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Abstract

This paper introduces a new approximate-analytical approach for solving systems of Frac-
tional Nonlinear Partial Differential Equations (FNPDEs). However, the main advantage of
this new approximate-analytical approach is to obtain the analytical solution for general sys-
tems of FNPDEs in forms of convergent series with easily computable components using
Caputo fractional partial derivative. Moreover, the convergence theorem and error analysis
of the proposed method are also shown. Solitary wave solutions and traveling wave solutions
for the system of fractional dispersive wave equations and the system of fractional long water
wave equations are successfully obtained. The numerical solutions are also obtained in forms
of tables and graphs to confirm the accuracy and efficiency of the suggested method.
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1 Introduction

Over the last decades, Fractional Partial Differential Equations (FPDEs) have been a useful
tool due to their wide uses for describing the natural phenomena of science and engineering
models where the nonlinear wave theory frequently explores asymptotic regimes (such as
varying over many scales, high frequency or large amplitude) which are not easily accessible
via numerical simulations (see, e.g., Dehghan and Abbaszadeh 2016; Mohebbi Ghandehari
and Ranjbar 2013; Thabet and Kendre 2018a,b; Thabet et al 2019b). Solitary waves were
discovered by the naval architect John Scott Russell in 1834. When a canal barge hit an
underwater obstruction and stopped suddenly, Russell expected that the bow wave would
dissolve into lots of little ripples through dispersion. Instead, a smooth, bell-shaped crest
perhaps half a meter tall, independent of the cross-channel direction, emerged from the
froth. The system of FNPDESs have been increasingly used to represent physical and control
systems (see, e.g., Magin et al 2011; Mamchuev 2012, 2016; Thabet et al 2019a; Thabet
and Kendre 2019 and references cited therein). Bakkyaraj and Sahadevan (2015) applied the
homotopy analysis method to obtain the approximate analytical solution of two coupled time-
fractional nonlinear Schrodinger equations. Ouyang (2011) obtained some conditions for the
existence of the solutions of a class of nonlinear fractional partial differential equations
with delay. Ke et al (2015) proposed the fast direct method for solving the linear block
lower triangular Toeplitz-like with tridiagonal blocks system which arises from the time-
fractional partial differential equation. Singla and Gupta (2017) introduced an extension of
the concept of nonlinear self-adjointness and Noether operators for calculating conserved
vectors of the time-fractional nonlinear systems of partial differential equations. Recently,
Thabet et al (2017) proposed a new analytical technique for solving a system of fractional
nonlinear partial differential equations. Since the exact solutions to a large class of fractional
partial differential equations are rarely available, so approximate and numerical methods are
applicable. Therefore, accurate methods for finding the solutions of FPDEs are yet under
investigation.

The objective of this study is to demonstrate that a general system of FNPDEs can be solved
easily by a new approximate-analytical approach and it gives good results in analytical and
numerical experiments. The rest of the paper is organized as follows. In Sect. 2, we present
basic definitions and preliminaries which are needed in the sequel. In Sect. 3, we introduce
a new approximate-analytical approach for solving general systems of FNPDEs. Solitary
wave solutions and traveling wave solutions for the systems of time-fractional nonlinear
wave equations are obtained in Sect. 4. In Sect. 5, we use Mathematica and Maple software
to obtain the numerical solutions in forms of tables and graphs.

2 Basic definitions and preliminaries

There are various definitions and theorems of fractional integrals and derivatives. In this
section, we give some of these definitions and theorems which are needed in this paper and
can be found in Diethelm (2010), Miller and Ross (1993) and Podlubny (1998) and some
references cited therein.

Definition 1 A real valued function u(x, t), x,t € R, ¢ > 0, is said to be in the space C,,
€ Rif there exists a real number p(> w), such that u(x, t) = tPu;(x, t), where u;(x, t) €

C(R x [0, 00)), and it is said to be in the space C77, if and only if 74D ¢ €, m € N.
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Definition2 Letq,t € R,m — 1 < ¢ < m € N, then the Riemann-Liouville time-fractional
partial integral of order g for u(x, ¢) is defined as follows:

Tlu(x,t) = G )/ (t — )7 tu(x, r)dr, 1> 0. 1)

Definition3 Letg,r € Randm — 1 < g < m € N, then the Caputo time fractional partial
derivative of order ¢ of the function u(x, t) is defined as follows:

t— m—g—1 om ,
un(x 1) —/ ( 2 ulx T)dr,t >0,
I'im—gq) atm

e 1) 2)
q _ _0"ulx, _
Diu(x,t) =Dj'u(x,t) = g qg=m
Theorem1 Letq,t e R,m —1 <q <m € Nandt > 0, then
m—1 g ak +
t* 0% u(x,0m)
IqD ulx,t) =u(x,t) — k‘T’ 3)

D,qI,qu(x,t) =u(x,t).
Theorem2 Letg,t e R,m —1 <q <mandm € N, then

r 1
ﬂtpfqu;{tp’ p>,,n_]7 pER,
I'p—q+1 (4)

Ditr =0, p<m—1, peR.

