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The current work aims to present abundant families of the exact solutions of Mikhailov-Novikov-Wang
equation via three different techniques. The adopted methods are generalized Kudryashov method (GKM),
exponential rational function method (ERFM), and modified extended tanh-function method (METFM).
Some plots of some presented new solutions are represented to exhibit wave characteristics. All results in
this work are essential to understand the physical meaning and behavior of the investigated equation that
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1. Introduction

Nonlinear phenomena are observed in many areas such as
plasma physics, hydrodynamics, fluid mechanics, optics, and quan-
tum electronics. For a better understanding of the tendency of
these areas, one usually uses nonlinear partial differential equa-
tions (NLPDEs), particulary some interesting models arising from
Boussinesq equation (see [28,29]). Many mathematical approaches
have been proposed to investigate the exact solitary wave solutions
like, unified strategy [1], Painlevé approach [2], Wronskian formu-
lation [3], linear superposition principle [4], Hirota bilinear method
[5], inverse scattering method [8], invariant subspaces [9], Nucci’s
reduction strategy [10], and symmetry reduction strategy [11].

The GKM is considered as a very convenient strategy to gener-
ate the analytical solutions of NLPDEs [16]. The fundamental con-
cept was generalized to a so-called transformed rational function
strategy [12,13]. There are assorted sorts of Kudryashov strategies
in the existing literature such as the Kudryashov procedure, ex-
tended Kudryashov procedure, and modifed Kudryashov procedure.
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The ERFM is straight, simple, and effective to apply where it can
be applied to a lot of NLPDEs for seeking exact traveling wave solu-
tions. This procedure is advantageous since it applies to equations
with a high balancing number. In other analytical solution proce-
dures, as the balancing number becomes higher, the computational
cost increases.

The METFM is an applicable strategy for lots of NLPDEs. With
this method, we obtain a much wider solution family than the tanh
and the extended tanh methods.

In our work, we are inspired to study essential equations in
many physical applications, known as Mikhailov-Novikov-Wang
equation (MNWEq), which can be expressed as follows:

q)tt = cDxxxt + SCqu)xt + 4q>qu)t
- 2q:‘xcbxxxx - 4q>qu)xxx - 24(1))2( cDxx~ (1)

This is an integrable equation with a dynamical behavior where by
the differential polynomial ring’s extension, a well-known equa-
tion in nonlinear science, named Boussinesq equation, belongs to
this classification [17,38,39]. Therefore, studying this equation can
provide a good understanding to many interesting nonlinear scien-
tific phenomena in physics and oceanography. This topic is of cur-
rent research interests and the results provide an essential tool to
understand nonlinear wave phenomena. In general, with the help
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Fig. 1. The figure of the solution of ®;(x,t) founded in Eq. 18 when C; =2,C =0.
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Fig. 2. The figure of the solution of ®,(x,t) founded in Eq. 19 when G; =2,C =0.

of the Hirota bilinear method, N-soliton solutions can be system-
atically studied for both (1 + 1)-dimensional integrable equations
[44] and (2 + 1)-dimensional integrable equations [45,46]. In addi-
tion, other novel interesting equations in (2 + 1)-dimensions have
been studied [47,48].

Recently, several research works have been done on investigat-
ing various classes of differential equations in the sense of frac-
tional calculus [20,21,30-37] because fractional derivatives can pro-
vide a powerful tool for interpreting many physical systems that
cannot be interpreted using the integer derivatives. Many systems
possess a memory effect, therefore, there is a need for model-
ing such systems with the help of fractional derivatives. All frac-
tional definitions have both advantages and disadvantages. To over-
come the challenges of finding analytical solutions for certain sys-
tems modeled in the sense of nonlocal fractional derivatives, con-
formable derivative [49], type of local fractional derivative, can of-
fer a simple tool to deal with several differential equations, partic-
ularly NLPDEs, by solving them analytically [6,7,25] in a very sim-
ple way in comparison to the classical fractional derivatives which
may require some new and generalized numerical techniques and
approximations (see [40-43] for more related applications via con-
formable definition). Various recent studies have been dedicated to
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Fig. 3. The figure of the solution of ®;(x,t) founded in Eq. 21 when C = 0.
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Fig. 4. The figure of the solution of ®,(x,t) founded in Eq. 22 when C = 0.

