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A novel technique, named auxiliary equation method, is applied in this research work for obtaining new
traveling wave solutions for two interesting proposed systems: the Kaup-Boussinesq system and gen-
eralized Hirota-Satsuma coupled KdV system with beta time fractional derivative. Our solutions were
obtained using MAPLE software. This technique shows a great potential to be applied in solving vari-
ous nonlinear fractional differential equations arising from mathematical physics and ocean engineering.
Since a standard equation has not been used as an auxiliary equation for this technique, different and
novel solutions are obtained via this technique.
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1. Introduction

Nonlinear fractional differential equations have been seen in
various modeling phenomena of physics and engineering [1-10].
Many researchers work on investigating exact solutions to these
equations due to the importance of these equations in interpreting
the physical meaning for some interesting models [11-22]. In par-
ticular, various research works have been conducted on studying
these equations with beta time derivative due to its applicability in
multidisciplinary sciences where investigating their exact solutions
can provide us with a better understanding for nonlinear fractional
differential equations with beta time derivative by studying their
soliton theory and explicit formulas [23,24]. To solve these nonlin-
ear fractional equations exactly, various methods have been pro-
posed for this purpose such as the method of modified simple
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equation [25], modified Kudryashov method [26] (see also [27]),
the method of auxiliary equation [28] (see also [29]), the He’s vari-
ational approach[30], and the method of exp(—®(&))-expansion
[31] (see also [32]). Other research works studied the exact solu-
tions of nonlinear partial differential equations arising from various
oceanographic phenomena in [33-35]. Some interesting research
works systematically investigated the integrable equations’ N-
soliton solutions to nonlinear dispersive wave equations via the Hi-
rota direct technique for both (1 + 1)-dimensional integrable equa-
tions [36] and (2 + 1)-dimensional integrable equations [37] in ad-
dition to a novel class of equations in (2 + 1)-dimensions [38,39].
The nonlocal integrable equations involving the Riemann-Hilbert
problems with nonlocal reverse-time NLS hierarchies and the in-
verse scattering of nonlocal real reverse-spacetime matrix AKNS
hierarchies have been investigated in [40,41], respectively. In ad-
dition, some research studies propose approximate-analytical so-
lutions for nonlinear fractional differential equations formulated
in the senses of fractional derivatives such as homotopy method
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[42], generalized form of double Laplace transform [43], and triple
Laplace transform [44]. Recently, a generalized definition of frac-
tional derivative, named for simplicity as Abu-Shady-Kaabar frac-
tional derivative, [45] provided a simple tool for obtaining the
analytical solutions of various classes of fractional differential
equations which can be employed further in investigating various
nonlinear partial differential equations arising from scientific phe-
nomena.

While several important research studies concerning phenom-
ena arising from ocean engineering and science have been re-
cently conducted such the well-investigated study of Lie symme-
try analysis and invariant solutions of the (2 + 1) dimensional
Bogoyavlensky-Konopelchenko equation with variable-coefficient
in wave propagation [46], perturbed nonlinear Schrédinger equa-
tion’s complex soliton solutions in nonlinear optical fibers [47],
generalized Schrédinger-Boussinesq equations for the interaction
between complex short wave and real long wave envelope [48],
and fifth-order nonlinear wave equation’s solitary waves and exact
solutions [49], our results provide uniquely a novel tool for obtain-
ing new traveling wave solutions for the Kaup-Boussinesq system
and generalized Hirota-Satsuma coupled KdV system in the context
of beta time fractional derivative arising from water waves and in-
teraction of long waves. The investigated systems in this study are
very important in the field of ocean engineering where this study
can provide new direction to provides some explanations to the
behavior of various scientific phenomena.

Motivated by the above methods and some other research
works, particularly [50-54], the results in our work are new and
novel because both of the Kaup-Boussinesq system and general-
ized Hirota satsuma coupled KdV system with beta time fractional
derivative are investigated in this research work via auxiliary equa-
tion method (AEqM) to obtain their traveling wave solutions. This
research work is organized as follows: In Section 2, some ba-
sic properties concerning beta derivative are examined. Section 3
provides a basic step-by-step introduction about auxiliary equa-
tion method (AEqM). In section 4, we obtain our traveling wave
solutions via AEqQM for the studied Kaup-Boussinesq system and
generalized Hirota satsuma coupled KdV system with beta time
fractional derivative. Our conclusion is given in section 4.

2. Beta derivative and its properties

In this section, we will give the definition of the beta derivative
and some basic properties.

