
Journal of Ocean Engineering and Science 8 (2023) 103–110 

Contents lists available at ScienceDirect 

Journal of Ocean Engineering and Science 

journal homepage: www.elsevier.com/locate/joes 

Original Article 

New exact solutions of the Mikhailov-Novikov-Wang equation via 

three novel techniques 

Arzu Akbulut a , Melike Kaplan 

b , Mohammed K.A. Kaabar c , ∗

a Mathematics-Computer Department, Art-Science Faculty, Eski ̧s ehir Osmangazi University, Eski ̧s ehir, Turkey 
b Department of Computer Engineering, Engineering and Architecture Faculty, Kastamonu University, Kastamonu, Turkey 
c Institute of Mathematical Sciences, Faculty of Science, University of Malaya, Kuala Lumpur 50603, Malaysia 

a r t i c l e i n f o 

Article history: 

Received 29 September 2021 

Revised 18 October 2021 

Accepted 9 December 2021 

Available online 14 December 2021 

MSC: 

00A69 

26A33 

68W30 

Keywords: 

Exact solutions 

Generalized Kudryashov method 

Modified extended tanh-function method 

Symbolic computation 

PDEs 

a b s t r a c t 

The current work aims to present abundant families of the exact solutions of Mikhailov-Novikov-Wang 

equation via three different techniques. The adopted methods are generalized Kudryashov method (GKM), 

exponential rational function method (ERFM), and modified extended tanh-function method (METFM). 

Some plots of some presented new solutions are represented to exhibit wave characteristics. All results in 

this work are essential to understand the physical meaning and behavior of the investigated equation that 

sheds light on the importance of investigating various nonlinear wave phenomena in ocean engineering 

and physics. This equation provides new insights to understand the relationship between the integrability 

and water waves’ phenomena. 
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. Introduction 

Nonlinear phenomena are observed in many areas such as 

lasma physics, hydrodynamics, fluid mechanics, optics, and quan- 

um electronics. For a better understanding of the tendency of 

hese areas, one usually uses nonlinear partial differential equa- 

ions (NLPDEs), particulary some interesting models arising from 

oussinesq equation (see [28,29] ). Many mathematical approaches 

ave been proposed to investigate the exact solitary wave solutions 

ike, unified strategy [1] , Painlevé approach [2] , Wronskian formu- 

ation [3] , linear superposition principle [4] , Hirota bilinear method 

5] , inverse scattering method [8] , invariant subspaces [9] , Nucci’s 

eduction strategy [10] , and symmetry reduction strategy [11] . 

The GKM is considered as a very convenient strategy to gener- 

te the analytical solutions of NLPDEs [16] . The fundamental con- 

ept was generalized to a so-called transformed rational function 

trategy [12,13] . There are assorted sorts of Kudryashov strategies 

n the existing literature such as the Kudryashov procedure, ex- 

ended Kudryashov procedure, and modifed Kudryashov procedure. 
∗ Corresponding author. 
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The ERFM is straight, simple, and effective to apply where it can 

e applied to a lot of NLPDEs for seeking exact traveling wave solu- 

ions. This procedure is advantageous since it applies to equations 

ith a high balancing number. In other analytical solution proce- 

ures, as the balancing number becomes higher, the computational 

ost increases. 

The METFM is an applicable strategy for lots of NLPDEs. With 

his method, we obtain a much wider solution family than the tanh 

nd the extended tanh methods. 

In our work, we are inspired to study essential equations in 

any physical applications, known as Mikhailov-Novikov-Wang 

quation (MNWEq), which can be expressed as follows: 

tt = �xxxt + 8�x �xt + 4�xx �t 

− 2�x �xxxx − 4�xx �xxx − 24�2 
x �xx . (1) 

his is an integrable equation with a dynamical behavior where by 

he differential polynomial ring’s extension, a well-known equa- 

ion in nonlinear science, named Boussinesq equation, belongs to 

his classification [17,38,39] . Therefore, studying this equation can 

rovide a good understanding to many interesting nonlinear scien- 

ific phenomena in physics and oceanography. This topic is of cur- 

ent research interests and the results provide an essential tool to 

nderstand nonlinear wave phenomena. In general, with the help 
access article under the CC BY-NC-ND license 
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Fig. 1. The figure of the solution of �1 (x, t) founded in Eq. 18 when C 1 = 2 , C = 0 . 

Fig. 2. The figure of the solution of �2 (x, t) founded in Eq. 19 when C 1 = 2 , C = 0 . 
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Fig. 3. The figure of the solution of �3 (x, t) founded in Eq. 21 when C = 0 . 

Fig. 4. The figure of the solution of �4 (x, t) founded in Eq. 22 when C = 0 . 
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f the Hirota bilinear method, N-soliton solutions can be system- 

tically studied for both (1 + 1) -dimensional integrable equations 

44] and (2 + 1) -dimensional integrable equations [45,46] . In addi- 

ion, other novel interesting equations in (2 + 1) -dimensions have 

een studied [47,48] . 

Recently, several research works have been done on investigat- 

ng various classes of differential equations in the sense of frac- 

ional calculus [20,21,30–37] because fractional derivatives can pro- 

ide a powerful tool for interpreting many physical systems that 

annot be interpreted using the integer derivatives. Many systems 

ossess a memory effect, therefore, there is a need for model- 

ng such systems with the help of fractional derivatives. All frac- 

ional definitions have both advantages and disadvantages. To over- 

ome the challenges of finding analytical solutions for certain sys- 

ems modeled in the sense of nonlocal fractional derivatives, con- 

ormable derivative [49] , type of local fractional derivative, can of- 

er a simple tool to deal with several differential equations, partic- 

larly NLPDEs, by solving them analytically [6,7,25] in a very sim- 

le way in comparison to the classical fractional derivatives which 

ay require some new and generalized numerical techniques and 

pproximations (see [40–43] for more related applications via con- 

ormable definition). Various recent studies have been dedicated to 
104 
he mathematical analysis of fractional operators and conformable 

efinition including their essential properties [14,15,19,23,26] . 