the mathematical analysis of fractional operators and conformable
definition including their essential properties [14,15,19,23,26].
While some essential research studies related to ocean engi-
neering and science have been recently conducted such as the in-
vestigation of the extended (2 + 1)-dimensional Boussinesq equa-
tion’s exact solutions via by the method of Lie symmetry anal-
ysis [50], 5t"-order nonlinear water wave equation via the The
Kudryashov methods [51], complex nonlinear Davey-Stewartson
equations via the techniques of extended exponential function and
Khater II [52], and (2 + 1)-dimensional Korteweg-De Vries equa-
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Fig. 5. The figure of the solution of ®5(x,t) founded in Eq. 23 when C=0,c=—1.

Fig. 7. The figure of the solution of ®g(x,t) founded in Eq. 27 when C=0,c = —1.

tion with time-variable coefficients via the techniques of simpli-
fied Hirota and long wave [53], our study is unique and novel be-
cause the MNWEq is rarely discussed in other previous research
students, and according to the best of our knowledge, it is the first
time ever this particular equation has been studied using three dif-
ferent techniques which can offer new direction to understanding
nonlinear wave phenomena that play an essential role in oceanog-
raphy and costal engineering due the common relation between
integrability and water waves’ phenomena.

105

Journal of Ocean Engineering and Science 8 (2023) 103-110

Fig. 8. The figure of the solution of ®1o(x, t) founded in Eq. 28 when C=0,c = 1.

Fig. 9. The figure of the solution for &y, (x,t) founded in Eq. 29 when C = 0.

Analytical solutions of this equation have been founded via the
(G'/G)—expansion’s strategy [18]. The motivation of this current
work is to generate new analytical solutions to the MNWEq and
plot 3D graphs of the solutions. For this purpose, we implement
GKM, ERFM, and METFM. Therefore, the physical meaning of the
dealt model can be interpreted.

Next, this manuscript is divided into the following remaining
sections: In Section 2, the adopted strategies will be presented.
Section 3 provides new exact solutions and plots 3D graphs of the
dealt model. Finally, we conclude our work in section 4.

2. Methodology

The methodology of three different approaches, namely GKM,
ERFM, and METFM will be described respectively in this section.
The following NLPDE is considered:
P(D, D¢, Oy, O, iy, ...) =0, (2)

where ® and P represent an unknown function and a ®’s poly-
nomial with its partial derivatives, respectively. Firstly, to solve
Eq. (2), a traveling wave transformation (TVS) is used as:

P(x.t)=¢(§).§ =x—ct, 3)
where the speed of the wave is represented by c. From TVS,
Eq. (2) is reduced to ODE as:

Q(¢, ¢/7 ¢H, ¢///, . ) — 0 (4)
Here prime denotes derivative w.r.t £. Eq. (4) should be integrated
term by term once or more times.
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2.1. The generalized Kudryashov method (GKM)

Conforming to this procedure, the reduced equation’s desired
solution is formed by K(£)’s polynomial as [16]:

Yo aiKi(§)
Y obiKi)

where a;(i=0,1,...,n),b;(j=0,1,...,n) are constants to be de-
termined (ay # 0, by # 0) and K = K(§) is the solution of

b)) = (5)

dK 5

E_K (§) —K(&). (6)
The solution of Eq. (6) written as:

K(E) = ﬁ, C; is integration constant . (7)

According to the principle of homogeneous balance (PHB), one can
easily verify the positive integer N in Eq. (5) from Eq. (4). Fi-
nally, we can obtain a polynomial of K by subrogating Eq. (5) into
Eq. (4) along with Eq. (7). Here, we equate all the coefficients of
polynomial K to O to obtain an algebraic equation system. This sys-
tem’s solutions with the assistance of computer software gives the
values of g;(i=0,1,..., n),b;(j=0,1,...,n). Finally, one may ob-
tain the soliton-type solutions of the reduced Eq. (4) by substitut-
ing these obtained values and Eq. (6) into Eq. (5).

