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In this paper, with the aid of symbolic computation, different types of traveling wave solutions to a model
involving an integrable equation for wave packet envelope have been presented. The exp(—®(¢))-expansion and
modified Kudryashov procedures have been adopted and finally 3D and 2D graphics of the obtained solutions
have been plotted. The obtained results are including dark, breather, bright, and periodic soliton solutions.

1. Introduction

Exact solutions of nonlinear partial differential equations (NPDEs)
describe crucial physical and mathematical phenomena. A countless
number of interesting manuscripts have been published to work on
these solutions.!~'> For example, Javid and Raza have employed the
modified simple equation procedure to find singular and dark soliton
solutions of the (1+2)-dimensional nonlinear Schrodinger’s equation.?
Ma has obtained rational solutions to the KdV equation via linear
superposition principle.®> Kumar et al. have obtained some novel exact
solutions of generalized Schrédinger—Boussinesq equations.* Yao et al.
have obtained dark, bright, combined bright-dark, and singular optical
solitons of higher-order Sasa—Satsuma equation by using the improved
generalized Riccati equation mapping technique.® Ye et al. have de-
rived dark vector soliton solutions for complex mKdV systems.® Kaplan
and Ozer have employed Auto-Backlund transformations to find differ-
ent explicit solutions to nonlinear evolution equations.” Akbulut et al.
have considered the Phi-4 equation to find conservation laws and trav-
eling wave solutions.® Liu and Osman have founded lump wave and pe-
riodic wave solutions of the 3D variable-coefficient generalized shallow
water wave equation.” Wang and Ma have constructed lump solutions
to nonlinear PDEs involving Hirota derivative.!® Kaplan et al. have
given the sensitivity analysis of Oskolov type equations.'® Younis et al.
have investigated the integrability of Schr6 dinger—Poisson dynamical
system.!” Tang et al. have solved the generalized Hirota equation via
the exponential rational function procedure and Jacobi elliptic function
rational expansion technique.'® Manukure et al. have founded lump
solutions to a (2+1)-dimensional extended KP equation.'® Zada et al.
have employed the auxiliary function method to find approximate-
analytical solutions to partial differential equations.'’ Kaabar have
used the double Laplace transform method.'? Az-Zo’bi et al. have
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applied the simplest equation technique.'® Bhanotar and Kaabar have
considered triple Laplace transform decomposition procedure.!* Abu-
Shady and Kaabar have employed enhanced homotopy perturbation
method.'®

In this manuscript, we consider the following NPDE which is used
for describing traveling wave solutions in optical fibers. Let g(x,?) is a
complex-valued function and a,, a,, as, a4, as, and a4 are parameters.

iq,+a,q,+iarq, + 030, + a4 |q|4q+05 lq|? q+ag (|q|2)xx qg=0. (1.1)

In this equation if we choose a, = a3 = a4 = a4 = 0, the nonlinear
Schrédinger equation is obtained. If a, = a3 = a4 = 0 is chosen cubic—
quintic nonlinear Schrédinger equation is founded.?>?! This equation
describes the boson gas with two and three-body interactions,?? nuclear
hydrodynamics with Skyrme forces,>® and the optical pulse propaga-
tions in dielectric media of non-Kerr type.?* Therefore, we can consider
Eq. (1.1) as a generalization of the NLSE. It could be utilized for
describing nonlinear processes in optics. Kudryashov has obtained the
Lax pair for this equation and verified the general solution of this
equation via the ultraelliptic integrals.?®