DItP =

3 New approximate-analytical approach for solving a system of FNPDEs

In this section, we introduce a new approximate-analytical approach based on homotopy

method for solving a general system of FNPDEs with initial values of the following form:
Diuj(x,t) + Lii + Niit = f;(%,1), M —1 <q <m' €N, 5

. (

D{ui(f,0)=ﬁj()2), j=0,1,2,....m"—-1,i=1,2,...,m,

fort > 0, where L; and N; are linear and nonlinear operators respectively of & and its partial
derivatives which might include other fractional derivatives, and f;(x, t), f;;j(x) are known
analytic functions and D{ is the Caputo time-fractional partial derivative of order ¢, where
we define that

i=u(x,t) = (u(X, ), up(X,0), ..., uy(x,1)), X = (x1,x2,...,%,) € R". (6)

Theorem3 Foriu = Y 1o prity and i is defined by (6), the nonlinear operators Niii are
satisfied the following property:

9] X ogn n
Niu = N; Zpkb_tk = Z |:*'7n|:Ni Zpkl/_lk] i|Pn, @)
n!dp p=0

k=0 n=0 k=0
fori=1,2,....m
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Proof According to the Maclaurin expansion of N; Y 72, p¥iix with respect to p, we have

o0 oo
Niitp = Ni Y phie = [N; Y pitxlp=o

k=0
a o
[alon] sl I
0 - o0
1o

-3 [3 N:-Zp"ﬁk} ]
= Lnlap"| — p=0
=1 9

S X a)]
n=0"4""" p k=n+1 p=0
19" [

:Z T an Ni(zpkﬁk—l-P"Hfth+P"+2ﬁn+2+“'>} }P”
n:()'n' oL p=0
0 - n

1o
=3 (G wsrta]
|
] KUY N p=0
an
+o<since8 n[N,-(p"+1ﬁ,,+1+p"+2ﬁn+z+---)] =0)
p =0

] 1 97 n
Z[fﬁ[zvizpkﬁk] }pn, =12 m
" k=0 p=0

n=0

O

Moreover, let the polynomials H;,, = Hij, (i, 4i1, - - ., Uin) fori = 1,2, ...m be defined
as follows:

Hin(ujo. i1 ... uin) = [ Zp uk] : ®)

p=0

Therefore, by Theorem 3, the nonlinear operators N;u fori = 1, 2, ..., m have the following

expression:

oo o0
=N Y pli = Hinp". )
k=0 n=0

The following theorem introduces a new approximate-analytical approach based on homo-
topy method in which the analytical solution for the general system of FNPDEs (5) can be
easily obtained.

Theorem4 Letm’' —1 <q <m', i =1,2,...,m, and fi(x,1), fij(X) are known analytic
functions. Then the system (5) admits at least a solution given by:

k

m'—1 0 .
(Fo1) = £ (% ﬂ (7 |: (=D*I"(k+1) (sq—(s+1ym’)
wi(x, 1) = f;, " & D+ ,Z:(:) j!fu(x)+k§ ; FoTDI & —s i G, 1)

1- .
(=1D)SI'(k—r) (sq—(s+Dym") (sg—(s+1ym’)
Z I's+1)I'k—r—s) LH‘? ' +Hzrtq > (10)

r=0 s=0
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(sqg—(s+DHm")  _

—m’ - . . . -
where fl(t m)(x, 1) means the m'-times time integral for f;(x,t) and L}

I,“F(Hl)m L;i, and HS;FOH)m) = I,“F(Hl)m H;(uio, 41, . .., uj) denote the (sq —
(s + 1)m')-times time-fractional partial integral for L;i, and H; (u;o, u;1, . . ., u;y) respec-
tively.

Proof We assume that the system (5) has solutions of the following analytic expansions

o0
u,-()?,t):Zu,-k(i,t), i=1,2,...m. (11

k=0
Next, in view of homotopy technique (He 1999), we consider the following homotopy:
D" @, (%, 1, p)
= fi(%, 0+pID) ®i(X, 1, p)—Li® (%, 1, p)=N;® (X, 1, p)=D & (X, 1, p)],  (12)

where p € [0, 1] is an embedding parameter, <I_>()E, t,p) = (P1(x,t, p), P2(x,t, p), ...,

D, (x,t, p)) and D;(x,t, p),i =1,2,...,m, are unknown functions which can be defined
as:
o0
Gi(E. 1, p) =uioE 0+ Y prupE.0), i=12,...m (13)
k=1

When p = 0, @;(x,t,0) = ujo(x,t) and when p = 1, &;(x,t,1) = u;(x,t). Thus, as p
increases from O to 1, the solutions @; (x, ¢, p) vary from u;o (X, t) to the solutions u; (x, t).
However, by substituting the system (13) in the system (12), we obtain

o0 o0 o0 o0 o0
DS phun = i, t>+p[v;n S Pun—1s Y prie—N; 3 pri D! zpkuik},
k=0 k=0 k=0 k=0 k=0

(14
fori = 1,2,...,m. From Theorem 3 and system (9), the system (14) can be rewritten as
follows:

o0 o0 o o0 (o)
DY prun = fik 0 + p[D;" > Puik =Y pFLidix =Y p"Hi — DI Y p"uik],
k=0 k=0 k=0 n=0 k=0

15)
fori =1, 2, ..., m. By equating the terms in the system (15) with identical powers of p, we
obtain