Definition 2.1 [55]. Let f(t) be a function defined for all non-
negative t. Then, the beta derivative of f(t) of order 8 is given
by

f<t+e(t+ ﬁ)kﬁ) - f@®

0 1
£ 0<f =

TP(f(t)) = lim

and T4 (f(0)) = 200
Some properties are given for beta derivative in the following
theorem:

Theorem 2.1 [56]. Let f(t) and g(t) be two functions with the
derivative of B for all t > 0 where 8 € (0, 1]. Then, we have:

1. TA(af(t) + bg(t)) = aTB(f(¢t)) + bTA (g(t)), Ya,b e R

2. TE(f(g(t) =gOTP(f(1) + fF(OTP (g(t)),
3, TA (L)) = sOTPUO)—FOTF (g(0))

&) g(t)? ’
4. TA(F(D) = (¢ + gy P LE.
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3. Mathematical preliminaries of AEqQM

This section describes step-by-step the basics of AEQM which
will be used in obtaining our original results in the next section.
AEgM is defined as a direct method for obtaining new multiple
traveling wave solutions for fractional order nonlinear fractional
differential equations. This technique was first proposed by Siren-
daoreji in [57,58], and then Abdoulkary et al. applied this technique
for finding the exact traveling wave solutions of the proposed non-
linear Schrodinger equation in [59].

To apply this novel technique, let us state following important
steps according to the results in [57-59]:

AEqQM STEP I: Let us consider a general nonlinear fractional dif-
ferential equation of the following type:

W(Q, DPQ Q. DEQ, Q. Qu....) =0, (1)

where the unknown function is denoted by €2, and W represents
a polynomial of 2 and its partial and beta derivatives. Let us now
express the traveling wave variable as follows:

Qw0=0@.
¢ =x=j(t+ rip)

transforms Eq. (1) to the following nonlinear ordinary differential
equation:

W, 9, 9",..) =0,

where the prime represents the derivation with respect to ¢.
AEgQM STEP II:Let us assume that the solution of Eq. (3) can be
expressed in the following form:

(2)

3)

2M

P(@) =Y a;di(¢) (4)
j=0

where a;(j=0,...,2M) represents the constants that will be ob-

tained in our results’ section, M is a positive integer that can be

found via the homogeneous balance method (HBM) between the

highest order derivatives and the nonlinear terms that can be seen

in Eq. (3). ®(¢) satisfies the variable separated ODE as follows
®2(¢) =a®?(¢) +bP*(¢) + cPO(¢)

where the parameters: a, b, ¢ that are needed to be found.

AEqM STEP III: Let us now substitute the ansatz Eq. (4) along
with Eq. (5) into Eq. (3), and equate the coefficients of all pow-
ers of ®(¢) to zero; hence, a set of algebraic equations for the
unknowns a, b, ¢, d,a;(j=0,...,2M) and A is obtained. This set of
algebraic equations can be solved using Maple software, and our
obtained solutions are substituted back into Eq. (3) in order to
find the exact traveling wave solutions for Eq. (1).

(5)

4. Main results

The method of auxiliary equation is applied in this section to
obtain new exact solutions for some fractional order nonlinear
fractional differential equations. Both of the Kaup-Boussinesq sys-
tem and the generalized Hirota-Satsuma coupled KdV system with
beta time fractional derivatives will be studied in our work.

4.1. Kaup-Boussinesq system with beta derivative
In this section, we will consider the Kaup-Boussinesq system
with beta derivative as follows:
D?Q — Qo — 2(82¢0), = 0,
Dip— 2~ (¢?), =0. (6)

where the water surface height above a horizontal bottom is rep-
resented by Q2(x, t), and the horizontal velocity field is represented
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by ¢(x,t) [63]. The proliferation scheme for Kaup-Boussinesq sys-
tem, named dispersive water wave system, was investigated [60].
Li and Wang gave the symmetry reduction this system, and then
they used the trial equation method to find exact solutions to de-
scribe its dynamical behavior [61]. Singla and Rana have consid-
ered this equation system by using the group invariance approach
and power series expansion method [62]. In addition, Kilic and Inc
have obtained exact solutions to this system by using first integral
method [63]. Let us now substitute the traveling wave transforma-

tion into Eq. (6) as follows:
(t + 1)’S (7)
B rey) )’

Then, the equation system can be found as follows:
- —0" =209 - 296" =0,
—A0 - —200 =0. (8)

We integrate the second equation of the system once with respect
to ¢ to find:

B =20 —62. (9)

Then, by substituting Eq. (9) into the first equation of the system
and integrating it once with respect to ¢, we find

0" — 120 —310% —20° = 0. (10)

According to the HBM, we find the balancing number as 1. Hence,
the solution can be expressed as:

A
Q.0 =0(5). o, 1) =0(5).§ =x—

"

9:a0+a1<D+a2d>2. (11)

Where the constants: ag, a; and a, are needed to be found, while
®(¢) is an unknown function that are needed to be obtained,
too. By substituting this solution into Eq. (10), and collecting all
the terms with the same power of ®J(j=0,1,...,6),and then by
equating each coefficient to zero, a set of algebraic equations is ob-
tained as follows:

®°: —2a3 +8aA =0,

®°: —6a;a% +3a;A =0,

®*: —6aga? — 6a2a; — 3a3A + 6a;b = 0,

®3: —12apa;a; — 2a3 — 6ajazA +2a;b =0,

®?: —6ada, — 6apa? — 6agaxA — 32\ — a;A% + 4aa, = 0,
®': —6a2a; — 6apa A — a1A% +aa; = 0,

®%: —2a} —3xai - A%ap = 0.