2.2. The exponential rational function method (ERFM)

Step 1. Let us suppose that the Eq. (4) solution can be con-
structed similarly to some previous studies concerning the analyt-
ical solutions to NLPDEs in the context of conformable derivative
via the methods of simple equation and ERFM [22], and motivated
by a generalized method of ERFM in [24] for solving exactly:

N
Y P —
g (1+e8)n

where ay (ay # 0) are constants to be found later. Let us deter-
mine the integer N by balancing the highest order linear term
(HOLT) with the highest order nonlinear term (HONLT) in Eq. (4).

Step 2. Substitution of Eq. (8) into Eq. (4) and collection ev-
ery single term with the same order of e (n =0, 1, 2,...) together
make into the LHS of Eq. (4) another polynomial in e. Then,
all coefficients of this polynomial are equated to O yielding alge-
braic equations for a; undetermined parameters. Finally, when this
equation system is solved, a variety of exact solutions for Eq. (2) is
constructed.

(8)

2.3. The modified extended tanh-function method (METFM)

We will now deal with METFM to provide all necessary infor-
mation. The explicit solution of Eq. (4) can be written as:

N . o
b (&) =ao+z(ai(w(s»’ FhVEN ). 9)
i=1

Here: ag,a;, b; (i=1,..., N)are constants which need to be ob-
tained. In addition, ay, by can not be zero together namely ay #
Oor by # 0. N is the balance term calculated via PHB. In Eq. (9),
¥ (€) satisfies the Riccati equation in the following form:

Y'(E)=b+ (Y (E) (10)

Here: b is a constant. The known solutions of the Riccati equation
are given as follows:
Hyperbolic solutions: If b < 0,the following solutions are given:
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¥(§) = —v/~btanh (v/=bE ) or yr(§) = ~/~beoth (/b5 ).
(11)

Trigonometric solutions: If b > 0,the following solutions are
given:

¥(&) = Vbtan (Vbg ) or v (§) = v-beot (Vb ). (12)
Rational solution: If b = 0,the following solution is given:
1
=——. 3
V(&) £ (13)

If we put Eq. (9) and Eq. (10) in Eq. (4), we get a polyno-
mials in ¥{(£).Then, by equating each resulted polynomial’s co-
efficient to 0, an over-determined set of algebraic equations for
b,c,ag,a;,b; (i=1,...,N) is obtained. If we solve obtained system
via MAPLE software, we get various values of b, c, ag, a;, b;. Finally
we get exact solutions of the given partial differential equation[27].

3. Mathematical analysis

In the current section, some MNWE(Q's exact traveling wave so-
lutions are constructed via GKM, ERFM, METFM.

The TVS is used in Eq. (3) for solving Eq. (1). If we apply
Eq. (3) to Eq. (1), we obtain following ODE:

2d2d> d*d 6 d dod 2 2d dd d3d
“aer Tlagr Y\ ) | TeaE\aE ae
d [ (2o’ d {(do\’
' dg((dé) )+8ds(<ds> ):O' o

Then, by integrating the obtained ODE w.r.t £, we get: following
ODE:

c2d£+ch—¢+6c e 2+2 o)) (o
dg " dE3 dg g )\ d&3
2o do

2 3
c(5) +s(5) -0

where J is the constant of integration. Putting ¢ instead of &’ in
Eq. (15), we obtain following ODE:

209+ ¢ +(¢)" +8¢ +6cp” + ¢+ = 0.

(15)

(16)
3.1. Exact solutions via the GKM

Based on the principle of homogeneous balance, one may find
that N=M+ 2. If we set M =1, we can obtain N = 3. Therefore,
we can express the solution as:

¢($) _ ag + Chl;-i— (12K2 + a3K3 ’
o+ b]K

where K = K (&) is the solution of the Eq. (6). Then, we substitute

Eq. (17) into Eq. (16) and utilize Eq. (6). Then, we equate all co-

efficients of the functions K* to 0. So, we can obtain the following

equation system. Here ag, a1, a,, azbg, by and J are the parameters.