While some essential research studies related to ocean engi- 

eering and science have been recently conducted such as the in- 

estigation of the extended (2 + 1) -dimensional Boussinesq equa- 

ion’s exact solutions via by the method of Lie symmetry anal- 

sis [50] , 5 th -order nonlinear water wave equation via the The 

udryashov methods [51] , complex nonlinear Davey-Stewartson 

quations via the techniques of extended exponential function and 

hater II [52] , and (2 + 1) -dimensional Korteweg-De Vries equa- 
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Fig. 5. The figure of the solution of �5 (x, t) founded in Eq. 23 when C = 0 , c = −1 . 

Fig. 6. The figure of the solution of �6 (x, t) founded in Eq. 24 when C = 0 , c = 1 . 

Fig. 7. The figure of the solution of �9 (x, t) founded in Eq. 27 when C = 0 , c = −1 . 
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Fig. 8. The figure of the solution of �10 (x, t) founded in Eq. 28 when C = 0 , c = 1 . 

Fig. 9. The figure of the solution for �11 (x, t) founded in Eq. 29 when C = 0 . 
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ion with time-variable coefficients via the techniques of simpli- 

ed Hirota and long wave [53] , our study is unique and novel be-

ause the MNWEq is rarely discussed in other previous research 

tudents, and according to the best of our knowledge, it is the first 

ime ever this particular equation has been studied using three dif- 

erent techniques which can offer new direction to understanding 

onlinear wave phenomena that play an essential role in oceanog- 

aphy and costal engineering due the common relation between 

ntegrability and water waves’ phenomena. 
105 
Analytical solutions of this equation have been founded via the 

G 

′ /G ) −expansion’s strategy [18] . The motivation of this current 

ork is to generate new analytical solutions to the MNWEq and 

lot 3D graphs of the solutions. For this purpose, we implement 

KM, ERFM, and METFM. Therefore, the physical meaning of the 

ealt model can be interpreted. 

Next, this manuscript is divided into the following remaining 

ections: In Section 2 , the adopted strategies will be presented. 

ection 3 provides new exact solutions and plots 3D graphs of the 

ealt model. Finally, we conclude our work in section 4. 

. Methodology 

The methodology of three different approaches, namely GKM, 

RFM, and METFM will be described respectively in this section. 

The following NLPDE is considered: 

 (�, �t , �x , �tt , �xx , . . . ) = 0 , (2) 

here � and P represent an unknown function and a �’s poly- 

omial with its partial derivatives, respectively. Firstly, to solve 

q. (2) , a traveling wave transformation (TVS) is used as: 

(x, t) = φ(ξ ) , ξ = x − ct, (3) 

here the speed of the wave is represented by c. From TVS, 

q. (2) is reduced to ODE as: 

(φ, φ′ , φ′′ , φ′′′ , . . . ) = 0 . (4) 

ere prime denotes derivative w.r.t ξ . Eq. (4) should be integrated 

erm by term once or more times. 
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.1. The generalized Kudryashov method (GKM) 

Conforming to this procedure, the reduced equation’s desired 

olution is formed by K(ξ ) ’s polynomial as [16] : 

(ξ ) = 

∑ N 
i =0 a i K 

i (ξ ) ∑ N 
j=0 b j K 

j (ξ ) 
, (5) 

here a i (i = 0 , 1 , . . . , n ) , b j ( j = 0 , 1 , . . . , n ) are constants to be de-

ermined ( a N � = 0 , b N � = 0 ) and K = K(ξ ) is the solution of 

dK 

dξ
= K 

2 (ξ ) − K(ξ ) . (6) 

he solution of Eq. (6) written as: 

(ξ ) = 

1 

1 + C 1 e ξ
, C 1 is integration constant . (7) 

ccording to the principle of homogeneous balance (PHB), one can 

asily verify the positive integer N in Eq. (5) from Eq. (4) . Fi- 

ally, we can obtain a polynomial of K by subrogating Eq. (5) into 

q. (4) along with Eq. (7) . Here, we equate all the coefficients of

olynomial K to 0 to obtain an algebraic equation system. This sys- 

em’s solutions with the assistance of computer software gives the 

alues of a i (i = 0 , 1 , . . . , n ) , b j ( j = 0 , 1 , . . . , n ) . Finally, one may ob-

ain the soliton-type solutions of the reduced Eq. (4) by substitut- 

ng these obtained values and Eq. (6) into Eq. (5) . 

.2. The exponential rational function method (ERFM) 

Step 1. Let us suppose that the Eq. (4) solution can be con- 

tructed similarly to some previous studies concerning the analyt- 

cal solutions to NLPDEs in the context of conformable derivative 

ia the methods of simple equation and ERFM [22] , and motivated 

y a generalized method of ERFM in [24] for solving exactly: 

( ξ ) = 

N ∑ 

n =0 

a n 

(1 + e ξ ) n 
, (8) 

here a N ( a N � = 0 ) are constants to be found later. Let us deter- 

ine the integer N by balancing the highest order linear term 

HOLT) with the highest order nonlinear term (HONLT) in Eq. (4) . 