To obtain different types of traveling wave solutions to a model
involving an integrable equation for wave packet envelope, we will
applied the exp(—®(¢)) and modified Kudryashov procedures. The
exp(—®(¢)) -expansion technique has been considered by many scientist
to derive exact solutions to NPDEs and nonlinear fractional differential
equations. For example, Roshid et al. have derived traveling wave
solutions to the simplified MCH equation.?® Khan and Akbar applied
this method to the Vakhnenko-Parkes equation.?’” Also, Kabir et al.
have utilized the modified Kudryashov technique to the seventh-order
Sawada-Kotera and Kuramoto-Sivashinsky equations.?® Ege and Misirli
have considered the (2+1) dimensional Nizhnik-Nokikov-Veselov sys-
tem via this method.?’
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Fig. 1. (a) The 3D surfaces of the dark wave soliton of |g, ; (x,7)| when @; =2,/ = 1,45 =02,C =1,4=3,u =1, (b) 2D plot of |g, , (x,r)| when a; =2,/ = 1,4, =02,C=1,A=3,u=1,
The red line is drawn when ¢ = 0, the green line is drawn when 7 = 1, the blue line is drawn when 7 = 2. (For interpretation of the references to color in this figure legend, the

reader is referred to the web version of this article.)

[ w—y

[a—y

e

————

-10 -5 0 5 10

Fig. 2. (a) The 3D surfaces of the periodic wave solution |g,, (x.7)| when a; =02,/ = 1,43 =02,C=1,4= 1,4 =2, (b) 2D plot of |g,, (x,r)| when a; =02,/ =1,a4=02,C=1,4=
1,u =2, The red line is drawn when 7 = 0, the green line is drawn when 7 = 5, the blue line is drawn when 7 = 10. (For interpretation of the references to color in this figure

legend, the reader is referred to the web version of this article.)

This paper is organized as follows. In Section 2, we first give
adopted algorithms, namely the exp(—®(¢))-expansion and modified
Kudryashov methods. In Section 3, we get the exact traveling wave
solutions to a model involving an integrable equation for wave packet
envelope and graph the obtained solutions (Figs. 1-7). Finally, we give
the conclusions.

2. Adopted algorithms

Let us present the preliminaries to reduce a NPDE to an ordinary
differential equation (ODE). Assume the following NPDE
P (4, 44> s Gut> G Dt +-) = 0 2.1

where P is a polynomial of ¢ and its partial derivatives, and ¢ is a
complex-valued function.

We will take a transformation as:
gty =u@e", E=x—c1. (2.2)

Here w,/, and ¢, are constants. By the application of Eq. (2.2) to
Eq. (2.1) and equating the real and imaginary parts to zero, we obtain
two equation systems. Then, we solve these systems to find conditions
for parameters and use the values of the parameters. Therefore, we find
an ODE as follows which will be integrated with respect to & possible
times.

Q(u,u’,u”,um,...) =0, (2.3)

where the partial derivative is given with respect to &.%°
Next, we will describe the modified Kudryashov and exp(—®(&))
procedures.
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Fig. 3. (a) The 3D surfaces of the bright soliton |g, ; (x,1)| when a; = 0.2,/ = 1,4, =0.2,C = 1,4 = -2, (b) 2D plot of |g,; (x,1)] when a; =0.2,/ = 1,a, =0.2,C = 1,4 = -2, The red
line is drawn when ¢ = 0, the green line is drawn when 7 = 10, the blue line is drawn when 7 = 20. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

Fig. 4. (a) The 3D surfaces of the bright soliton solution |q,, (x,7)| when a; = 0.2,/ = —1,a5 = =0.2,C = 1,4 = —4,u = 4, (b) 2D plot |g,, (x,1)| when a; =02,/ = —1,a5 = -02,C =
1,A=—4,u =4, The red line is drawn when 7 = 0, the green line is drawn when 7 = 50, the blue line is drawn when ¢ = 100. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