R : 16a3b? + 8a3by = 0,

(17)

R® : 20a,a3b% — 28a3b7 + 8a3bg + 24a,a3by + 44a3bob; = 0,
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R® : —34aya3b? + 6calb? + 24a,a3b + 12a2b? + 58a,a3bob,
+ 6¢cb3az + 5a3b? + 12a,a3b3 — 78a3b0b1

+ 24a1a b; + 24a2a3b1 + 33a b

R” : 34a3bob, — 60a3b3 + 24a3asbo + 8apasb? — 20a,a3b3
+ 8a3by + 4ayayb? 4 36a;a3bob; — 8a3b? + 48aya3b?
— 100aya3bob; + 12ca3bob; + 2ch3a; — 10ch3as
+ 24a1a3b0 + 24a0a3b1 + 48aiayasb; + 126(12(13b
+ 14aa3b? + 16a3bob;y + 22choasb? =0,

R : 2apayb? + c*azb? — 26a2bob; + 34a;ash3 + 4chas
+ 16a3b3 + 6¢ca3b? + 6caZb? + 8a,ash? — 14apash? — 6a;a,b?
— 3ch3a, + 24apa2by + 24a2ash; + 24a,a3b; — 86a,a3b3
+ 48agazasb, + 22ag9aszbgb; + 14a,a,b9b1 — 60a;asbgbq
+ 42a,a3bgb; + 48a;jayazbg + 8choazb? — 37chgash?
+ 28ch3ash; + l2ca1a3b% + 24cayazbgb; + 3a3b?
+ 8a3bg + 27a2b3 =

R : 24apasb3 + 20a;a;b3 — 4apayb? + 10a3bob; — 60a;azb3
+ ayb? 4+ 12¢bas + 4apazboby — 36agazboby — 20a;azboby
+ 24ayasboby — 12chpayb? + 15¢chpazh? + 12chiaz b,
— 48ch3asb; + 24cajazboby + 12cagash? + 12ca;a,b?
— 28a3b3 + 24apa3b, + 24a2a;by + 24a%azhg + 24a,a2bg
+ 6agazb? + 2a;a,b? + chia, + 38aya3b3 + 48aparazh;
+ 48apazazhg + 3c2ashob? + 12cayazb3 + 12cazbgh; =0,

R*: — 42agasb? — 34a;a;b3 + 2aoa; b2 + 6¢bia, — ch3ag
+ 26a;ash3 — 6apa;boby — 4agayboby + 14agashob,
+ 6a;a;boby + 4choayb? — 19ch3azby + 20ch3ashy
+ 24cagashoby + 24ca;azboby + 12caqash3 — 21chjas
+ 8a3by +Jb% + b3a + 12a2b3 + 24a3asb; + 24aga3by
+ 24a3a,bg 4 6¢ca3b3 + 6cazb? + 12apa,b3 + 2a3bob,
—2a1b2ag + c2a1b3 + 48apa;ashy + 12cagazb? + 3c?azbob?
+ 5a3b% + 3c%azb3b; + 2chia;b3 + ch2a; by
— 2cb?aphg 4 48aga azb; =0

R3 : 18apazb3 + 14a;a;b3 + 2cb3a; + cagh3 — 10cha;
+ cb3ag + 8a3bg + 4apa; b3 — 4b1a3by — 8a2b3 + 12apa; boby
+ 7cb3azby — 2a3boby + c2ash} + 9chias + 12capash?
+ 12ca;ayb3 + 24capazboby — 4b%a3 + 24aday by + 24a3ashy
+ 24(100%1)1 + 4]bob? - ZOaOaZb%, + 362a2b5b1 + 48aga, Clzbo
— 2cb3biag — 2¢chya b3 — ch?ayby + 12ca;b3ag + 12ca?bob,
+ 3caybob? 4 2a,b3ag + 2ch?aghy = 0