By using the Maple software, the set of algebraic equations is
solved as follows:
A2 A a?
a=—,b= (1277 = 727
4 2 4
Case 1: If we substitute Eq. (12) into Eq. (5) and then solve the
obtained equation, we find the auxiliary equation as follows:

\/—(—clke*)@ + az))»

—cihe M 4 a,

ay=0,a, =0, (12)

Q(8)=-

(13)

Therefore, the solitary wave solutions (SWSs) of the studied Kaup-
Boussinesq system with beta derivative are expressed as:

2
Qq(x,t) = azh 5
4(%%(”%) )
—CjAe +ap
2
A
—cﬁ»eik(x*F(Hm) '+ a
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and
(12)\.

7
—)»(x—A t+ )
—cihe #(terin) +a,

where ¢; is an arbitrary constant. Fig. 1 shows (a) Qq(x,t)
when A=3;a,=1;¢;,=0258=02515<x<2;-1<t<1
and (b) Q1(x,t) when A =3;a, =1;¢; =0.25; 8 =0.25;-1 <x <
2;0 <t < 1. Fig. 2 shows (a) Qq(x,t) when A =3;a,=1;¢c1 =
025;8=050;15<x<2;-1<t<1 and (b) Qq(x,t) when
A=3;a00=1;¢;=025=050-1<x<2;0<t<1. Fig. 3
shows (a) Qi(x,t) when A=3;a,=1;c;1 =025;8=0.75;15 <
X<2;-1<t<1 and (b) Q;(,t) when A=3;a,=1;¢1 =
025;8=0.75-1<x<2;0<t<1. Fig. 4 shows (a) ¢i(x,t)
when A=3;a,=1;¢1=0258=02505<x<1;-2<t <2,
(b) ¢@1(x,t) when XA=3;a,=1;¢1=025p8=050;05<x<
1;,-2 <t <2, and (c) g3(x,t) when A=3;a,=1;¢1 =025;8 =
0.75;05<x<1;-2<t<?2.

Case 2: If we substitute Eq. (12) into Eq. (5) and then solve
the obtained equation, we find the auxiliary equation as follows:

: (15)

1 (X, t) = -

f(fc] AeM 4 az)k

—C1AeM 4 ay

The SWSs of the Kaup-Boussinesq system with beta derivative are
expressed as:

P() =- (16)

a2
Q(x,t) = 2 .
Aox—2 1
—cihe (X #(terin) )+az
2
A
B h A : 1 B ’ (17)
—cl)\ek(xfﬁ(ww”) '+ ay
and
a A
Q2% 1) = — : : (18)

B
A<X_A . )
—C1)L€ 5( Ftﬁ)) +a

where cq is an arbitrary constant.
With the help of Maple software, the set of algebraic equa-
tions is solved as follows:
a= )L—Z nA C=-%,0p =
T4 2T 4T
Case 3:If we substitute Eq. (12) into Eq. (5) and then solve the
obtained equation, we find the auxiliary equation as follows:

2
_%

b= —A,a1 =0, a, =a (19)

(c1he* +az)A

—ci e +ay

o) = - (20)

The SWSs of the studied Kaup-Boussinesq system with beta deriva-
tive are expressed as

B
s ()
Acre
Q3(X,t) = 7
M=% (t+ s )
crhe (X #(trin) +a,
s 2
52 A(x—%(tJrr(ﬁ)) )
1 c1e (21)
(3 o)) |
ciAe +a;
and
A 1 B
)\che/\<x7(t+”ﬂ’) )
p3(x,t) = — —7 , (22)
AMx=2(t+ =L
cihe (x #(crim) )+a2
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Or{
~Lx1071
-2.x1071E N\
-3.x10711 7

b

Fig. 1. 3D Plot of Q;(x,t) when A =3;a; =1;¢1 =0.25; 8 =0.25;15<x<2; -1 <t <1in(a) and Q;(x,t) when A =3;a, =1;¢; =0.25; 8=0.25;-1<x<2;0 <t < 1in

(b).

a

0.00000 ¢ -
-0.000015r
_o.oooozip

~0.00003},
-] -‘-.._‘L___

b

Fig. 2. 3D Plot of Q4 (x,t) when A =3;a; =1;¢1 =0.25; 8=0.50; 1.5 <x <2; -1 <t < 1in(a) and Q4 (x,t) when A =3;a, =1;¢; =0.25; 8=0.50; -1 <x <2;0 <t < 1 in

(b).

