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Abstract This paper aims to conduct an analytical study into some nonlinear models of

pseudoparabolic type, including the Oskolkov, Oskolkov–Benjamin–Bona–Mahony–

Burgers, and Benjamin–Bona–Mahony–Peregrine–Burgers equations. A number of new

exact solutions for these pseudoparabolic type equations have been derived based on the

modified Kudryashov method that its calculations are performed in a symbolic computa-

tion system known as Maple.

Keywords Pseudoparabolic type equations � Oskolkov equation � Oskolkov–Benjamin–

Bona–Mahony–Burgers equation � Benjamin–Bona–Mahony–Peregrine–Burgers

equation � Modified Kudryashov method � New exact solutions

1 Introduction

In general, nonlinear partial differential equations (NPDEs) consisting of high order terms

play a vital role in describing complicated problems that are arisen in various scientific

topics, such as thermodynamics, optical fibers, nonlinear networks, soil consolidation, fluid

flow in rock discontinuities, and wave propagation. Thus, solving NPDEs is of crucial

importance for researchers such that the resulting solutions can provide a great insight into
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the physical behavior of the problems concerned. During the recent years, exact solutions

to NPDEs have been found by developing a broad range of analytical approaches, such as

modified simple equation method (Kaplan and Bekir 2016; Younis 2014; Kaplan et al.

2015; Jawad et al. 2010), trial equation method (Ekici et al. 2016; Pandir et al. 2013; Bulut

et al. 2013; Odabasi and Misirli 2015), first integral method (Hosseini and Gholamin 2015;

Hosseini et al. 2012, 2014; Younis 2013), (G0/G)-expansion method (Younis and Zafar

2014; Biswas and Mirzazadeh 2014; Younis and Rizvi 2015; Khan et al. 2015), exp-

function method (Bekir et al. 2015; Guner et al. 2015, 2016), and Kudryashov method

(Kudryashov 2012; Ryabov 2010; Hosseini and Ayati 2016; Ayati et al. 2016; Eslami and

Mirzazadeh 2014). Kudryashov method is regarded as one of the most powerful algebraic

techniques for solving high order nonlinear differential equations. Recently, a variant of

Kudryashov method in which the Euler’s number e is replaced by an arbitrary constant

a = 1 as the base of the exponential function has attracted a great deal of attention among

researchers. For example, Hosseini et al. (2017) utilized the modified Kudryashov tech-

nique to extract new exact solutions of the conformable time-fractional Klein–Gordon

equations with quadratic and cubic nonlinearities. Hosseini et al. (2017) also used the

modified Kudryashov technique to generate new explicit exact solutions of the con-

formable time-fractional Cahn–Allen and Cahn–Hilliard equations. Zayed and Alurrfi

(2015) exerted the modified Kudryashov technique to produce new exact solutions for

some classes of seventh-order PDEs, used in mathematical physics, including Sawada–

Kotera–Ito, Kaup–Kupershmidt, and Lax equations. More references are found in (Bulut

et al. 2013, 2016 Saha 2016; Ege and Misirli 2014; Demiray et al. 2014; Mirzazadeh et al.

2016; Taghizadeh et al. 2017; Manafian 2017; Tariq and Akram 2017; Sahoo and Saha

2016; Çenesiz et al. 2016). In this study, a modified form of Kudryashov method has been

suggested to seek new exact solutions of some pseudoparabolic type equations, namely the

Oskolkov, Oskolkov–Benjamin–Bona–Mahony–Burgers, and Benjamin–Bona–Mahony–

Peregrine–Burgers equations. Apart from this study, Gözükizil and Akçağil (2013)

investigated the pseudoparabolic type equations using the tanh-coth method and Akcagil

et al. (2016) studied the pseudoparabolic type equations via the (G0/G)-expansion method.

2 Describing the modified Kudryashov method

A general nonlinear partial differential equation in two independent variables x and t can

be illustrated as

F u;
ou

ot
;
ou

ox
;
o2u

ot2
;
o2u

ox2
; . . .

� �
¼ 0; ð1Þ

where F is a given polynomial of u(x, t) along with its various partial derivatives. Under

the transformation

u x; tð Þ ¼ f nð Þ; n ¼ l2x� l1t;

where two parameters l1 and l2 are nonzero constants to be evaluated later, Eq. (1) can be

written as a nonlinear ordinary differential equation in the form

G f ; f 0; f 00; . . .ð Þ ¼ 0: ð2Þ
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Here 0 shows the derivatives with respect to n. Assume that the solution of Eq. (2) is

presented as follows

f nð Þ ¼
Xm
i¼0

aiQ
i nð Þ; ð3Þ

where ai; i ¼ 0; 1; . . .;m are constants to be calculated, am = 0, and Q = Q(n) is the

solution of

dQ

dn
¼ Q nð Þ Q nð Þ � 1ð Þ ln a:

It can be easily verified that the function Q(n) have the form

Q nð Þ ¼ 1

1 þ dan
;

where d is an arbitrary constant and a = 1. To obtain the value of m, we have to balance

the highest order derivative and nonlinear terms in Eq. (2). By substituting Eq. (3) into

Eq. (2) and collecting the terms, we obtain

T Q nð Þð Þ ¼ 0: ð4Þ

By comparing the coefficients of like powers of Q(n) in the resulting Eq. (4), a system

of algebraic equations will be gained. Solving the system of equations through the use of

symbolic computation system yields the values of ai, l1, and l2. Subsequently, replacing

these values into Eq. (3) produces a variety of new solutions for Eq. (1).