Step 2. Substitution of Eq. (8) into Eq. (4) and collection ev- 

ry single term with the same order of e iξ (n = 0 , 1 , 2 , . . . ) together

ake into the LHS of Eq. (4) another polynomial in e iξ . Then, 

ll coefficients of this polynomial are equated to 0 yielding alge- 

raic equations for a n undetermined parameters. Finally, when this 

quation system is solved, a variety of exact solutions for Eq. (2) is 

onstructed. 

.3. The modified extended tanh-function method (METFM) 

We will now deal with METFM to provide all necessary infor- 

ation. The explicit solution of Eq. (4) can be written as: 

( ξ ) = a 0 + 

N ∑ 

i =1 

(
a i ( ψ ( ξ ) ) 

i + b i ( ψ ( ξ ) ) 
−i 

)
. (9) 

ere: a 0 , a i , b i ( i = 1 , . . . , N ) are constants which need to be ob- 

ained. In addition, a N , b N can not be zero together namely a N � =
 or b N � = 0 . N is the balance term calculated via PHB. In Eq. (9) ,

 ( ξ ) satisfies the Riccati equation in the following form: 

 

′ 
( ξ ) = b + ( ψ ( ξ ) ) 

2 
. (10) 

ere: b is a constant. The known solutions of the Riccati equation 

re given as follows: 

Hyperbolic solutions: If b < 0 , the following solutions are given: 
106 
 ( ξ ) = −
√ 

−b tanh 

(√ 

−b ξ
)

or ψ ( ξ ) = −
√ 

−b coth 

(√ 

−b ξ
)
. 

(11) 

Trigonometric solutions: If b > 0 , the following solutions are 

iven: 

 ( ξ ) = 

√ 

b tan 

(√ 

b ξ
)

or ψ ( ξ ) = 

√ 

−b cot 

(√ 

b ξ
)
. (12) 

Rational solution: If b = 0 , the following solution is given: 

 ( ξ ) = − 1 

ξ
. (13) 

If we put Eq. (9) and Eq. (10) in Eq. (4) , we get a polyno-

ials in ψ 

i ( ξ ) . Then, by equating each resulted polynomial’s co- 

fficient to 0, an over-determined set of algebraic equations for 

, c, a 0 , a i , b i ( i = 1 , . . . , N ) is obtained. If we solve obtained system 

ia MAPLE software, we get various values of b, c, a 0 , a i , b i . Finally

e get exact solutions of the given partial differential equation [27] . 

. Mathematical analysis 

In the current section, some MNWEq’s exact traveling wave so- 

utions are constructed via GKM, ERFM, METFM. 

The TVS is used in Eq. (3) for solving Eq. (1) . If we apply

q. (3) to Eq. (1) , we obtain following ODE: 

c 2 
d 2 �

dξ 2 
+ c 

d 4 �

dξ 4 
+ 6 c 

d 

dξ

( (
d�

dξ

)2 
) 

+ 2 

d 

dξ

(
d�

dξ

d 3 �

dξ 3 

)

+ 

d 

dξ

( (
d 2 �

dξ 2 

)2 
) 

+ 8 

d 

dξ

( (
d�

dξ

)3 
) 

= 0 . (14) 

hen, by integrating the obtained ODE w.r.t ξ , we get: following 

DE: 

c 2 
d�

dξ
+ c 

d 3 �

dξ 3 
+ 6 c 

(
d�

dξ

)2 

+ 2 

(
d�

dξ

)(
d 3 �

dξ 3 

)

+ 

(
d 2 �

dξ 2 

)2 

+ 8 

(
d�

dξ

)3 

+ J = 0 (15) 

here J is the constant of integration. Putting φ instead of �′ in 

q. (15) , we obtain following ODE: 

 φφ
′′ + cφ

′′ + 

(
φ

′ )2 + 8 φ3 + 6 cφ2 + c 2 φ + J = 0 . (16)

.1. Exact solutions via the GKM 

Based on the principle of homogeneous balance, one may find 

hat N = M + 2 . If we set M = 1 , we can obtain N = 3 . Therefore,

e can express the solution as: 

(ξ ) = 

a 0 + a 1 K + a 2 K 

2 + a 3 K 

3 

b 0 + b 1 K 

, (17) 

here K = K(ξ ) is the solution of the Eq. (6) . Then, we substitute

q. (17) into Eq. (16) and utilize Eq. (6) . Then, we equate all co-

fficients of the functions K 

k to 0. So, we can obtain the following 

quation system. Here a 0 , a 1 , a 2 , a 3 b 0 , b 1 and J are the parameters. 

 

10 : 16 a 2 3 b 
2 
1 + 8 a 3 3 b 1 = 0 , 

 

9 : 20 a 2 a 3 b 
2 
1 − 28 a 2 3 b 

2 
1 + 8 a 3 3 b 0 + 24 a 2 a 

2 
3 b 1 + 44 a 2 3 b 0 b 1 = 0 , 
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B