R? : 12capay b3 + 8agay b3 — 6aga; b3 + 24a2a; by + 24aga?by
+ 3cb3biag + 4cba, + 3a?b3 — 6apa;boby + 3b%a3 + 3c2aghob?
+ c2ayb3 + 3c?a;b3by + 6Jb3b? + 24aday by + 6¢b3a’
+ 6cazb + 6byazbg + 24capa;boby — 3chia; =0,
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800b1 +3c a0b2b1 — Cbzb] dp — 2b1a%b0 +C a1b3
+ 12caga; b3 + 4Jb3b, + cb3a; + 12cbya3by
+ 24ada; by + 2apa; b3 = 0
RO Jbg + c2aob3 + 6ca3b? + 8a3by = 0

The solutions of these algebraic equations have been obtained
the help of symbolic computation software: MAPLE. Hence, two
cases are given as follows:

Case 1:

J=0,a0=0,a; =2bg,a, = —2by + 2by, a3

Next, by subrogating the acquired values into Eq. (17) with
Eq. (7) and ¢ = @/, we get the MNWEQ’s soliton-type solutions as
follows:

=—2b,c=-1.

-2

P1(x.1) = 1+ Ci(cosh(x +t) + sinh(x +t)) +

(18)

where C; and C are arbitrary constants and

Case 2:
1 bo bl
J——ﬁ,ao——?,a] 3 +2b0,
a; = Zb] —2b0,(13 = —2b1,C= 1.

Next, by subrogating the acquired values into Eq. (17) with
Eq. (7) and ¢ = @/, we get the MNWEQ's soliton-type solutions as
follows:

-2
Dy (x,t) = 1+ C (cosh(x —t) + sinh(x — 1))
_ In(cosh(x— ) +sinh(x—0)) (19)

3
where C; and C are arbitrary constants and

3.2. Exact solutions via the ERFM

From PHB, the balancing number can be founded as N = 2. In
this way, we can set the solution as:

a1 a

PE) =0t G T e
By substituting Eq. (20)into the reduced equation Eq. (16) and
collecting every single term with the same order of e (n=
0,1,2,3,4,5,6) together, we get a polynomial of e. Then, we
equate each of this polynomial’s coefficient to 0 yielding a set of
algebraic equations for ag, ay, ap,c and J. Finally, this system is
solved to get a variety of exact solutions for Eq. (1).

(20)

€% : ]+ 8a3 + c2ap + 6ca = 0,

e’ : 48a3 + 6] + 12capa; + c?a; + cay

+ 36¢a3 + 24a3a; + 6¢2ag + 2apa; = 0,

e* : 120a] + 15] + 3a? + 60capa; + 12caga, + c*a,
+ 4apa; + 15c%ag + 6¢a? + 5¢%a; + 8apay + 2ca;
+ 4cay + 90cad + 24aka; + 24apat + 120a3a; =0,

e® : 160a} + 8a3 + 20] + 48aga;a; + 120capa; + 48capa, + 4a2
+ 12cayay 4 4c%ay 4+ 120cd3 + 20c%ap + 10c%a; + 12a5a,
+ 14a;a; + 96a3a, + 96apa? + 240a3a; + 24ca? + 6cay = 0
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e?

: —a? + 1243 + 120a3 + 24a3 + 144apa;a; + 120capay
+ 72capa; + 36caa; + l44a5a2 + 8aya, — 4apaq
+ 15¢%ag + 10c%ay + 90caj + 144aga? + 240a3a; + 15]

+ 24003 + 24d2a, + 36¢a? + 6¢a3 + 6¢%a; — 2car =0,

el 16/ + 48a3 + 144apa;a; + 60capa; + 48caga; + 36¢a;a;
+ 4c%ay — 4a3 — 2a3 + 24a3 + 36¢a3 + 6¢%ag + 96a3a;
+ 96apa? + 120a3a; + 48apa3 + 48a2a, + 24a,a3 + 5¢2a;
+ 24ca? + 12ca2 — 2apa; — 4aga, — ca; — 2ca; — 6aya; =0,

€% : 6cag + c2ag + 24ada; + 24a0a? + 24ada; + 24a0a3 + 24d%a,

+ 24a,03 + 6¢a? + 6ca? +J + 48apa;a; + 12capa;

+ 12capay + 12caya; + c?a; + c*ay + 8a3 + 8a3 + 8a3 = 0.