2.1. The exp(—®(&))-expansion procedure 1 When u # 0 and A2 —4u > 0,
VA2 —dptanh(YE=H g 4 C)) - A
The exp(—®(&))-expansion procedure is presented.?®3! The desired @, =l uEn (2 r ¢+O) . (2.6)
solution of Eq. (2.3) presented as: H
m 2 Wh 0and A2 —4u <0,
U@ =Y a,Eexp(-DE)), 2.4) en p# 0 an n=
= V=2 an(Y L ¢ 4 o)) -
where q, (am # 0) are constants to be calculated later and ®(¢) is the P,(&) = 1n 2u 2.7
solution of:
— 2 _
V(&) = Xp(—DE)) + U expO(E)) + . @5) 3 When 4#0, 4 =0, and 4% - 4u > 0,
A
From the solutions of Eq. (2.5), we can clearly obtain: D38 =—1In ( cosh(AE + C)) + sinh(AE + C)) — 1 ) . (2.8)
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Fig. 5. (a) The 3D surfaces of the breather wave soliton |g, 5 (x,7)| when a; =2,/ = 1,4, =0.2,C =1, (b) 2D plot of |¢, 5 (x,7)| when a; =2,/ =1,a, =0.2,C = 1, Red line is drawn
when 7 =0, the green line is drawn when 7 = 1, the blue line is drawn when ¢ = 2. (For interpretation of the references to color in this figure legend, the reader is referred to the

web version of this article.)
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Fig. 6. (a) The 3D surfaces of the kink soliton |q, (x,7)| when a; =1,/ = 05,4, =2,a=0.5,6 = 1, (b) 2D plot of |g, (x,1)| when a; = 1,/ =0.5,a5 =2,a = 0.5,6 = 1, The red line is
drawn when ¢ = 0, the green line is drawn when ¢ = 1, the blue line is drawn when 7 = 2. (For interpretation of the references to color in this figure legend, the reader is referred

to the web version of this article.)

4 When p #£0, A#0, and A> —4u =0,

[ 20E+0)+2)
Dy6)=1In ( T REr0) ) . (2.9)
5When =0, 4 =0, and A2 — 4y =0,
@5(8) =In¢ +C). (2.10)

Here C is the constant of integration. We may also balance the highest
order linear term with the highest order nonlinear term in Eq. (2.3) to
find the balancing number m.

Sequentially, we substitute Eq. (2.4) into Eq. (2.3) and collect all
terms with the same order of exp(—®(£))"(n = 0, 1,2, ...) together. Then,
we derive a polynomial in exp(—®(£)) and vanish the coefficients to
get a set of algebraic equations for a,,/, A, u,w and c,. Finally, we can

construct a variety of exact solutions for Eq. (2.1) from the solutions of
this system.

2.2. The modified Kudryashov procedure

We will assume the exact solution of Eq. (2.3) by

u@=Ya @),

n=0

(2.11)

to employ the modified Kudryashov method. Here ,, (n = 0, 1, ..., m) are
constants and they will be determined later and «,, cannot be zero. m
is called the balancing term. ¢ (¢) is given by

1

P )= m,

(2.12)



M. Kaplan and A. Akbulut

Partial Differential Equations in Applied Mathematics 5 (2022) 100312

Fig. 7. (a) The 3D surfaces of the dark soliton |g, (x,7)| when a; = 0.2,/ =3,a, =0.1,a5 = 02,0, =0.2,a=2,5 = 1, (b) 2D plot of |g, (x,7)| when a; =0.2,/ =3,4, =0.1,a5 =0.2,a5 =
0.2,a = 2,6 = 1, The red line is drawn when ¢ = 0, the green line is drawn when 7 = 1, the blue line is drawn when 7 = 2. (For interpretation of the references to color in this

figure legend, the reader is referred to the web version of this article.)

and Eq. (2.12) satisfies following first order ODE

¢ ©O=d©@E-1na,

Substituting Eq. (2.11) into Eq. (2.3) along with Eq. (2.13) then accept-
ing all the coefficients of ¢" (¢) is zero, we get a set of over-determined
nonlinear algebraic equations for a,(n=0,...,m),a,l,®,¢,. If we solve
obtained determining equation system with the help of Maple, we
obtain a variety of exact solutions.32-34

(2.13)

3. Implementations

By substituting Eq. (2.2) into Eq. (1.1) and equaling the real and
imaginary parts to zero yields:

(ay +4a3l) uges + (2ay] — ¢; = 3ay1* — daz1* ) ug = 0. 3.1

azUgger + 2a6u2u§§ + Za()uéu + (al —3ayl — 6a312) Ugs

3.2
+agu’ + asu® + (co—a112+a213+a3l4)u=0. (3.2)
From Eq. (3.1), one may find:
ay = —dasl, ¢; = 2a,1 + 8ay 1. (3.3)
By applying Eq. (3.3) in Eq. (3.2),
a3Ugees + 2agUPugs + 2a6u§u + (ay +6a31%) ugs + au® + asu® 3.4

+ (a) —al? - 3a3l4) u=0,
is founded. Next, the exp(—®(¢)) and modified Kudryashov procedures
will be presented.

3.1. The exp(—®(&)) procedure

Noticing the homogeneous balance process between u;.- and W in
Eq. (3.4), the balancing number is founded as 1 and the desired solution
becomes

u(é) = ap + ay exp(—P(%)), (3.5)
substituting Eq. (3.5) into Eq. (3.4) gives the following system:

—a,Pag + 2a6a§a1/4/1 —3ayltay + asag +6a3%a, ud + a4ag
20 42 3 27 = (3.6)
+way + 2ag0;agp” + a3 pA” + aja pd 4+ 8aza utA =0,

5a4a3a1 + 2060:?;42 + ayay A2 + 22a50, uA* + 2a 0 + 2a6a§a1 2
+3a5aga1 +aza; At + 8(160100{%;4/1 —3a3lta,
+16aza, u? + 12a31%a; p + 6a31%a, A% + wa; + 4a6aga1,u —-a;Pa; =0,

3.7)

60asay uA + 10a,07a? + 18a31%a; 4
+3a;0 4+ 3a5a0af + 6a6a§ali + 6060:?;41 (3.8)
+12a6a0a12;4 + 15a50, 43 + 6a6a0a12/12 =0,

40aza, p + S0aza, A% + 8a6af;4
+4a6af 2+ 4a6aga1 + 10a4a(2)a? 3.9
+12a3%a; + asaf +2a,a; + 16a6a0afl =0,

60aza; A + 10a6a0a12 + 10a6afﬂ + 5040(00/1‘ =0, (3.10)

24aza; + a4af + 6a6af =0. (3.11)
By solving this system gets:
Solution 1:
aga®A? 4aq, azu aga’
a; = —GTI + % +a?a612,a0 = L;,a3 = —%,

o
= =P, a5 = —ag(~2> + 4p), (3.12)

1
afaf,(24,4/12—48u2+3212u—3/14—81242+1214)

©= %

In this case, we find the solution as as given Box I.
Solution 2:

Cai 6laga] +4a3)
(xo——z ’a4__—a;‘ s
2aga? A2 +20a3p + 6a31% + ay + 4agatu — Saz %)
as = — af .

(3.18)

and

a4 4 4 2.2 2
a)=—201;4+T—a3/1 +3a3l” = 2aga 4" + a1
224 (3.19)

agas A
1T aga? 2+ Saz i + 3a3 242 — 12574,

—16(13;42 -

In this case, we find the solution as as given Box II.
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1.1. When y#0and 42 -4y >0

aZagaui?—48u2 +3212 =344 812 ;2 +121%)
i| Ix— 1 t
2%
g, (x, D= e

(3.13)
a i 2pay
p2—4, 2 2 8 .
VA%~ 4y tanh ( VI (5~ (Zagadl® - 2aga? a2 + Slagaiu ) 1+ c)) +4
2. When A2 —4u <0 and u # 0,
_<1 <alzaﬁ(24u12—48y2+3212u—3/14—812/12+1214)> >
1 X— 1
Qp(x,0)= e *
(3.149)
A 2
L ke ,
V4pu — 22 tan (—W ((x - (%aﬁa]zﬁ - glaﬁalzﬁz + %Iaéalzﬂ) t) + C)) -4
1.3. When 1#0, u=0,and A2 -4y >0
Zag(-314-8122+121%)
i| Ix— — |t
q3(x, )= e
(3.15)
a i a A
2 cosh(A((x = (2aga?B3 = 21aga2i2) 1) + C)) + sinh(A(( x = (2aga?3 = 2lagaa2) 1) + C)) — 1
37%6% 37767 376 37%6%
1.4. When A #0, u #0, and 4> —4u =0,
'<I (alzaﬁwzﬂul“))t) )
e 6 a A a(A7(E+C))