DI uio(%, 1) = fi(%, 1), Dluio(x,0) = fi;(8),i=1,2,...,m,j=01,...,m —1,
(16)

and
D" ujy = D" ujo — Liiio — Hio — Dl ujo, D ui1 (,0) =0,
D" uj» = D" uj1 — Liity — Hj1 — Diu;1, D}uin(x,0) =0,
17

D" uix = D" uik—1) — Liiik—1 — Hig—1) — Df uik—1), Djuix(,0) =0,
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fork =1,2,...andi = 1,2, ..., m where Dtju,-k(i, 0) = 0 are obtained by substituting
(13) in the initial conditions given by (5). For convenience, we define L;ux—1 = L;x—1) and
by m’-fold integral for both sides of the systems (17), with respect to ¢, we obtain
m'—1 tj ,
o=y —fiy®+ " E D i=1,2,...,m, (18)
=0 7°
and
uit = 1" (D} uio) — Lig" — Hg," =" (D uio),
Upp = I{"/Dtm,uil — L(_m,) — H.(_m/) — I{”/(Dfuil),

ilt ilt

19

uik = 2" Df uie—1) — ng(_k'fl)),(f, 1) — H,»((;ill))t — " (Dl uik-1)), D]uir(x,0)=0,
fork = 1,2,..., andi = 1,2,...,m. By substituting u;x—1) into u;x, k = 1,2, ...

(for example, substituting u;o into u;; to get u;; and since It’”’D?uio * I,m /_quio and
m'—1 l‘j ,
by using Theorem 2, we have I{"/(D,qu,'o) =1In" (Z D?f'fij (x)+D! fi(;m (%, 1) =
; J!
j=0

0
o £ (&, 1) = U472 (%, 1)). By using Theorem 1 with the given initial conditions,
we obtain

—m’) - —m’ - —om'y -
uip = fy " @0 — L™ — HG™ = (97 @),

2 2—12-1-r ,
(=D'r2+1) sq—(s+Dm’) = (=D’ 2—r)
uiz =y ftTTME =30 30
= F's+DHr2—-s+1) = = F's+DIrQ2—r—s)
« |:LS;1_(S+l)m’) + Hi("stq—(s+l)m’)i|’
(20)
k
—Dr'k+1 a—(s /
=Y o CUTUED g
= F's+D)Ir'tkk—s—+1)
k—1k—1—
B Zr (=DSI'(k—r) LOa=G+Dm) g sg—(s+Dm)
Fs+DOIrk—r—s)| irt ’
r=0 s=0
fork=1,2,...andi =1, 2, ..., m. From system (13), we obtain
o0
Wi, 1) = @i, 1, 1) = wio(F,1) + Y _ uir(¥, 1), @1)
k=1
fori = 1,2, ...m. Substituting (18) and the components of (20) in the system (21) completes
the proof. O
Theorem 5 Let B be a Banach space. Then the series solution given by (11) converges to
S; e Bfori =1,2,...,m, if there exists y;, 0 < y; < 1 such that, ||uj,|| < villuim—1ll
for¥n e N.
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Proof Define the sequences S;,, i = 1,2, ..., n of partial sums of the series given by the
system (11) as

Sio = ujo(x, 1),

Si1t = uijo(x, 1) + uijr (x, 1),

Si2 = ujo(x, 1) +uj1(x, 1) +ujn(x, 1), (22)

Siil = ulo(fvt) +ull(i7t)+u12(ivt)+ +uiﬂ(ist)7 i = 1527 cee,m,

and we need to show that {S;,} are Cauchy sequences in a Banach space B. For this purpose,
we consider

n+1

ISint1) — Sinll = Nti 1y &, DN < lluin (F, DN <y i u—1) (E, DI <- - =<y; ' lluio(x, Dl
(23)
where i = 1,2,...,m. Forevery n,n’ € N, n > n’, by using the system (23) and triangle
inequality successively, we have,
1Sin — Sin'll = I1Sigr+1) — Sin' + Siw+2) — Sig+1) + -+ + Sin — Sin—1) |l
< ISigr+y = Siw Il + 1Si w742y = Siapyll + -+ + 1Sin — Siu—1) |l
<y i@ Ol + ¥ P lluioE Oll + - + ¥ luio &, )|
=y A4y +- 4y Do 0l
, 1— J/nfn/ ~
<y ———— ) luio(x, D). (24)
=y
Since 0 < y; < 1,501 — yl.”_"/ < 1. Then
/41
| Sin — Sin' |l < ll_ .||Mi0(f,t)||- (25)
1
Since u;o(x, t) is bounded, then
im  [[Sin— Siwll =0, i =1,2,...,m. (26)

n,n'—00
Therefore, the sequences {S;,} are Cauchy sequences in the Banach space B, so the series of
solutions defined by the system (22) converges. This completes the proof. O

Theorem 6 The maximum absolute truncation error of the series solution (10) of the nonlin-
ear fractional partial differential system (5) is estimated to be

m ym+1
sup i (8,0) = Y Juix(%, 0| < T sup_|uio(&, 1), 27)
(X,1)eR =0 — Vi x,1)eR
fori = 1,2, ..., m where the region 2 C R"+!,
Proof From Theorem 5, we have
y.”/+1
1Sin — Siw |l < 1' ” sup |ujo(x, )], i =1,2,...,m. (28)
— Vi (x,1)ef2
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But we assume that S;,, = ZZ:O ujr(x,t)fori =1,2,...,m,and since n — o0, we obtain
Sin — u;(x, 1), so the system (28) can be rewritten as

