠

⎞

⎟

⎟

⎠

(ln 𝑎)2+𝑙4𝛼21𝑎4
⎞

⎟

⎟

⎠

𝑡

8(ln 𝑎)4

⎞

⎟

⎟

⎟

⎟

⎟

⎠.

(3.38)

Solution 3:

𝛼0 = −𝛼1, 𝛼1 = 𝛼1, 𝑎1 =
𝛼21𝑎6

(

5 (ln 𝑎)2 + 6𝑙2
)

6 (ln 𝑎)2
, 𝑎3 = −

𝛼21𝑎6
6 (ln 𝑎)2

,

𝑎4 = −
2𝑎6 (ln 𝑎)

2

𝛼21
,

𝑎 = 8(ln 𝑎)2𝑎6 𝜔 = −
𝛼21𝑎6

(

4(ln 𝑎)4−5𝑙2(ln 𝑎)2−3𝑙4
)

,

(3.39)
5 3 6(ln 𝑎)2
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then we obtain following solution

𝑞3 (𝑥, 𝑡) =

⎛

⎜

⎜

⎜

⎝

−𝛼1 +
𝛼1

1 + 𝛿𝑎
𝑥−

𝛼21𝑎6 𝑙(5(ln 𝑎)2+2𝑙2)𝑡
3(ln 𝑎)2

⎞

⎟

⎟

⎟

⎠

𝑒
𝑖

(

𝑙𝑥+
𝛼21𝑎6

(

4(ln 𝑎)4−5𝑙2(ln 𝑎)2−3𝑙4
)

𝑡

6(ln 𝑎)2

)

(3.40)

4. Conclusion

Generally speaking, we found some new traveling solutions of a
model involving an integrable equation for wave packet envelope via
the exp(−𝛷(𝜉))-expansion and modified Kudryashov procedures. And

e have plotted the 3D and 2D graphics of some of the obtained
olutions at some certain values to analyze their dynamical behaviors.
he obtained results are including dark, breather, bright, and periodic
oliton solutions (Figs. 1–7). The considered techniques are productive
o obtain different types of solutions. For the future works, we may
pply new techniques to the considered equation and find new different
ype of solutions.
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