)= —_——_—— . 3.16
Na(x.0)=e¢ ( 2 2(/1(§+C)+2)> (3.16)
1.5. When 4> —4u =0,y =0and A =0,

4(12H
i(lelTlét> a
qs5x.0=e STV (3.17)
X — Eaéall t+C
Box I.
Solution 3: 3.3. When 1#0, u =0, and 42 — 4y > 0,
a; = M,% - _ﬁ’ a, = _2%’05 - _w’ l_<lx_<af(—444+5/242+314)a6 >t>
ay 6
p3(x,1)=e
(3.25)
a; <£ + Q) + 14
a, 112 a 112
o} (=44 — 6447 + 320> + 512 4> = 201 4t + 31*)ag 3.26) S cosh(i(x— L (203 45122+ C)psinh(A— 551 (213+512)1-+C))- 1
w= s . 3
6 (3.30)
A, V2 -4 3.4. When A#0, u#0, and 22— 4u =0
ay = ag §+T . (3.27) .. en 751"{:/6 , an —au=>.y,
i a%l“aé 2 2a6a]213t
3.1. When 4 # 0 and 4% — 4u > 0, ) ggp (P ——+0)
G4 (0 = BT (331
) Hiw==3=+0+2)
3.1 ’ -
a<£ Az_4ﬂ>_ " 3.5.When =0, u=0, and 4> —4u =0,
1 = 2 .
2 2 VI = dptanh( Y (x = S0 (203 4 5102 = 20ul) 1+ C)) + 4 (1 2hag t)
. ’ N7z a;
(328) @msxn=e i (3.32)
-2y

3.2. When p # 0 and A2 —4u <0,

it o 4322452220 43 o ) )
TSR AT 0 e e )

/ER) (x,1) = e’(h’?( °

A, VA2 —du
[“‘ <5+ 2

> + 2ua, .
V= 7 tan( Y (x ﬁ (23 + 5142 = 20ul) 1+ C)) = A
(3.29)

3.2. The modified Kudryashov method

According the method, we can choose exact solution of Eq. (3.4):