/

n n'+1

_ - - Vi - .
i Bo 1) = Siwll = i B, 1) = Y win( @, O < T—— sup |uio(X, 0], i =1,2,....m.
Pt =i znee

29

So, the maximum absolute truncation error in the region 2 is

n’ n'+1
sup [ui (%, 1) = Y wir(, 1) < sup |uio(x, 0, i =1,2,...,m. (30)
(&R P L =vi Gnee
and this completes the proof. O

4 Solitary and traveling wave solutions for systems of time-fractional
nonlinear wave equations

This section includes Solitary and traveling wave solutions for some examples of systems of
time-fractional nonlinear wave equations. These examples are chosen because their closed
form solution are available, or they have been solved previously by some other well-known

. . . C 2
methods. We use the following mathematical notations u, = "”gf;’t L P— gixz’t) Uy =
33u(x,0)
dx3

Example 1 (Paquin and Winternitz 1990; Thabet et al 2017; Wang 1995) Consider the fol-
lowing system of time-fractional dispersive long wave equations with initial values:

1
D?u—i—vx +uuy =0, u(x,0) = oz|:1 + tanh <§[,3 —{—otx]) j|,
) ) (31
D?v—i—uvx +vuy +uy + Uy =0, v(x,0) = -1+ Eoezsech2 (E[ﬂ + le]) ,

for 0 < g < 1. For ¢ = 1, the exact solitary and traveling wave solutions for the system
(31) are given by

ugx(x,t) = oz|:1+tanh <%[ﬂ+ax — Otzl‘]) :|, vEx(x, )= —1—{—%0(2sech2 (%[ﬂ—f—ax — oezt]> R

(32)
where «, § are arbitrary constants.
By comparing the system (31) with the system (5) for m" = 1, we obtain

Li(u,v) = vy, La(x, 1) = uy + thyxx,

Ni(u,v) = uuy, Na(u,v) = uvy +vuy, fi(x,1) =0, fa(x,1) =0, (33)
From (11), we assume that the system (31) has solutions given by

[e.¢] oo
wCe, 1) = ug(x, 1), v(x, 1) = Y v (x, 1), (34)

k=0 k=0
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form’ =1andi = 1, 2, we have
1-1 1-1 j
uo(x, 1) = Z D’uo(x 0), vo(x, 1) = Z Df vo(x, 0). (35)

/0 /0

By using (33) with initial conditions given by (31), we obtain

uo(x, 1) = a[l + tanh (%[ﬂ + ax]) ] vo(x, 1) = —1+ %oﬂsechz (%[,B + ax]> )

(36)
Next, from (20), we have
k—1k—1—r
(_1)Vr(k —r) (sg—(s+1)) (sg—(s+1))
7t = — L H 7
up(x, 1) Z s+ D)lk—r—s)| + H;
r=0 s=0 -
k—1k—1—r (—=D)STC'(k—r) (5q—(s+1)) a1
== L3478 2 .
vk (x, 1) i I'(s + 1)F(k —r—y) |: 2rt + 20t

Consequently, by using Theorem 4, systems (36) and (37) with the help of Mathematica
software, the first three components of the wave solutions for the system (31) are derived as
follows:

(X3 2 1 4 . 14 1 3
up(x,t) = —Tsech E[ﬂ +ax] ) t, vi(x,t) = 4a” sinh E[ﬂ + ax] ) csch” (B + ax)t,

a2 (L 2 1 _ulr

ur(x,t) = 4a sech < [B+ ax ) [ o tanh (2[ﬂ +ax]) t+ e _q)]t,
Loy 12

vy (x,t) = §a sech < B +ozx]>

2 sinh(B + ax)th—
[ re-gq
o3 (sinh(B + ax) + cosh(B + ax) + 1)°
96(cosh(B + ax) + 1)°

+ 2sinh(B + ax) + o*[cosh(B + ax) — 2]:},

uz(x,t) = |:COSh(4[ﬁ + ax]) — sinh(4[B + ozx])i|

q

x |:6z1_2‘1 [sinh(ﬂ—l—ax)—l— cosh(ﬂ"’ax)"'l] [_%—q)

[[q—otzt—3][sinh(,3+ax)
+cosh(B +ax)]+q + ot — 3]

1 . .
_m[smh(ﬂ + ax) + cosh(B + ax) + ]t} - 2[51nh(ﬂ + ax)
+ cosh(B + ax)] |: —2a*? 4+ o*

cosh(B + ax)t? + 6a” sinh(B + ax)t + 6 cosh(B + ax) + 6}:|t,
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a* cosh* ([ + ax])

n(x, 1) = 3(cosh(B Lax) + 1) |:cosh(ﬂ + ax) — sinh(B + ozx)]
) t272q
[6[ sinh(28 4 2ax) + cosh(28 + 2ax) — 1] m

+2[ sinh(B8 + ax) + cosh(B + le)] |:|:q sinh(B + ax)