Case 1:
J=0,a0=0,a1 =2,a,=-2,c=-1.
Then, subrogation of these values into Eq. (20) gives soliton-type
solutions of the MNWE(Q’s as:

-2

0] = -
3(x.0) 1+ cosh(x +t) + sinh(x +t) +

C

(21)

where C is the integration constant where it is not strictly positive.
By comparing this solution with the one obtained in Eq. (18),

we can say that this solution is the same when we set C; = 1.
Case 2:

1

1
J:_ﬁ’a0:_7’a1:2,(122—2,(3:].

3

Then, subrogation of these values into Eq. (20) gives soliton-type
solutions of the MNWE(Q’s as:

x—t 2
Dy(x,t) = — — - C. 22
) 3 1+ cosh(x —t) +sinh(x —t) + (22)
3.3. Exact solutions via the METFM
By substituting Eq. (9) into the Eg. (16), we get
a system. Then, by equating the coefficients of /(&)

(j=0,£1,£2,43,+4, £5,4+6) to 0, we get a system of alge-
braic equations as:

¥®:8a3 + 1643 = 0,
V> : 24a;a3 + 20a;a; = 0,

Y4 1 a3 (24b + 24ay + 6¢) + a3 (5 + 24ay) + 12apa, + 6ca; = 0,

Y3 : 24a,a,b + 4aga; + 12b1a, + 4ay (a1 — by)
+ 8bya3 + 16a0a,a; + 8a; (2a0a; + a3)
+ 16a; (apa; + byay) + 12caa; + 2ca; = 0,

Y2 : 4ayb; + 4a;by + 16bagay + 4bat + 4ay(b*a; + b,)
+ 2a,(ba; — by) + 4a3b? + 8b,a3 + 16bya;a,
+ 809 (2a0a; + a}) + 16a; (aga; + b1ay)
+ 80y (af + 2a1by + 2azb;) + 6¢(2a0a; + a7)
+ c%a, + 8bca, =0,
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1,01 : 16bb1a2 + 4baoa1 + 4a, (bzaz + bz) + 4ba2 (a1b — b])
+ 16b2(11(12 + Sb] (2(10(12 + a%) + 1649 ((10(11 + blaz)
+ 8a4 (a% +2a1by + 2a2b2) + 16a; (b1ag + byay)

0,

+ 12c(a0ay + byay) + c?a; + 2bca;
¥~ : 16b%b* + 8b3 = 0,

Y5 1 20b%byby + 24b3b; =0,

Y " b5 (24b + 24ag + 6¢) + b3 (5b + 24b;)
+ 12b2(10b2 + 6b2Cb2 =0,

1,[/73 : 4b2(10b1 + 12b2(1] b, + 24bbb, — 4bb, ((11b - b])
+ 16b, (b1ag + baaq) + 8bq (2a0b2 + b%) + 16aqb1 b,
+ 8ayb3 + 12cbyby + 2b*chy = 0,

Y2 1 4by (b*az + by) + 4bb3 + 16bagh; + 4b%(a1by + azby)
—2bby (a1b — b1) + 4b5 + 8by (a5 + 2a1b1 + 2azb,)
+ 16b1 (b1ag + byay) + 8ag(2agb, + b?)
+ 16y baby + 8azb3 + 6¢(2aob; + b3) + ¢2by + 8bch, = 0,

Y"1 4by(b*az + by) + 4baghy — 4by (bay — by)
+ 16b(aoay + byaz) + 8by (a§ + 2a1by + 2azb;)
+ 16ag(aohy + a;by) + 8ay (2agb, + b?)
+ 12c(aghy + aiby) + c¢?by + 16a,b,b; + 16bbya; + 2cbb; = 0,

Y0 : 6bay by + 16basb; + 8ag(ag + 2a;by + 2a;b,)
+ 16a; (aghy + a1by) + 8az(2agb, + b?)
+ 6¢(ag + 2a1by + 2azb7) + (arb — by)?
+ 4ag(b*az + by) + 2c(b?az + by) + *ap
+ 16by (apa; + byay) +] = 0.