where c¢; is an arbitrary constant. Fig. 5 shows (a) Q3(x,t)
when A=3;a,=1;¢1=0258=02515<x<2;-1<t <1
and (b) Q3(x,t) when A =3;a, =1;¢; =0.25;8=0.25;-1 <x <
2;0 <t < 1. Fig. 6 shows (a) Q3(x,t) when A =3;a,=1;¢c1 =
025;8=050;15<x<2;-1<t<1 and (b) 3(x,t) when
A=3ia,=1;¢;,=0258=050-1<x<2:0<t <1 Fig 7
shows (a) Q3(x,t) when A=3;a,=1;¢c; =025;8=0.75;1.5 <
x<2;-1<t<1 and (b) 93(kx,t) when A=3;a,=1;¢1 =
025;8=0.75-1<x<2;0<t<1. Fig. 8 shows (a) ¢3(x,t)

440

when A=3;a,=1;¢,=0258=02515<x<2;-1<t <1,
(b) ¢3(x,t) when XA=3;a;=1;¢1=0.258=050;15<x<
2;-1<t<1, and (c) ¢3(x,t) when A =3;a, =1;¢1 =0.25;8 =
0.75;15<x<2;-1<t<1.

Case 4: If we substitute Eq. (12) into Eq. (5) and then solve
the obtained equation, we find the auxiliary equation as follows:

(crhet +az)r

et +a,

®(&) = (23)
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a

b

Fig. 3. 3D Plot of Q;(x,t) when A =3;a, =1;¢1 =0.25; 8=0.75;15 <x <2; -1 <t < 1in(a) and Q;(x,t) when A =3;a, =1;¢; =0.25; 8=0.75;-1 <x < 2;0 <t < 1 in

(b).

a

b c

Fig. 4. 3D Plot of (a) ¢ (x,t) when L =3;a, =1;¢1 =0.25; 8 =0.25;05 <x < 1; -2 <t <2, (b) ¢1(x,t) when L =3;a, = 1;¢; =0.25; 8 =0.50; 0.5 <x < 1; -2 < t < 2, and

(c) p1(x,t) when A =3;a; =1;¢1 =025, =0.7505 <x<1; -2 <t < 2.

The SWSs of the studied Kaup-Boussinesq system with beta deriva-
tive are expressed as:

2

-|- ; (24)

and

A2cle7A<X7%(t+ﬁ)ﬁ)

B
A 1
—’\("—B(”W) )

. (25)

Ya(x,t) = —

ciAe +a;

where c¢; is an arbitrary constant. Fig. 9 shows (a) ¢@4(x,t)
when A=3;a,=1;¢1=0258=02505<x<1;-2<t <2,
(b) @4(x,t) when A=3;a,=1;¢c;1=025/8=050;05<x<
1, -2 <t <2, and (c) @4(x,t) when A =3;a,=1;¢c1 =025;8 =
0.75;05<x<1;-2<t<?2.
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a b

Fig. 5. 3D Plot of Q3(x,t) when A =3;a, =1;¢1 =0.25; 8 =0.25;15<x <2; -1 <t <1in(a)and Q3(x,t) when A =3;a, =1;¢; =0.25;8=0.25;-1<x<2;0 <t < 1in
(b).

005~
0.00},
~0.05!
-0.10% /

a b

Fig. 6. 3D Plot of Q3(x,t) when A =3;a; =1;¢1 =0.25; 8=0.50; 1.5 <x <2; -1 <t < 1in(a) and Q3(x,t) when A =3;a, =1;¢; =0.25; 8=0.50; -1 <x <2;0 <t < 1 in
(b).

4.2. The generalized Hirota-Satsuma coupled KdV system with beta 8 1
time fractional derivative ¢ P x

1

Hirota and Satsuma proposed the Hirota-Satsuma system of Df/’“ = _j“W_3Q"‘Lx (26)
equations where two long waves’ interaction with different disper-

sion relations was described[64]. If & =0, then Eq. (26) is reduced to the Hirota-Satsuma cou-

pled KdV equation. Saberi and Hejazi have dealt this system with

1 Rieman-Liouville sense and they founded lie symmetry analysis,

DfQ = ZQXXX + 3082 +3(—q)2 +/L)x conservation laws and exact solutions [65]. Liu and Chen have

442
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a

Fig. 7. 3D Plot of Q5(x,t) when A =3;a; =1;¢;, =025, 6=0.75;15<x<2; -1 <t <1in(a) and Q3(x,t) when A =3;a, =1;¢1 =0.25; 8 =0.75;-1 <x<2;0 <t < 1 in

(b).

Fig. 8. 3D Plot of (a) ¢3(x,t) when A =3;a, =1;¢1 =0.25; 8=0.25;15<x <2; -1 <t < 1,(b) ¢3(x,t) when L =3;a, = 1;¢; =0.25; 8 =0.50; 1.5 <x < 2; -1 <t < 1, and

(c) p3(x,t) when A =3;a; =1;¢, =025 =0.7515<x<2; -1 <t < 1.

considered this system by the functional variable method [66].
Kurt et al. applied sub-equation method and dummyTXdummy-
power series method for this system [67]. Also, H. Yépez-Martinez
and J. F. Gdmez-Aguilar have considered conformable form of this
system to find exact solutions [68].