+2a?[1 — cosh(B + ax)]t — 3sinh(B + ax)] e
ré4-gq

+(x412[cosh(ﬂ + ax) — 5] tanh(%[ﬁ +ax]) — 126%t
+6a% cosh(B + ax)r + 6sinh(B + ax)]]z,

(3%)

and so on. By substituting (36) and (38) into (34), we obtain the third-order approximate
wave solutions for (31) as follows:

3

3
w(e, 1)~ Y w(x, 1), v, ) &Y v ). (39)

k=0 k=0
Example 2 (Wang 1995; Wang et al 1996) Consider the following system of time-fractional

approximate long water wave equations with initial values:

1 1 1
D?u — Uly — Uy + Eu” =0, u(x,0) = E[a +28 +atanh(§[y + ax])],
1 1 1 (40)
D,qv — (uv), — vax =0, v(x,0) = Zozzsech2 (5 |:y +axi|> ,

for 0 < g < 1. For ¢ = 1, the exact solitary and traveling wave solutions of the system (40)
are given by

1 1 o? 1
ugx(x,t) = 5|:oc—|—2/3—i—ot tanh(i[y—i—ax—i—ct])], vEx (x, t):Isechz(f[y +ax + cti|),

2
(41)
where «, y and ¢ = (af + %) are arbitrary constants.

In order to obtain the wave solutions for system (40), we compare the system (40) with the
system (5), we get

1 1
Li(u,v) = Mz = Vxs Lo(u,v) = — 5 Vs Ni(u,v) = —uuy,
No(u, v) = —(uvy + vuy), fi(x, 1) =0, folx, 1) =0. (42)
From (11), we assume that the system (40) has solutions given by

we, 1) =Y up(x, 0, v(x, 1) = Y wilx, 1), 43)

k=0 k=0
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From (18), form’ = 1andi = 1, 2, we have
1-1 [j ) 1-1 [j )
uo(x, 1) =y —Dlug(x,0), volx, 1) =Y —=D]vo(x,0). (44)
‘ O]! ; 0]!
p= -

By using (42) with initial conditions given by (40), we obtain

uo(x, 1) = %[a +2B8+ atanh(%[y + ax]):|, vo(x, 1) = %azsechz(% [y + ax]). (45)

Next, from (20), we have

k—1k—1—r
(=D (k—r) (sq—(s+1)) (sq—(s+1))
’l‘ = — L H )
== > rorvra—r—o|twn  +Hu
r=0 s=0 (46)
k—1k—1—r
=Dk —r) (sg—(s+1) (s¢—(s+1))
) = — L H .
vk (x, 1) rX_; g ot DIk —r—5 |2 + Hy,

By applying Theorem 4 into using (45) and (46) with the help of Mathematica software, we
obtain the first three components of the wave solutions for system (40) as follows:

o2 (a 4 2p)t 5 a1 3
uy(x,t) = m, vi(x, 1) = —a’ (¢ + 2B) sinh (E[y + ax])esch’(y + ax)t,
o + 28] cosh> (L [y +axr 1 . 1
— _ Z -q _ inh(~
ur(x,t) cosh(y +ax) 1 1) |: G-a 4cosh(2 [y + ax])t a(oe+2p8) smh(2 [y +axt

+ 4cosh(%[y + ax])],

v(x, 1) = 61—4013[01 + 2,8]sech4(%[)/ + DtxJ)t|: 4sinh(y 4 ax)i' ™9 + afa + 2B][cosh(y + ax)

1
ré—gq
— 2]t — 4sinh(y + ax)],

uz(x, 1) = ﬁaz[a + 2,3]sech4(%[y + ozx])t|:12t H [Z(q —3) [cosh(y + ax) + 1] + ar[a + 2]

_
ré4—-q)
t(cosh(y +ax) +1)

x sinh(y + ax)}t" + ra—29

]ﬂq — afa 4 28] sinh(y + ax)] - 2[a2t2(a +28)°
_ 12] + [az(a + 2/3)2t2 + 24i| cosh(y + ozx)],

48sech* (L
w(x, 1) = 71@013[0! + 2/3]|: - —gecr((j[j(; Gall

2]1]#4 768 sinh* (3 [y + ax])r?=2
I' (4 — 2g)cosh®(y + ax)

[2(q — 3)sinh(y + ax) + afa + 28][cosh(y + ax)

+a?(o + 2,3)2[1 1 sinh(%[y +ax]) — sinh(%[y + ax])]

X sechS(%[y + ozx])t2 + 24 sech4(%[y + ax]) |:a[oz + 2B1[cosh(y + ax) — 2]t — 2 sinh(y + ax)ﬂt,

(47)

and so on. By substituting (45) and (47) into (43), we obtain the third-order approximate
wave solutions for system (40) as follows:

3 3
w(x, 1) 2y up(x, 1), v, ) & Y vilx, 1), (48)

k=0 k=0
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(a) The graph of the approximate wave solution u(w, t) (b) The graph of the approximate wave solution v(z, t) for
for Example 1 when a = 3 = 0.50 and ¢ = 0.25. Example 1 when & = § = 0.50 and ¢ = 0.25.