c

0  

e

a  

s

e

R 

8 : −34 a 2 a 3 b 
2 
1 + 6 ca 2 3 b 

2 
1 + 24 a 2 a 

2 
3 b 0 + 12 a 2 3 b 

2 
1 + 58 a 2 a 3 b 0 b 1 

+ 6 cb 3 1 a 3 + 5 a 2 2 b 
2 
1 + 12 a 1 a 3 b 

2 
1 − 78 a 2 3 b 0 b 1 

+ 24 a 1 a 
2 
3 b 1 + 24 a 2 2 a 3 b 1 + 33 a 2 3 b 

2 
0 = 0 , 

R 

7 : 34 a 2 3 b 0 b 1 − 60 a 2 3 b 
2 
0 + 24 a 2 2 a 3 b 0 + 8 a 0 a 3 b 

2 
1 − 20 a 1 a 3 b 

2 
1 

+ 8 a 3 2 b 1 + 4 a 1 a 2 b 
2 
1 + 36 a 1 a 3 b 0 b 1 − 8 a 2 2 b 

2 
1 + 48 a 2 a 3 b 

2 
0 

− 100 a 2 a 3 b 0 b 1 + 12 ca 2 3 b 0 b 1 + 2 cb 3 1 a 2 − 10 cb 3 1 a 3 

+ 24 a 1 a 
2 
3 b 0 + 24 a 0 a 

2 
3 b 1 + 48 a 1 a 2 a 3 b 1 + 12 ca 2 a 3 b 

2 
1 

+ 14 a 2 a 3 b 
2 
1 + 16 a 2 2 b 0 b 1 + 22 cb 0 a 3 b 

2 
1 = 0 , 

R 

6 : 2 a 0 a 2 b 
2 
1 + c 2 a 3 b 

3 
1 − 26 a 2 2 b 0 b 1 + 34 a 1 a 3 b 

2 
0 + 4 cb 3 1 a 3 

+ 16 a 2 2 b 
2 
0 + 6 ca 2 2 b 

2 
1 + 6 ca 2 3 b 

2 
0 + 8 a 1 a 3 b 

2 
1 − 14 a 0 a 3 b 

2 
1 − 6 a 1 a 2 b 

2 
1 

− 3 cb 3 1 a 2 + 24 a 0 a 
2 
3 b 0 + 24 a 2 1 a 3 b 1 + 24 a 1 a 

2 
2 b 1 − 86 a 2 a 3 b 

2 
0 

+ 48 a 0 a 2 a 3 b 1 + 22 a 0 a 3 b 0 b 1 + 14 a 1 a 2 b 0 b 1 − 60 a 1 a 3 b 0 b 1 

+ 42 a 2 a 3 b 0 b 1 + 48 a 1 a 2 a 3 b 0 + 8 cb 0 a 2 b 
2 
1 − 37 cb 0 a 3 b 

2 
1 

+ 28 cb 2 0 a 3 b 1 + 12 ca 1 a 3 b 
2 
1 + 24 ca 2 a 3 b 0 b 1 + 3 a 2 2 b 

2 
1 

+ 8 a 3 2 b 0 + 27 a 2 3 b 
2 
0 = 0 

R 

5 : 24 a 0 a 3 b 
2 
0 + 20 a 1 a 2 b 

2 
0 − 4 a 0 a 2 b 

2 
1 + 10 a 2 2 b 0 b 1 − 60 a 1 a 3 b 

2 
0 

+ c 2 a 2 b 
3 
1 + 12 cb 3 0 a 3 + 4 a 0 a 2 b 0 b 1 − 36 a 0 a 3 b 0 b 1 − 20 a 1 a 2 b 0 b 1 

+ 24 a 1 a 3 b 0 b 1 − 12 cb 0 a 2 b 
2 
1 + 15 cb 0 a 3 b 

2 
1 + 12 cb 2 0 a 2 b 1 

− 48 cb 2 0 a 3 b 1 + 24 ca 1 a 3 b 0 b 1 + 12 ca 0 a 3 b 
2 
1 + 12 ca 1 a 2 b 

2 
1 

− 28 a 2 2 b 
2 
0 + 24 a 0 a 

2 
2 b 1 + 24 a 2 1 a 2 b 1 + 24 a 2 1 a 3 b 0 + 24 a 1 a 

2 
2 b 0 

+ 6 a 0 a 3 b 
2 
1 + 2 a 1 a 2 b 

2 
1 + cb 3 1 a 2 + 38 a 2 a 3 b 

2 
0 + 48 a 0 a 1 a 3 b 1 

+ 48 a 0 a 2 a 3 b 0 + 3 c 2 a 3 b 0 b 
2 
1 + 12 ca 2 a 3 b 

2 
0 + 12 ca 2 2 b 0 b 1 = 0 , 

R 

4 : − 42 a 0 a 3 b 
2 
0 − 34 a 1 a 2 b 

2 
0 + 2 a 0 a 2 b 

2 
1 + 6 cb 3 0 a 2 − cb 3 1 a 0 

+ 26 a 1 a 3 b 
2 
0 − 6 a 0 a 1 b 0 b 1 − 4 a 0 a 2 b 0 b 1 + 14 a 0 a 3 b 0 b 1 

+ 6 a 1 a 2 b 0 b 1 + 4 cb 0 a 2 b 
2 
1 − 19 cb 2 0 a 2 b 1 + 20 cb 2 0 a 3 b 1 

+ 24 ca 0 a 3 b 0 b 1 + 24 ca 1 a 2 b 0 b 1 + 12 ca 1 a 3 b 
2 
0 − 21 cb 3 0 a 3 