0.0 = 17¢)’

px,t) = -2+ ()
W, ) = 2X% =240 ()

B
A 1
=X—S|t+ =5 27
£=x"p ( F(ﬂ)) 7)
where A is a constant.
A" +203 - 2029 =0, (28)

443

d2y .
where 9 denotes —~. Let us now balance the linear term of

dg?

highest order ©” with the highest order nonlinear term 3 from
Eq. (28) yields M = 1.

P°(¢)
P°(¢)
®4(¢)
*(¢)
P*(¢)
'(¢)
2°(¢)

: 243 +8Aca; =0,

: 6a,02 + 3\ca; =0,

: 6aga3 + 6a2ay 4+ 6Abay = 0,

: 2Aba; 4 12apa;a; + 2a3 =0,

: 4haay — 2A%a; + 6a3ay + 6aga? = 0,
: Aaa; — 27%a; + 6aga; =0,

1 2a3 —2)0%ap = 0.

With the help of Maple software, the algebraic equation system
is solved as follows:
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a b C

Fig. 9. 3D Plot of (a) @4(x,t) when A =3;a, =1;¢1 =0.25; 8 =0.25;05 <x < 1; -2 <t < 2, (b) pa(x,t) when A =3;a, =1;¢; =0.25; 8 =0.50; 0.5 <x < 1; -2 <t < 2, and

(c) pa(x,t) when A =3;a; =1;¢1 =025;=0.7505 <x<1; -2 <t < 2.

Case 1.1: W, t) =222
2 B
a=2nb=-" c—o, V(3= 50+ ) + 1)
A )
to = 0,4, =0 (29) dare (32 + VI3V
If we substitute Eq. (29) into Eq. (5) and then solve the obtained 2VA3V2(x — A (t 4+ L~ ﬂ)
equation, we find the auxiliary equation as follows: (2«/)? ﬁcl) f ( Lo ))
NVENCI RS e + 8\ 4ale
e (33)
(@) 4)e (A2 + vmm (30)
(232 2VA3V2¢ _ ,
—_— —_— where ¢; is an arbitrary constant.
e + 8r4aZe Case 1.2:If we substitute Eq. (29) into Eq. (5) and then solve

the obtained equation, we find the auxiliary equation as follows:
The SWSs of the generalized Hirota-Satsuma coupled KdV system

can be founded as follows:

, (mﬁ €+ cl))
3 _ A _1_
VIV e+ i) +e) we\ M (2 vBvn
7 OO = o VAN, Gy
4a; e (A2 +Va3Va) (—1) (—)
= W2 At )Y ¢ +8xae
(zﬁsﬁa) T
e +8A4aZe The SWSs of the generalized Hirota-Satsuma coupled KdV system
(31) can be founded as follows:
VIBV2(x =4 (t+ ) + o
B B T'(B)
mﬁ(x_%(w ) +c1) ( n )
A QD) 4)ae (—22 +VA3V2)
4a;)e 22+ VA3V xb=- B ’
o) = B, jp— 2P0~ (e + )
AN VA 5 1)) ( x ) ’
— A e + 8r4aZe
e +8x4aZe (35)
(32)
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x/)?x/i<x—%(t+ ) +c1)

x
4 A2 4+ VA3V
oty e A( +]fﬁf) .
(chl) (zmﬁ(x_ﬁ(wm) ))
x
e A + 8r4aZe
(36)
w(x, t) =212
B
A 1
mﬁ<x—3<t+w) +c1)
A
40 —AZ + VA3V
| Arae (-2%+ i O
A
2TV 5 (4 1))
(2«/2k3c1) :
e +8A4aZe
(37)

where c; is an arbitrary constant.
Case 1.3:If we substitute Eq. (29) into Eq. (5) and then solve
the obtained equation, we find the auxiliary equation as follows:

(\/ﬁ(g + C]))
pe\ P )2 vBvR)

(zmﬁcl ) (38)

() =

(2\/,\%@“
X
e

) + 8\%ate

The SWSs of the generalized Hirota-Satsuma coupled KdV system
can be founded as follows:

B
mﬁ(xf A(t+ ) +c1)
A

(32 + VI3VA)

*0+am%)

B
A

(zmﬁ(x - (2 i ﬁq)

e + 8r4aZe

(39)

A 1 \#
\/F\/E(X—E(f-‘rw) -‘rC])
A

0+am%)

4)\ae
(Zm«/f(x—’\

(32 + VI3VE)

px,t) =

B
A

(zmﬁc])

e + 8)1%ate
(40)
Ww(x, t) = 2)2
VIa(x =3 (e+ )+ )
x

4)a.e

2VIV2(x - 4

A

(32 + VAIVR)

5

(2m«/§c1)

(t+ 7))

+ 8\%ate
(41)
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where c; is an arbitrary constant.
Case 1.4:If we substitute Eq. (29) into Eq. (5) and then solve
the obtained equation, we find the auxiliary equation as follows:

(mﬁ(; +c1)
4)e
A

A

2VA3V2(x — Atb)
A

The SWSs of the generalized Hirota-Satsuma coupled KdV system

can be founded as follows:

)(—,\2 +VIIV)
(Zmﬂcl )

®() =~

) + 8)\%ale

Jﬁﬁ(xf %(uﬁ)f’m)

A
4raqe (=22 +V23V)
Qx, t)y=— = ;\ B ,
(2ﬁﬁ(x—f(t+w) )) (zmﬁq)
e + 8xr4aZe
(43)
VI3 b e+ o) v
A
4)raqe (22 +VA3V2)
P t)=— = - B -
(2«/7«/§(x—£(t+r(ﬂ)) )) (zmﬁq)
e + 8)1%aze
(44)
wx, t) =212
mﬁ(x_ A+ i) +C1>
A
4rase —A2 +VA3VA
A - — ( O,
Zmﬁ(x—f(t-km) ) (2«/)\73\/21)
e + 8\4a2e
(45)
where cq is an arbitrary constant.
Case 2.1:
B2
a=—k,c=—ﬁ,a0=)\, (46)

a1:0,a2:—b

If we substitute Eq. (46) into Eq. (5) and then solve the obtained
equation, we find the auxiliary equation as follows:

22e(2V=3)
o(2V8) _ po(a/Tar)

D) = eW”“ﬂ)\/ - (47)

The SWSs of the generalized Hirota-Satsuma coupled KdV system
can be founded as follows:

A (e(wik(";E (”ﬁ)ﬁ)) + be(ZH‘:‘)>

B
(vech o)) _ ppavmmmy

Qx, t) = , (48)

e
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a b C

Fig. 10. 3D Plot of (a) Q(x,t) when A =3;b=-1;a, =1;¢; =1; =025;05<x<1; -2 <t <2,(b) Q(x,t) when A =3;a, = 1;¢; =0.25;  =0.50;05 <x < 1; -2 <t < 2,
and (c) Q(x,t) when A =3;a,=1;¢1=1;8=0.7505<x<1; -2 <t <2.

a b C

Fig. 11. 3D Plot of (a) ¢(x,t) when A =3;b=-1;a,=1;¢1 =1;8=0.2505<x<1;-2 <t <2, (b) ¢(x,t) when L =3;a, =1;¢; =0.25; 8 =0.50; 0.5 <x < 1; -2 <t < 2,
and (c) ¢(x,t) when A =3;a, =1;¢,=1;=0.7505<x<1;-2 <t < 2.

(c) o(x,t) when A=3;b=-1;a,=1;¢c1=1;=0.75;05 <x <

1] .
2R (=5 (t+ 1 )) - 1, -2 <t < 2. Fig. 12 shows (a) the real part of u(x,t) when
?~<e< (t+rin) +be(®V=2a1) A=3b=-ligy=1:¢,=1;8=02505<x<1;-2 <t <2
p(x.t) = _ (49) and (b) the imaginary part of u(x,t) when A=3;b=-1;a; =

1,c1=1;=02505<x<1;-2 <t <2. Fig. 13 shows (a)
the real part of u(x,t) when A=3;b=-1;a,=1;¢;,=1;8=

R N 0.50;0.5 <x < 1;-2 <t <2 and (b) the imaginary part of w(x,t)
A(e Zﬂ(x—ﬁ(ww) ) +be(2mcl)> when A=3;a,=1;c,=1;=050;05<x<1;-2 <t <2.

b (e ‘3)
6(2”"‘ Berin) ) v

Fig. 14 shows (a) the real part of w(x,t) when A =3;b=-1;a, =
, (50) 1;c1=1;=07505<x<1;-2 <t <2 and (b) the imaginary

(x, t) =212 =2

B
e(Zﬂ(xf%(Hﬁ) )) b2V ) part .of u(x,t) when A =3;b=-1;a,=1;¢;,=1;8=0.75;0.5 <
x<1;-2<t<?2.
where ¢; is an arbitrary constant. Fig. 10 shows (a) €(x,t) when Case 2.2:If we substitute Eq. (46) into Eq. (5) and then solve

A=3b=-1;a0=1,c1=1;8=02505<x<1;-2<t <2, (b) the obtained equation, we find the auxiliary equation as follows:

Q(x,t) when A =3;a,=1;¢;=1;8=050;05<x<1;-2 <t <

2, and (c) Q(x,t) when A=3;a,=1;¢1=1;=0.75;05 <x <

1, -2 <t < 2. Fig. 11 shows (a) ¢(x,t) when A =3;b=-1;a, =

1;,c1=1;=02505<x<1;-2<t <2, (b) ¢(xt) when q)(é.):\/i\/
46

)»e(z‘/jf)

—e(aVTa) | pe(2vR0) (51)

A=3;b=-1;a,=1;¢1=1;=0.50;05<x<1;-2 <t <2, and

4.
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a b

Fig. 12. 3D Plot of (a) the real part of u(x,t) when A=3;b=-1;a,=1;¢; =1;=025;05<x<1;-2 <t <2 and (b) the imaginary part of w(x,t) when A =3;b=
-1;a=16=18=02505<x<1;-2<t<2.

a b

Fig. 13. 3D Plot of (a) the real part of u(x,t) when A =3;b=-1;a, =1;¢1 =1; 8=0.50;05 <x < 1; -2 <t <2 and (b) the imaginary part of w(x,t) when A =3;a, =
1;¢c1=1;=050;05<x<1;-2 <t <2.