Fig.1 The graphs of the approximate wave solutions u(x, t), v(x, t) for Example 1 when o« = g = 0.50 and
q =025

5 Discussion and numerical results

In Table 1, we evaluate numerical values of the wave solutions as well as the absolute error
for Example 1 among different values of x, ¢ when « = g = 0.5 and ¢ = 0.50, 0.75, 1.
Table 2 includes numerical values of the wave solutions with absolute error for Example 2
by different values of x, f whena = = 0.5,y =1 and ¢ = 0.50, 0.75, 1.

The approximate wave solutions for Example 1 is graphically represented in Fig. 1 when
a = =0.50and g = 0.25, in Fig. 2 when ¢« = g = 0.50 and ¢ = 0.50, in Fig. 3 when
o = B =0.50 and ¢ = 0.75 and in Fig. 4 when « = = 0.50 and ¢ = 1 respectively
among different values of x, ¢. In Fig. 5, we plot the graphs of the exact wave solutions for
Example 1. In Fig. 6 we plot the graphs of the wave solutions vs x when ¢ is fixed at t = 10
and « = B = 0.50 among different values of g for Example 1. From Fig. 6a when the
fractional order g decreases, the wave starts dissipating accordingly and such types of waves
are called travelling waves. From Fig. 6b, we see that the amplitudes of the wave are inversely
proportional to the fractional order ¢ and these kinds of waves are called solitary waves. We
plot the graphs of the approximate solitary and travelling wave solutions for Example 2 in
Fig. 7whena = 8 = 050,y = 1 and ¢ = 0.25, Fig. 8 whena = 8 = 050,y =1
and ¢ = 0.50, Fig. 9 when @« = B8 = 0.50,y = 1 and ¢ = 0.75 and in Fig. 10 when
a =8 =050,y =1and g = 1 among different values of x, r. In Fig. 11, we plot the
graphs of the exact wave solutions for Example 2. In Fig. 12 we plot the graphs of the wave
solutions vs x when 7 is fixed at t = 10 and « = 8 = 0.50, y = 1 among different values of
q for Example 2. From Fig. 12a, we see that the wave starts dissipating when the fractional
order ¢ increases accordingly and such types of waves are called travelling waves. From
Fig. 12b, we see that the amplitudes of the wave are inversely proportional to the fractional
order ¢ and these kinds of waves are called solitary waves.

6 Conclusion

In this paper, a new approximate-analytical approach for solving systems of FNPDEs was
introduced. The important benefit of this new approximate-analytical approach is that the
approximate solutions for fully general systems of FNPDEs can be easily solved without any
assumption, and that makes the proposed method much better than the other existing analyti-
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0.
ulx,1)

(a) The graph of the approximate wave solution u(zx,t) (b) The graph of the approximate wave solution v(z,t)
for Example 1 when a = 8 = 0.50 and ¢ = 0.50. for Example 1 when a = 8 = 0.50 and ¢ = 0.50.

Fig.2 The graphs of the approximate wave solutions u(x, t), v(x, t) for Example 1 when ¢ = = 0.50 and

(b) The graph of the approximate wave solution v(z,t)

Th h of the i luti
(a) e graph of the approximate wave solution u(z,t) for Example 1 when a — § — 0.50 and ¢ = 0.75.

for Example 1 when a = 8 = 0.50 and ¢ = 0.75.

Fig.3 The graphs of the approximate wave solutions u(x, t), v(x, t) for Example 1 when « = 8 = 0.50 and
qg=0.75

(b) The graph of the approximate wave solution v(x,t)

(a) The graph of the approximate wave solution u(z,t) for Example 1 when o — 8 — 0.50 and g = 1.

for Example 1 when a = 8 =0.50 and ¢ = 1.

Fig.4 The graphs of the approximate wave solution u(x, t), v(x, t) for Example 1 when o = g = 0.50 and
g=1
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100

b
(a) The graph of the exact wave solution u(z,t) for Ex- (b) The graph of the exact wave solution v(z,t) for Ex-
ample 1 when a = 3 = 0.50. ample 1 when a = 3 = 0.50.

Fig.5 The graphs of the exact solutions u(x, t), v(x, r) for Example | when o« = 8 = 0.50

u(x) v(x)
1.0

5
X
5 10
(a)The graph of the approximate wave solution u(z,t) (b) The graph of the approximate wave solution v(z,t)
vs. x at different values of ¢ when ¢ is fixed at ¢t = 10 and vs. z at different values of ¢ when ¢ is fixed at ¢t = 10 and
a = =0.50 for Example 1. a = = 0.50 for Example 1.

Fig. 6 The graphs of the approximate wave solutions u(x, t), v(x, t) vs. x at different values of ¢ when ¢ is
fixed at = 10 and o« = B = 0.50 for Example 1

(a) The graph of the approximate wave solution u(z,t) (b) The graph of the approximate wave solution v(z,t)
for Example 2 when o = 8 = 0.50,7 = 1 and q = 0.25. for Example 2 when oo = 8 = 0.50,7 = 1 and g = 0.25.

Fig.7 The graphs of the approximate wave solutions u (x, t), v(x, t) for Example2 whenoe = 8 = 0.50, y = 1
and g = 0.25
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100

(a) The graph of the approximate wave solution u(z,t) (b) The graph of the approximate wave solution v(z,t)
for Example 2 when o = 8 = 0.50,7 = 1 and ¢ = 0.50. for Example 2 when @ = 8 = 0.50,7 = 1 and ¢ =(.50.