+ 8 a 3 1 b 1 + Jb 4 1 + b 2 1 a 
2 
0 + 12 a 2 2 b 

2 
0 + 24 a 2 0 a 3 b 1 + 24 a 0 a 

2 
2 b 0 

+ 24 a 2 1 a 2 b 0 + 6 ca 2 2 b 
2 
0 + 6 ca 2 1 b 

2 
1 + 12 a 0 a 2 b 

2 
0 + 2 a 2 1 b 0 b 1 

− 2 a 1 b 
2 
1 a 0 + c 2 a 1 b 

3 
1 + 48 a 0 a 1 a 3 b 0 + 12 ca 0 a 2 b 

2 
1 + 3 c 2 a 2 b 0 b 

2 
1 

+ 5 a 2 1 b 
2 
0 + 3 c 2 a 3 b 

2 
0 b 1 + 2 cb 1 a 1 b 

2 
0 + cb 2 1 a 1 b 0 

− 2 cb 2 1 a 0 b 0 + 48 a 0 a 1 a 2 b 1 = 0 , 

R 

3 : 18 a 0 a 3 b 
2 
0 + 14 a 1 a 2 b 

2 
0 + 2 cb 3 0 a 1 + c 2 a 0 b 

3 
1 − 10 cb 3 0 a 2 

+ cb 3 1 a 0 + 8 a 3 1 b 0 + 4 a 0 a 1 b 
2 
0 − 4 b 1 a 

2 
0 b 0 − 8 a 2 1 b 

2 
0 + 12 a 0 a 1 b 0 b 1 

+ 7 cb 2 0 a 2 b 1 − 2 a 2 1 b 0 b 1 + c 2 a 3 b 
3 
0 + 9 cb 3 0 a 3 + 12 ca 0 a 3 b 

2 
0 

+ 12 ca 1 a 2 b 
2 
0 + 24 ca 0 a 2 b 0 b 1 − 4 b 2 1 a 

2 
0 + 24 a 2 0 a 2 b 1 + 24 a 2 0 a 3 b 0 

+ 24 a 0 a 
2 
1 b 1 + 4 Jb 0 b 

3 
1 − 20 a 0 a 2 b 

2 
0 + 3 c 2 a 2 b 

2 
0 b 1 + 48 a 0 a 1 a 2 b 0 

− 2 cb 2 0 b 1 a 0 − 2 cb 1 a 1 b 
2 
0 − cb 2 1 a 1 b 0 + 12 ca 1 b 

2 
1 a 0 + 12 ca 2 1 b 0 b 1 

+ 3 c 2 a 1 b 0 b 
2 
1 + 2 a 1 b 

2 
1 a 0 + 2 cb 2 1 a 0 b 0 = 0 , 

R 

2 : 12 ca 0 a 2 b 
2 
0 + 8 a 0 a 2 b 

2 
0 − 6 a 0 a 1 b 

2 
0 + 24 a 2 0 a 1 b 1 + 24 a 0 a 

2 
1 b 0 

+ 3 cb 2 0 b 1 a 0 + 4 cb 3 0 a 2 + 3 a 2 1 b 
2 
0 − 6 a 0 a 1 b 0 b 1 + 3 b 2 1 a 

2 
0 + 3 c 2 a 0 b 0 b

+ c 2 a 2 b 
3 
0 + 3 c 2 a 1 b 

2 
0 b 1 + 6 Jb 2 0 b 

2 
1 + 24 a 2 0 a 2 b 0 + 6 cb 2 1 a 

2 
0 

+ 6 ca 2 1 b 
2 
0 + 6 b 1 a 

2 
0 b 0 + 24 ca 0 a 1 b 0 b 1 − 3 cb 3 0 a 1 = 0 , 
107 
R 

1 : 8 a 3 0 b 1 + 3 c 2 a 0 b 
2 
0 b 1 − cb 2 0 b 1 a 0 − 2 b 1 a 

2 
0 b 0 + c 2 a 1 b 

3 
0 

+ 12 ca 0 a 1 b 
2 
0 + 4 Jb 3 0 b 1 + cb 3 0 a 1 + 12 cb 1 a 

2 
0 b 0 

+ 24 a 2 0 a 1 b 0 + 2 a 0 a 1 b 
2 
0 = 0 

 

0 : Jb 4 0 + c 2 a 0 b 
3 
0 + 6 ca 2 0 b 

2 
0 + 8 a 3 0 b 0 = 0 

The solutions of these algebraic equations have been obtained 

he help of symbolic computation software: MAPLE. Hence, two 

ases are given as follows: 

Case 1: 

 = 0 , a 0 = 0 , a 1 = 2 b 0 , a 2 = −2 b 0 + 2 b 1 , a 3 = −2 b 1 , c = −1 . 

ext, by subrogating the acquired values into Eq. (17) with 

q. (7) and φ = �′ , we get the MNWEq’s soliton-type solutions as 

ollows: 

1 (x, t) = 

−2 

1 + C 1 ( cosh (x + t) + sinh (x + t)) 
+ C, (18) 

here C 1 and C are arbitrary constants and 

Case 2: 

J = − 1 

27 

, a 0 = −b 0 
3 

, a 1 = −b 1 
3 

+ 2 b 0 , 

a 2 = 2 b 1 − 2 b 0 , a 3 = −2 b 1 , c = 1 . 

ext, by subrogating the acquired values into Eq. (17) with 

q. (7) and φ = �′ , we get the MNWEq’s soliton-type solutions as 

ollows: 

2 (x, t) = 

−2 

1 + C 1 ( cosh (x − t) + sinh (x − t)) 

− ln ( cosh (x − t) + sinh (x − t)) 

3 

+ C, (19) 

here C 1 and C are arbitrary constants and 

.2. Exact solutions via the ERFM 

From PHB, the balancing number can be founded as N = 2 . In 

his way, we can set the solution as: 

(ξ ) = a 0 + 

a 1 

(1 + e ξ ) 
+ 

a 2 

(1 + e ξ ) 2 
. (20) 

y substituting Eq. (20) into the reduced equation Eq. (16) and 

ollecting every single term with the same order of e iξ (n = 

 , 1 , 2 , 3 , 4 , 5 , 6) together, we get a polynomial of e iξ . Then, we

quate each of this polynomial’s coefficient to 0 yielding a set of 

lgebraic equations for a 0 , a 1 , a 2 , c and J. Finally, this system is

olved to get a variety of exact solutions for Eq. (1) . 