The SWSs of the generalized Hirota-Satsuma coupled KdV system
can be founded as follows:

<2ﬂ(x7%(t+ﬁ)ﬁ ),

(2vV=Fer)
o/ (zmu—%(wﬁ)ﬂ)) pwix.t) = 222 4222 +be (54)
A(e®Va) 4 pe ) s Tt (e 1\
Q.0 = - 0 (52) o), po 2T brn))
eV be<2ﬂ("‘3(t+w) ))
where cq is an arbitrary constant.
s Case 3.1:
AM(e@/ra) 4 be<2ﬂ(x*ﬁ(t+%ﬁ’> ))) b2
@(X,t):— B - A (53) a:—)»,c:——,aoz—)», (55)
2 (e ) ) 4%
_e(@VTTa) 4 be< sUTTE a1 =0,a,=b.
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a b

Fig. 14. 3D Plot of (a) the real part of pu(x,t) when A =3;b=-1;a0=1;¢1 =1;8=0.75;05 <x < 1; -2 <t <2 and (b) the imaginary part of w(x,t) when A =3;b=
-1;a,=1;c1=1,=07505<x<1;-2 <t <2.

a b

Fig. 15. 3D Plot of (a) the real part of Q(x,t) when A =3;b=1;a, =1;¢; =1; § =0.25;0.5 <x < 1; -2 < t < 2 and (b) the imaginary part of Q(x,t) when A =3;b=1;a, =
1;¢1=1;,=02505<x<1;-2<t<2.

If we substitute Eq. (55) into Eq. (5) and then solve the obtained The SWSs of the generalized Hirota-Satsuma coupled KdV system
equation, we find the auxiliary equation as follows: can be founded as follows:

]
2V (=2t =L )
e( * ﬁ(*r(ﬂ)) ) +be(2“/7)‘c'))

T (e ﬁ)
(2«/7(): ,3(“’1“(;3)) ) _i_be(zmcl)

- A(
(e re(2Y=3¢) Qx.t) =
D7) = e(VALH >)\/§\/_e(2ﬂ{)+be(2ﬂq) (56) .
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a

Fig. 16. 3D Plot of (a) the real part of Q(x,t) when A =3;b=1;a, =1;¢c; =1; § =0.50;0.5 <x < 1; -2 < t <2 and (b) the imaginary part of Q(x,t) when A =3;b=1;a;, =
1;¢c1=1;=050;05<x<1;-2<t<2.

a

Fig. 17. 3D Plot of (a) the real part of Q(x,t) when A =3;b=1;a, =1;¢; =1;  =0.75;0.5 <x < 1; -2 < t < 2 and (b) the imaginary part of Q(x,t) when A =3;b=1;a, =
1;¢1=1,=07505<x<1;-2 <t <2.

(58)

(59)

449

where c¢; is an arbitrary constant. Fig. 15 shows (a) the real
part of Q(x,t) when A=3;b=1;a,=1;¢1=1;8=0.25;0.5 <
X<1;,-2 <t <2 and (b) the imaginary part of Q(x,t) when
A=3b=1a=1;1=1;8=02505<x<1;-2 <t <2.

Fig. 16 shows (a) the real part of Q2(x,t) when A =3;b=1;a, =
1,61 =1;=050;05<x<1;-2 <t <2 and (b) the imaginary
part of Q(x,t) when A=3;b=1;a,=1;¢1=1;8=0.50;0.5 <
Xx<1;,-2 <t <2. Fig. 17 shows (a) the real part of Q(x,t)
when A=3;b=1;a,=1;¢1=1;=07505<x<1;-2 <t <2
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a

Fig. 18. 3D Plot of (a) the real part of ¢ (x,t) when A =3;b=1;a, =1;¢; =1; § =0.25;05 <x < 1; -2 < t < 2 and (b) the imaginary part of ¢(x,t) when A =3;b=1;

1;c1=1;=02505<x<1;-2<t<2.

a =

a

Fig. 19. 3D Plot of (a) the real part of ¢ (x,t) when A =3;b=1;a, =1;¢; =1; § =0.50;0.5 <x < 1; -2 < t < 2 and (b) the imaginary part of ¢(x,t) when A =3;b=1;a;, =

1;c1=1;=050;05<x<1;-2<t<2.