Fig.8 The graphs of the approximate wave solutions u (x, t), v(x, t) for Example2 wheno = 8 = 0.50, y =1
and ¢ = 0.50

vix, 1)

ga) The graph of the approximate wave solution u(z,t)

(b) The graph of the approximate wave solution V(x, t)
or Example 2 when a = 8 = 0.50,7 = 1 and ¢ =(.75.

for Example 2 when o.= 3 =0.50, y=1 and q = 0.75

Fig.9 The graphs of the approximate wave solutions u(x, t), v(x, ¢) for Example 2whena = 8 = 0.50, y = 1
and g = 0.75

I g
(a) The graph of the approximate wave solution u(z,t) (b) The graph of the approximate wave solution v(z,t)
for Example 2 when a = 8 =0.50,7 =1 and ¢ = 1. for Example 2 when o = 8 = 0.50,7 =1 and ¢ = 1.

Fig. 10 The graphs of the approximate wave solutions u(x, t), v(x, t) for Example 2 wheno = 8 = 0.50, y =
landg =1
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(b) The graph of the exact wave solution v(z,t) for Ex-

(a) The graph of the exact wave solution u(z,t) for Ex-
ample 2 when a = 3 = 0.50,v = 1.

ample 2 when a = 8 = 0.50,v = 1.

Fig. 11 The graphs of the exact wave solutions u(x, ), v(x, t) for Example 2 whena = = 0.50,y =1

o=t Wo=1
W q=0.75
M g=0.50
m=0.25

Z Loy

-5 / °~5f 5 10
(a)The graph of the approximate wave solution u(z,t) (b) The graph of the approximate wave solution v(z, t)
vs. x among different values of ¢ when ¢ is fixed at t = 10 vs.  among different values of ¢ when ¢ is fixed at ¢t = 10
and a = 3 = 0.50,v = 1 for Example 2. and « = 8 = 0.50,7 = 1 for Example 2.

Fig. 12 The graphs of the approximate wave solutions u(x, t), v(x, t) vs. x among different values of ¢ when
tisfixedats = 10 and « = B = 0.50, y = 1 for Example 2

cal methods. However, we applied the proposed method to obtain the solitary wave solutions
and traveling wave solutions for systems of time-fractional dispersive wave equations and
the system of the time-fractional long water wave equation. Moreover, the solutions obtained
by the proposed method were in excellent agreement with those obtained via previous works
and also it was in very good numerical conformity with the exact solutions to confirm the
effectiveness and accuracy of the proposed method. The numerical solutions are also carried
out in forms of tables and graphs. We used Mathematica and Maple software to obtain the
analytical and numerical solutions as well as plotting the graphs.

Acknowledgements The authors thank the referees for their valuable suggestions and comments.

Author contributions Hayman Thabet and Subhash Kendre contributed substantially to this paper. Hayman
Thabet wrote this paper, Subhash Kendre supervised the development of the paper, James Peters and Melike
Kaplan helped in evaluating and editing the paper.

Funding Information The research by James Peters has been supported by the Natural Sciences & Engineer-
ing Research Council of Canada (NSERC) discovery grant 185986, Scientific and Technological Research
Council of Turkey (TUBITAK) Scientific Human Resources Development (BIDEB) under Grant no: 2221-
1059B211402463, and Instituto Nazionale di Alta Matematica (INdAM) Francesco Severi, Gruppo Nazionale
per le Strutture Algebriche, Geometriche e Loro Applicazioni grant 9 920160 000362, n.prot U 2016/000036.

@ Springer I br\A



Solitary wave solutions and traveling wave solutions. . . Page 190f19 144

References

Bakkyaraj T, Sahadevan R (2015) Approximate analytical solution of two coupled time fractional nonlinear
Schrodinger equations. Int J Appl Comput Math. https://doi.org/10.1007/s40819-015-0049-3

Dehghan M, Abbaszadeh M (2016) Analysis of the element free Galerkin (EFG) method for solving fractional
cable equation with Dirichlet boundary condition. Appl Numer Math 109:208-234. https://doi.org/10.
1016/j.apnum.2016.07.002

Diethelm K (2010) The analysis of fractional differential equations: An application-oriented exposition using
differential operators of Caputo type. Springer

He JH (1999) Homotopy perturbation technique. Comput Methods Appl Mech Eng 178:257-262. https://doi.
org/10.1016/S0045-7825(99)00018-3

Ke R, Ng MK, Sun HW (2015) A fast direct method for block triangular Toeplitz-like with tri-diagonal block
systems from time-fractional partial differential equations. J Comput Phys 303:203-211. https://doi.org/
10.1016/j.jcp.2015.09.042

Magin R, Ortigueira MD, Podlubny I, Trujillo J (2011) On the fractional signals and systems. Signal Process
91:350-371. https://doi.org/10.1016/j.sigpro.2010.08.003

Mamchuev MO (2012) Cauchy problem in nonlocal statement for a system of fractional partial differential
equations. Differ Equ 48:354-361. https://doi.org/10.1134/S0012266112030068