 

6 : J + 8 a 3 0 + c 2 a 0 + 6 ca 2 0 = 0 , 

e 5 : 48 a 3 0 + 6 J + 12 ca 0 a 1 + c 2 a 1 + ca 1 

+ 36 ca 2 0 + 24 a 2 0 a 1 + 6 c 2 a 0 + 2 a 0 a 1 = 0 , 

e 4 : 120 a 3 0 + 15 J + 3 a 2 1 + 60 ca 0 a 1 + 12 ca 0 a 2 + c 2 a 2 

+ 4 a 0 a 1 + 15 c 2 a 0 + 6 ca 2 1 + 5 c 2 a 1 + 8 a 0 a 2 + 2 ca 1 

+ 4 ca 2 + 90 ca 2 0 + 24 a 2 0 a 2 + 24 a 0 a 
2 
1 + 120 a 2 0 a 1 = 0 , 

e 3 : 160 a 3 0 + 8 a 3 1 + 20 J + 48 a 0 a 1 a 2 + 120 ca 0 a 1 + 48 ca 0 a 2 + 4 a 2 1 

+ 12 ca 1 a 2 + 4 c 2 a 2 + 120 ca 2 0 + 20 c 2 a 0 + 10 c 2 a 1 + 12 a 0 a 2 

+ 14 a 1 a 2 + 96 a 2 0 a 2 + 96 a 0 a 
2 
1 + 240 a 2 0 a 1 + 24 ca 2 1 + 6 ca 2 = 0 
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ψ
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ψ
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a
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�

�

c

a

e 2 : −a 2 1 + 12 a 2 2 + 120 a 3 0 + 24 a 3 1 + 144 a 0 a 1 a 2 + 120 ca 0 a 1 

+ 72 ca 0 a 2 + 36 ca 1 a 2 + 144 a 2 0 a 2 + 8 a 1 a 2 − 4 a 0 a 1 

+ 15 c 2 a 0 + 10 c 2 a 1 + 90 ca 2 0 + 144 a 0 a 
2 
1 + 240 a 2 0 a 1 + 15 J 

+ 24 a 0 a 
2 
2 + 24 a 2 1 a 2 + 36 ca 2 1 + 6 ca 2 2 + 6 c 2 a 2 − 2 ca 1 = 0 , 

e 1 : 6 J + 48 a 3 0 + 144 a 0 a 1 a 2 + 60 ca 0 a 1 + 48 ca 0 a 2 + 36 ca 1 a 2 

+ 4 c 2 a 2 − 4 a 2 2 − 2 a 2 1 + 24 a 3 1 + 36 ca 2 0 + 6 c 2 a 0 + 96 a 2 0 a 2 

+ 96 a 0 a 
2 
1 + 120 a 2 0 a 1 + 48 a 0 a 

2 
2 + 48 a 2 1 a 2 + 24 a 1 a 

2 
2 + 5 c 2 a 1 

+ 24 ca 2 1 + 12 ca 2 2 − 2 a 0 a 1 − 4 a 0 a 2 − ca 1 − 2 ca 2 − 6 a 1 a 2 = 0 , 

e 0 : 6 ca 2 0 + c 2 a 0 + 24 a 2 0 a 2 + 24 a 0 a 
2 
1 + 24 a 2 0 a 1 + 24 a 0 a 

2 
2 + 24 a 2 1 a 2 

+ 24 a 1 a 
2 
2 + 6 ca 2 1 + 6 ca 2 2 + J + 48 a 0 a 1 a 2 + 12 ca 0 a 1 

+ 12 ca 0 a 2 + 12 ca 1 a 2 + c 2 a 1 + c 2 a 2 + 8 a 3 1 + 8 a 3 2 + 8 a 3 0 = 0 . 

Case 1: 

 = 0 , a 0 = 0 , a 1 = 2 , a 2 = −2 , c = −1 . 

hen, subrogation of these values into Eq. (20) gives soliton-type 

olutions of the MNWEq’s as: 

3 (x, t) = 

−2 

1 + cosh (x + t) + sinh (x + t) 
+ C, (21) 

here C is the integration constant where it is not strictly positive. 

By comparing this solution with the one obtained in Eq. (18) , 

e can say that this solution is the same when we set C 1 = 1 . 

Case 2: 

 = − 1 

27 

, a 0 = −1 

3 

, a 1 = 2 , a 2 = −2 , c = 1 . 

hen, subrogation of these values into Eq. (20) gives soliton-type 

olutions of the MNWEq’s as: 

4 (x, t) = −x − t 

3 

− 2 

1 + cosh (x − t) + sinh (x − t) 
+ C. (22) 

.3. Exact solutions via the METFM 

By substituting Eq. (9) into the Eq. (16) , we get 

 system. Then, by equating the coefficients of ψ 

j ( ξ ) 

 

j = 0 , ±1 , ±2 , ±3 , ±4 , ±5 , ±6 ) to 0, we get a system of alge- 

raic equations as: 

 

6 : 8 a 3 2 + 16 a 2 2 = 0 , 

 

5 : 24 a 1 a 
2 
2 + 20 a 1 a 2 = 0 , 

 