If we solve above system, we get six cases.

Case 1:
2
(10:—%,(11:0,(12:0,1?:%,1)1ZO,bzz—%,CIC,]ZO.

Then, exact solutions are given by in the following form.
When b < 0,

C
Q5 (x,t) = — +C (23)
~/—ctanh (@)
When b > 0,
dox )= — Y i (24)

tan (L(’;’“))

When b =0, we obtain zero solution and C is the integration
constant.

Case 2:
c c c2 c3
(1026,(11=0,02:0,b=—z,b1=O,b2:—§,C=C,]= ﬁ
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When b < 0,
Vex—ct
R e O S
) 3 tanh (@) (25)
Jcln (tanh ﬁ<§*€f>>71)
+ 3 +C
When b > 0,
2carctan (tan (@))
Pg(x,t) = —
g(x, 1) e
: (26)

+C
/—ctan (F(x ct))

When b =0, we obtain zero solution and C is the integration
constant.

Case 3:
Go=—5.0=0,0,= -2, b = %,bl =0,by=0,] =0.
When b < 0,
ctanh <7(" C”)
When b > 0,
®ro(x.t) = —/Ctan (f(x Ct)) +C (28)
When b =0,
2
CD]] (X, t) = ; +C, (29)
where C is the integration constant.
Case 4:
c c c3
ap = 6,a1 =0,a2=—2,b=—1,b1 :O’bZZO’]:_ﬁ'
When b < 0,
ﬁ(ﬁ(x —ct) — 3tanh (@))
DPpp(x,t) =— 3 +C (30)
When b > 0,
<~/ c(x—ct) —3tan ( = Ct)))
Di3(x,t) =~ +C (31)

3J/-c
When b = 0, the same as solution Eq. (29) is obtained and C is
the integration constant.

Case 5:
c ¢
a():—Z,Ch 0,a; = -2, b—E bl Osb2:_m7]:0'
When b < 0,

¢ <_ sinh ( ‘/j‘(:’”) )]cosh (7#7(:7::)) —2tanh (@)>

Pt VAVESS +C.

(32)
When b > 0,
! Je(x—ct)
ﬁ(sm(ﬁam)ms(w) —2cot (4))
4 7

Di5(x,t) = — . e

(33)

When b = 0, the same as solution Eq. (29) is obtained and C is
the integration constant.
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Case 6:
c c c2
aozfﬁ,(h =0,az=72,b=7ﬁ,b1 =0,b2 =7ﬁ,1=0.
When b < 0,
Jctanh (L(’j{“)) e
Dig(x, t) = D) + 5( o
C(X—Ci
2tanh <f>
2./cln (tanh (ﬁ(" Ct)) )
3
2./cln (tanh (ﬁ ) )
+ 3 +C (34)
When b > 0,
St = (=) c
17X, 1) = -
2/—c J=c(x—
2./—ctan (#)
4carctan (tan (@))
- +C. (35)

3J/-c
When b = 0, the same as solution Eq. (29) is obtained and C is
the integration constant. The 3D graphical representations of some
obtained solutions in this study are shown in Fig. 1, 2, 3, 4, 5, 6, 7,
8and 9.

4. Conclusion

Three different approaches, the GKM, ERFM, and METFM have
been utilized to procure new soliton-type solutions of MNWEq.
Some results are plotted 3D to understand the dynamics of so-
lutions. From our obtained results, our results can be converted
to each other by setting the parameters as special values. All our
results open a new door to all other researchers to solve many
NLPDEs in various oceanographic applications via the three stud-
ied techniques. Our results can be further extended to solve vari-
ous other equations of Boussinesq type due to their importance in
understanding several nonlinear phenomena, and the obtained so-
lutions’ stability analysis can be also investigated in future works.
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