Mamchuev MO (2016) Mixed problem for a system of fractional partial differential equations. Differ Equ
52:133-138. https://doi.org/10.1134/S0012266116010122

Miller KS, Ross B (1993) An introduction to the fractional calculus and fractional differential equations.
Wiley-Interscience, Oxford

Mohebbi Ghandehari MA, Ranjbar M (2013) A numerical method for solving a fractional partial differential
equation through converting it into an NLP problem. Comput Math with Appl 65:975-982. https://doi.
org/10.1016/j.camwa.2013.01.003

Ouyang Z (2011) Existence and uniqueness of the solutions for a class of nonlinear fractional order partial
differential equations with delay. Comput Math with Appl 61:860-870. https://doi.org/10.1016/j.camwa.
2010.12.034

Paquin G, Winternitz P (1990) Group theoretical analysis of dispersive long wave equations in two space
dimensions. Phys D Nonlinear Phenom 46:122-138. https://doi.org/10.1016/0167-2789(90)90115-6

Podlubny I (1998) Fractional differential equations: an introduction to fractional derivatives, fractional differ-
ential equations, to methods of their solution and some of their applications, vol 198. Academic press,
New York

Singla K, Gupta R (2017) Conservation laws for certain time fractional nonlinear systems of partial differential
equations. Commun Nonlinear Sci Numer Simul 53:10-21. https://doi.org/10.1016/j.cnsns.2017.04.032

Thabet H, Kendre S (2018a) Analytical solutions for conformable space-time fractional partial differential
equations via fractional differential transform. Chaos Solit Fract 109:238-245. https://doi.org/10.1016/
j-chaos.2018.03.001

Thabet H, Kendre S (2018b) Modified least squares homotopy perturbation method for solving fractional
partial differential equations. Malaya J Matematik 6(2):420—427. https://doi.org/10.26637/MIM0602/
0020

Thabet H, Kendre S (2019) New modification of Adomian decomposition method for solving a system of
nonlinear fractional partial differential equations. Int J Adv Appl Math and Mech 6(3):1-13

Thabet H, Kendre S, Chalishajar D (2017) New analytical technique for solving a system of nonlinear fractional
partial differential equations. Mathematics 5(4):47. https://doi.org/10.3390/math5040047

Thabet H, Kendre S, Peters J (2019b) Travelling wave solutions for fractional Korteweg-de Vries equations via
an approximate-analytical method. AIMS Math 4(4):1203-1222. https://doi.org/10.3934/math.2019.4.
1203

Thabet H, Kendre S, Peters J (2019a) Analytical solutions for nonlinear systems of conformable space-time
fractional partial differential equations via generalized fractional differential transform. Vietnam J Math.
https://doi.org/10.1007/s10013-019-00340-y

Wang M (1995) Solitary wave solutions for variant Boussinesq equations. Phys Lett A 199:169-172. https://
doi.org/10.1016/0375-9601(95)00092-H

Wang M, Zhou Y, Li Z (1996) Application of a homogeneous balance method to exact solutions of
nonlinear equations in mathematical physics. Phys Lett A 216:67-75. https://doi.org/10.1016/0375-
9601(96)00283-6

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer f DMAC


https://doi.org/10.1007/s40819-015-0049-3
https://doi.org/10.1016/j.apnum.2016.07.002
https://doi.org/10.1016/j.apnum.2016.07.002
https://doi.org/10.1016/S0045-7825(99)00018-3
https://doi.org/10.1016/S0045-7825(99)00018-3
https://doi.org/10.1016/j.jcp.2015.09.042
https://doi.org/10.1016/j.jcp.2015.09.042
https://doi.org/10.1016/j.sigpro.2010.08.003
https://doi.org/10.1134/S0012266112030068
https://doi.org/10.1134/S0012266116010122
https://doi.org/10.1016/j.camwa.2013.01.003
https://doi.org/10.1016/j.camwa.2013.01.003
https://doi.org/10.1016/j.camwa.2010.12.034
https://doi.org/10.1016/j.camwa.2010.12.034
https://doi.org/10.1016/0167-2789(90)90115-6
https://doi.org/10.1016/j.cnsns.2017.04.032
https://doi.org/10.1016/j.chaos.2018.03.001
https://doi.org/10.1016/j.chaos.2018.03.001
https://doi.org/10.26637/MJM0602/0020
https://doi.org/10.26637/MJM0602/0020
https://doi.org/10.3390/math5040047
https://doi.org/10.3934/math.2019.4.1203
https://doi.org/10.3934/math.2019.4.1203
https://doi.org/10.1007/s10013-019-00340-y
https://doi.org/10.1016/0375-9601(95)00092-H
https://doi.org/10.1016/0375-9601(95)00092-H
https://doi.org/10.1016/0375-9601(96)00283-6
https://doi.org/10.1016/0375-9601(96)00283-6

	Solitary wave solutions and traveling wave solutions for systems of time-fractional nonlinear wave equations via an analytical approach
	Abstract
	1 Introduction
	2 Basic definitions and preliminaries
	3 New approximate-analytical approach for solving a system of FNPDEs
	4 Solitary and traveling wave solutions for systems of time-fractional nonlinear wave equations
	5 Discussion and numerical results
	6 Conclusion
	Acknowledgements
	References