4 : a 2 2 ( 24 b + 24 a 0 + 6 c ) + a 2 1 ( 5 + 24 a 2 ) + 12 a 0 a 2 + 6 ca 2 = 0 , 

ψ 

3 : 24 a 1 a 2 b + 4 a 0 a 1 + 12 b 1 a 2 + 4 a 2 ( a 1 b − b 1 ) 

+ 8 b 1 a 
2 
2 + 16 a 0 a 1 a 2 + 8 a 1 

(
2 a 0 a 2 + a 2 1 

)
+ 16 a 2 ( a 0 a 1 + b 1 a 2 ) + 12 ca 1 a 2 + 2 ca 1 = 0 , 

ψ 

2 : 4 a 2 b 2 + 4 a 1 b 1 + 16 ba 0 a 2 + 4 ba 2 1 + 4 a 2 
(
b 2 a 2 + b 2 

)
+ 2 a 1 ( ba 1 − b 1 ) + 4 a 2 2 b 

2 + 8 b 2 a 
2 
2 + 16 b 1 a 1 a 2 

+ 8 a 0 
(
2 a 0 a 2 + a 2 1 

)
+ 16 a 1 ( a 0 a 1 + b 1 a 2 ) 

+ 8 a 2 
(
a 2 0 + 2 a 1 b 1 + 2 a 2 b 2 

)
+ 6 c 

(
2 a 0 a 2 + a 2 1 

)
+ c 2 a 2 + 8 bca 2 = 0 , 
108 
ψ 

1 : 16 bb 1 a 2 + 4 ba 0 a 1 + 4 a 1 
(
b 2 a 2 + b 2 

)
+ 4 ba 2 ( a 1 b − b 1 ) 

+ 16 b 2 a 1 a 2 + 8 b 1 
(
2 a 0 a 2 + a 2 1 

)
+ 16 a 0 ( a 0 a 1 + b 1 a 2 ) 

+ 8 a 1 
(
a 2 0 + 2 a 1 b 1 + 2 a 2 b 2 

)
+ 16 a 2 ( b 1 a 0 + b 2 a 1 ) 

+ 12 c ( a o a 1 + b 1 a 2 ) + c 2 a 1 + 2 bca 1 = 0 , 

 

−6 : 16 b 2 2 b 
2 + 8 b 3 2 = 0 , 

 

−5 : 20 b 2 b 2 b 1 + 24 b 2 2 b 1 = 0 , 

ψ 

−4 : b 2 2 ( 24 b + 24 a 0 + 6 c ) + b 2 1 

(
5 b 2 + 24 b 2 

)
+ 12 b 2 a 0 b 2 + 6 b 2 cb 2 = 0 , 

ψ 

−3 : 4 b 2 a 0 b 1 + 12 b 2 a 1 b 2 + 24 bb 1 b 2 − 4 bb 2 ( a 1 b − b 1 ) 

+ 16 b 2 ( b 1 a 0 + b 2 a 1 ) + 8 b 1 
(
2 a 0 b 2 + b 2 1 

)
+ 16 a 0 b 1 b 2 

+ 8 a 1 b 
2 
2 + 12 cb 2 b 1 + 2 b 2 cb 1 = 0 , 

ψ 

−2 : 4 b 2 
(
b 2 a 2 + b 2 

)
+ 4 bb 2 1 + 16 ba 0 b 2 + 4 b 2 ( a 1 b 1 + a 2 b 2 ) 

−2 bb 1 ( a 1 b − b 1 ) + 4 b 2 2 + 8 b 2 
(
a 2 0 + 2 a 1 b 1 + 2 a 2 b 2 

)
+ 16 b 1 ( b 1 a 0 + b 2 a 1 ) + 8 a 0 

(
2 a 0 b 2 + b 2 1 

)
+ 16 a 1 b 2 b 1 + 8 a 2 b 

2 
2 + 6 c 

(
2 a 0 b 2 + b 2 1 

)
+ c 2 b 2 + 8 bcb 2 = 0 , 

ψ 

−1 : 4 b 1 
(
b 2 a 2 + b 2 

)
+ 4 ba 0 b 1 − 4 b 2 ( ba 1 − b 1 ) 

+ 16 b 2 ( a 0 a 1 + b 1 a 2 ) + 8 b 1 
(
a 2 0 + 2 a 1 b 1 + 2 a 2 b 2 

)
+ 16 a 0 ( a 0 b 1 + a 1 b 2 ) + 8 a 1 

(
2 a 0 b 2 + b 2 1 

)
+ 12 c ( a 0 b 1 + a 1 b 2 ) + c 2 b 1 + 16 a 2 b 2 b 1 + 16 bb 2 a 1 + 2 cbb 1 = 0 ,

ψ 

0 : 6 ba 1 b 1 + 16 ba 2 b 2 + 8 a 0 
(
a 2 0 + 2 a 1 b 1 + 2 a 2 b 2 

)
+ 16 a 1 ( a 0 b 1 + a 1 b 2 ) + 8 a 2 

(
2 a 0 b 2 + b 2 1 

)
+ 6 c 

(
a 2 0 + 2 a 1 b 1 + 2 a 2 b 2 

)
+ ( a 1 b − b 1 ) 

2 

+ 4 a 0 
(
b 2 a 2 + b 2 

)
+ 2 c 

(
b 2 a 2 + b 2 

)
+ c 2 a 0 

+ 16 b 1 ( a 0 a 1 + b 1 a 2 ) + J = 0 . 

If we solve above system, we get six cases. 

Case 1: 

 0 = − c 

2 

, a 1 = 0 , a 2 = 0 , b = 

c 

4 

, b 1 = 0 , b 2 = − c 2 

8 

, c = c, J = 0 . 

hen, exact solutions are given by in the following form. 