and (b) the imaginary part of Q(x,t) when A =3;b=1;a, =
1,6 =1;8=07505<x<1;-2 <t <2. Fig. 18 shows (a)
the real part of ¢(x,t) when A=3;b=1;a,=1;¢;=1;8=
0.25;0.5 <x <1;-2 <t <2 and (b) the imaginary part of ¢(x,t)
when A =3;b=1;a,=1;¢1=1; =02505<x<1;-2 <t < 2.
Fig. 19 shows (a) the real part of ¢(x,t) when A =3;b=1;a; =
1, =1;8=050;05<x<1;-2 <t <2 and (b) the imaginary
part of ¢(x,t) when A=3;b=1;a,=1;¢c1=1;8=0.50;0.5 <
x<1;,-2<t <2 Fig. 20 shows (a) the real part of ¢(x,t)
when A =3;b=1;a,=1;¢1=1;=07505<x<1;-2 <t <2
and (b) the imaginary part of ¢(x,t) when A=3;b=1;a; =
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1;c1=1;=07505<x<1;-2 <t <2. Fig. 21 shows (a)
the real part of w(x,t) when A=3;b=1;a,=1;¢;=1;8=
0.25;0.5 <x <1;-2 <t <2 and (b) the imaginary part of w(x,t)
when A =3;b=1;a00=1;¢1=1; 8=02505<x<1; -2 <t < 2.
Fig. 22 shows (a) the real part of u(x,t) when A =3;b=1;a, =
1;c1=1;=050;05<x<1;-2 <t <2 and (b) the imaginary
part of w(x,t) when A=3;b=1;a,=1;¢c;=1;8=0.50;0.5 <
x<1;-2 <t < 2. Fig. 23 shows (a) the real part of u(x,t) when
A=3;b=1a0=1;c1=1;=07505<x<1;-2<t <2 and
(b) the imaginary part of w(x,t) when A=3;b=1;a, =1;¢1 =
1;8=07505<x<1;-2<t<?2.
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a b

Fig. 20. 3D Plot of (a) the real part of p(x,t) when A =3;b=1;a, =1;¢; =1; 8 =0.75;0.5 <x < 1; -2 < t < 2 and (b) the imaginary part of ¢(x,t) when A =3;:b=1;a; =
1;c1=1;=07505<x<1;-2<t<2.

a b

Fig. 21. 3D Plot of (a) the real part of u(x,t) when A =3;b=1;a, =1;¢, =1; 8 =0.25;0.5 <x < 1; -2 < t < 2 and (b) the imaginary part of ;t(x,t) when A =3;b=1;a, =
1;¢1=1;=02505<x<1;-2<t<2.

Case 3.2:If we substitute Eq. (55) into Eq. (5) and then solve (2 W= (t+ e )ﬂ))
the obtained equation, we find the auxiliary equation as follows: o(x. ) X(e(zﬂfl) + be PRI ) 2 (62)
s = B - )
— V== (t+ =1 ) )
2.e(2V1) _e(2vTer) (2 #(crrin) )
®() = (60) e + be

—e(Va) 4 pe(2Vit)

The SWSs of the generalized Hirota-Satsuma coupled KdV system

B
can be founded as follows: <2«/j(x—%(t+ﬁ) )

)

)L)»(e(zv 1) 4 pe
s
(2«/-)\(;«- z (r+fF gﬂ)) ))

(63)

(24Fe) <2ﬂ(x—%(t+ﬁ)ﬂ)> px£) =232 =2
A +be ) (61) _e(2Ve) | pe

Qx,t) = - IR
1
_e(®VTa) | be(ZV *“"7(”%) ))

where cq is an arbitrary constant.
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a

Fig. 22. 3D Plot of (a) the real part of u(x,t) when A =3;b=1;a, =1;¢;, =1; 8 =0.50; 0.5 <X < 1; -2 < t < 2 and (b) the imaginary part of u(x,t) when A =3;:b=1;a; =

1;¢1=1;=050;05<x<1;-2 <t <2.

a

Fig. 23. 3D Plot of (a) the real part of u(x,t) when A =3;b=1;a, =1;¢;, =1; 8 =0.75;0.5 <x < 1; -2 < t < 2 and (b) the imaginary part of u(x,t) when A =3;b=1;a; =

1;,c1=1;,=07505<x<1;-2<t<2.

5. Conclusion

The auxiliary equation method has been successfully applied to
solve two different nonlinear fractional differential equation sys-
tems with beta derivative. Therefore, we have showed that this
technique can be applicable to the fractional order nonlinear sys-
tems. According to all our new results, this technique is considered
direct, standard, and computerizable where complicated algebraic
calculations can be easily done with the help of this technique. All
solutions in this work have been obtained using MAPLE software.
This technique can be further extended to solve various nonlin-
ear fractional differential equations that arise from mathematical
physics, solitons’ theory, and multidisciplinary sciences. Since we
have not used a standard equation as an auxiliary equation for this
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technique, this technique has the potential to give different and
fresh solutions.
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