u(@) =ap+ a9 (). (3.33)
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2.1. When p # 0 and A2 —4u > 0,
2 aga?
i(lx—<—2a|y+a12 —a3/14+3a314—2a60(%;42+a]12—16a3;12— 81 +a6a12/12;4+8a3/4/12+3a312/12—1211312;4>r>
Gy (x,1)= e
(3.20)
a i 2ua;
2 /- 4ptanh(YE (x — (20,1 4+ 8a303) 1+ C)) + 4
2.2. When p # 0 and A2 —4u <0,
ay 12 a()a2114
il 1x={ —2ay put+ T —a3 4% 430314 ~2aga? pP+ay 1P ~16a u? - = +agal P pu+8az uA>+3a3 1 A2 ~12a3 % |1
G (x,0)= e
(3.21)
a A 4 2pay
2 Vai—Rm tan(—“’;“z(x — Qa,l +8a33) + C)) — A
2.3. When 41#0, 4 =0, and 4> —4u > 0,
a u2 4
i(1x7(¥7a344+3a314+a1127%+3a31212)r)
1) =
B30 = e (3.22)
(a] A N a A >
2 cosh(A(x — (2a;! + 8a33)t + C)) + sinh(A(x — (2a;! + 8az3)t + C)) — 1 '
2.4 When 1#£0, u#0,and A2 —4u=0
2
Q4 (x, t) = ei(lx_(3“3’4+allz)’) M — M . (3.23)
’ 2 20+ C)+2)
2.5.When 4=0, =0, and 2> —4u =0,
. 04
x, 1) = el(lx—(3a3l4+a]lz)t) 1 . (3.24)
25 (5.0 X~ Q2ayl +8a;P)1 + C
Box II.
Substituting Eq. (3.33) along with Eq. (2.13) into Eq. (3.4), then Solution 2:
assuming the coefficients of ¢ (£)" zero, a
ay = _71’0‘1 =0,
2
2 ( ~ag(na)* ’5“4:% 61 ag—2as ) (ina)* +aa,l*
24 (In a)4 aja; +6(In a)2 a3a6 + a15a4 =0, a = ( +( 4;“11)4 ) - ) s
—60(In a): ajaz + 10 (In 112) aoa%aﬁ —10(In 112)2 af% + 5040(1‘1‘042: 0, @ (2a, +6(Ina) ag)
50(Ina)” aya; +24(lna) aéal% —16(Ina) 2a0a%a6+4(lna) af’aﬁ a3 =——— 2;&(1na)4 2
+121 (Ina)’ aya; + 10a2a’a, + 2 (Ina)’ aya, + a}as =0, ? ((—”4% —20a —2a5) (nay* + (614% +2 (—S“‘T“ —4a5)) (Ina)’ + l4a|2a4)
—15(na)* ajaz; —6(In a)? aéalaﬁ +6(Ina)? aoaf% — 1812 (Ina)’ ajas o= Sna) :
2
+10a8alza4 -3(na) aja; + 3a0a%a5 =0, (3.37)
(In a)4 ajaz; +2(In a)2 aéa] ag + 612 (In a)2 ajaz + (In a)2 aa;
+5ajaiay = 314 a3 — Paja; +3agajas + o = 0, According to above values, we get:
(xga4 - 3l*agay — Paga, + ‘18“5 +agw =0,
(3.34)
@ (x,1) = —%14- . L
is obtained. If we solve the Sys. (3.34), we obtain values of the con- ’af[-3ﬂ5(1"a>4+[- Al +6’206-6as](‘"ﬂ>2+12'1fa4]f
stants. \1sa Sna?
; z,ﬂ,z,z oae |t + ot of St 2, 4.2
Solutlon 1: al 5 ag—2as |(Ina)*+| 617 ag+I' 3 4as | |(Ina)=+I ala4 i
iix= 8na)?
aag(5nar+61%) o2ag e
o =00 =4 = .03 =~ (3.35)
_ 2(n a)zaﬁ _ 8(n a)zas _ 0'1206 (4(ln *-52(n 0)2_314) . (3.38)
W=""pn 4= "3 O=" 6(Ina)? .
! Solution 3:
2 2 2 2
If we use above values, we get following exact solution: @y = -0, =a,a; = o146 (S(na)” +61%) a3 =— %19 ,
6 (In a)? 6 (In a)?
2a4 (In a)?
i(lx+ n]2a6<4(lna):(l—5/;(ln11)2—3[4)1) a4y = — ag ((12 a) i (3.39)
e i 1
a0 = oFagl(50n a2 +212 )e (3.36) _ 8(naag ajag (4(1"‘1)4_5[20““)2_314)
1+6a  3ma? @s="3 @=7 6na? ’
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then we obtain following solution

a% ag (4(ln a)4 —512(1n a)2 34 )1 >
Xt —m———

a) 6(In a)2

xX,t) =|—a; +
4 (x.1) ! _ ajagl(Sina? +22 )i

1+ éa 3(inay?

(3.40)
4. Conclusion

Generally speaking, we found some new traveling solutions of a
model involving an integrable equation for wave packet envelope via
the exp(—®(¢))-expansion and modified Kudryashov procedures. And
we have plotted the 3D and 2D graphics of some of the obtained
solutions at some certain values to analyze their dynamical behaviors.
The obtained results are including dark, breather, bright, and periodic
soliton solutions (Figs. 1-7). The considered techniques are productive
to obtain different types of solutions. For the future works, we may
apply new techniques to the considered equation and find new different
type of solutions.
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