When b < 0 , 

5 (x, t) = − c 
√ −c tanh 

(√ −c ( x −ct ) 
2 

) + C. (23) 

When b > 0 , 

6 (x, t) = 

√ 

c 

tan 

(√ 

c ( x −ct ) 
2 

) + C. (24) 

When b = 0 , we obtain zero solution and C is the integration 

onstant. 

Case 2: 

 0 = 

c 
, a 1 = 0 , a 2 = 0 , b = − c 

, b 1 = 0 , b 2 = − c 2 
, c = c, J = − c 3 

. 

6 4 8 27 
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When b < 0 , 

7 (x, t) = −
√ 

c ln 

(
tanh 

( √ 
c ( x −ct ) 

2 

)
+1 

)
3 

+ 

√ 

c 

tanh 

( √ 
c ( x −ct ) 

2 

)

+ 

√ 

c ln 

(
tanh 

( √ 
c ( x −ct ) 

2 

)
−1 

)
3 

+ C. 

(25) 

When b > 0 , 

8 (x, t) = −
2 c arctan 

(
tan 

(√ −c ( x −ct ) 
2 

))
3 

√ −c 

− c 
√ −c tan 

(√ −c ( x −ct ) 
2 

) + C. (26) 

When b = 0 , we obtain zero solution and C is the integration 

onstant. 

Case 3: 

 0 = − c 

2 

, a 1 = 0 , a 2 = −2 , b = 

c 

4 

, b 1 = 0 , b 2 = 0 , J = 0 . 

When b < 0 , 

9 (x, t) = −
c tanh 

(√ −c ( x −ct ) 
2 

)
√ −c 

+ C. (27) 

When b > 0 , 

10 (x, t) = −√ 

c tan 

(√ 

c ( x − ct ) 

2 

)
+ C. (28) 

When b = 0 , 

11 (x, t) = 

2 

x 
+ C, (29) 

here C is the integration constant. 

Case 4: 

 0 = 

c 

6 

, a 1 = 0 , a 2 = −2 , b = − c 

4 

, b 1 = 0 , b 2 = 0 , J = − c 3 

27 

. 

When b < 0 , 

12 (x, t) = −
√ 

c 

(√ 

c ( x − ct ) − 3 tanh 

(√ 

c ( x −ct ) 
2 

))
3 

+ C. (30) 

When b > 0 , 

13 (x, t) = −
c 

(√ −c ( x − ct ) − 3 tan 

(√ −c ( x −ct ) 
2 

))
3 

√ −c 
+ C. (31) 

When b = 0 , the same as solution Eq. (29) is obtained and C is

he integration constant. 

Case 5: 

 0 = − c 

4 

, a 1 = 0 , a 2 = −2 , b = 

c 

16 

, b 1 = 0 , b 2 = − c 2 

128 

, J = 0 . 

When b < 0 , 

14 (x, t) = 

c 

(
− 1 

sinh 

( √ −c ( x −ct ) 
4 

)
cosh 

( √ −c ( x −ct ) 
4 

) − 2 tanh 

(√ −c ( x −ct ) 
4 

))
2 
√ −c 

+ C. 

(32) 

When b > 0 , 

15 (x, t) = −

√ 

c 

(
1 

sin 

( √ 
c ( x −ct ) 

4 

)
cos 

( √ 
c ( x −ct ) 

4 

) − 2 cot 

(√ 

c ( x −ct ) 
4 

))
2 

+ C. 

(33) 

When b = 0 , the same as solution Eq. (29) is obtained and C is

he integration constant. 
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Case 6: 

 0 = − c 

12 

, a 1 = 0 , a 2 = −2 , b = − c 

16 

, b 1 = 0 , b 2 = − c 2 

128 

, J = 0 . 

When b < 0 , 

16 (x, t) = 

√ 

c tanh 

(√ 

c ( x −ct ) 
4 

)
2 

+ 

√ 

c 

2 tanh 

(√ 

c ( x −ct ) 
4 

)

−
2 

√ 

c ln 

(
tanh 

(√ 

c ( x −ct ) 
4 

)
+ 1 

)
3 

+ 

2 

√ 

c ln 

(
tanh 

(√ 

c ( x −ct ) 
4 

)
− 1 

)
3 

+ C. (34) 

When b > 0 , 

17 (x, t) = 

c tan 

(√ −c ( x −ct ) 
4 

)
2 

√ −c 
− c 

2 

√ −c tan 

(√ −c ( x −ct ) 
4 

)

−
4 c arctan 

(
tan 

(√ −c ( x −ct ) 
4 

))
3 

√ −c 
+ C. (35) 

When b = 0 , the same as solution Eq. (29) is obtained and C is

he integration constant. The 3D graphical representations of some 

btained solutions in this study are shown in Fig. 1, 2, 3, 4, 5, 6, 7,

 and 9 . 

. Conclusion 

Three different approaches, the GKM, ERFM, and METFM have 

een utilized to procure new soliton-type solutions of MNWEq. 

ome results are plotted 3D to understand the dynamics of so- 

utions. From our obtained results, our results can be converted 

o each other by setting the parameters as special values. All our 

esults open a new door to all other researchers to solve many 

LPDEs in various oceanographic applications via the three stud- 

ed techniques. Our results can be further extended to solve vari- 

us other equations of Boussinesq type due to their importance in 

nderstanding several nonlinear phenomena, and the obtained so- 

utions’ stability analysis can be also investigated in future works. 
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