3 Application

In this section, the utility of the modified Kudryashov technique is assessed by exerting it

to some nonlinear pseudoparabolic type equations, including the Oskolkov, Oskolkov–

Benjamin–Bona–Mahony–Burgers, and Benjamin–Bona–Mahony–Peregrine–Burgers

equations.

3.1 The Oskolkov equation

The Oskolkov equation is presented as (Gözükizil and Akçağil 2013; Akcagil et al. 2016)

ut � k1uxxt � k2uxx þ uux ¼ 0; ð5Þ

which demonstrates the dynamic behavior of a Kelvin–Voigt model of viscoelastic fluids.

By using the transformation introduced in Sect. 2, Eq. (5) can be reduced as

�l1f
0 þ k1l1l

2
2f

000 � k2l
2
2f

00 þ l2ff
0 ¼ 0:

Integrating above equation once with respect to n yields

�l1f þ k1l1l
2
2f

00 � k2l
2
2f

0 þ 1

2
l2f

2 ¼ 0: ð6Þ
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By balancing the derivative term f 00 and the second-power term f2, we find m = 2. This

gives a finite series in the form

f nð Þ ¼ a0 þ a1Q nð Þ þ a2Q
2 nð Þ: ð7Þ

Substituting Eq. (7) along with its first and second derivatives into Eq. (6) and equating

the coefficients of like powers of Q(n) in the resulting equation, results in

� l1a0 þ
1

2
l2a

2
0 ¼ 0;

k1l1l
2
2 ln að Þ2

a1 þ k2l
2
2 ln að Þa1 þ l2a0a1 � l1a1 ¼ 0;

k1l1l
2
2 ln að Þ2

a1 þ k2l
2
2 ln að Þa1 þ l2a0a1 � l1a1 ¼ 0;

� l1a2 � 3k1l1l
2
2 ln að Þ2

a1 þ 4k1l1l
2
2 ln að Þ2

a2 � k2l
2
2 ln að Þa1

þ 2k2l
2
2 ln að Þa2 þ l2a0a2 þ

1

2
l2a

2
1 ¼ 0;

2k1l1l
2
2 ln að Þ2

a1 � 10k1l1l
2
2 ln að Þ2

a2 � 2k2l
2
2 ln að Þa2 þ l2a1a2 ¼ 0;

6k1l1l
2
2 ln að Þ2

a2 þ
1

2
l2a

2
2 ¼ 0:

The following different cases are determined by solving above system.

Case 1:

a0 ¼� 2
ffiffiffi
6

p
k2

5
ffiffiffiffiffi
k1

p ; a1 ¼ 0; a2 ¼ � 2
ffiffiffi
6

p
k2

5
ffiffiffiffiffi
k1

p ;

l1 ¼� k2

5k1 ln a
; l2 ¼ �

ffiffiffi
6

p

6
ffiffiffiffiffi
k1

p
ln a

:

Now, the following new exact solutions to the Oskolkov equation are extracted

u1;2 x; tð Þ ¼ � 2
ffiffiffi
6

p
k2

5
ffiffiffiffiffi
k1

p � 2
ffiffiffi
6

p
k2

5
ffiffiffiffiffi
k1

p
1 þ da

�
ffiffi
6

p

6
ffiffiffi
k1

p
ln a

xþ k2
5k1 ln a

t
� �2

:

Case 2:

a0 ¼0; a1 ¼ 0; a2 ¼ � 12k2

5
ffiffiffiffiffiffiffiffiffiffiffi
�6k1

p ;

l1 ¼� k2

5k1 ln a
; l2 ¼ � 1ffiffiffiffiffiffiffiffiffiffiffi

�6k1

p
ln a

:

Now, the following new exact solutions to the Oskolkov equation are generated

u3;4 x; tð Þ ¼ � 12k2

5
ffiffiffiffiffiffiffiffiffiffiffi
�6k1

p
1 þ da

� 1ffiffiffiffiffiffi
�6k1

p
ln a

xþ k2
5k1 ln a

t
� �2

:
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Case 3:

a0 ¼� 12k2

5
ffiffiffiffiffiffiffiffiffiffiffi
�6k1

p ; a1 ¼ � 24k2

5
ffiffiffiffiffiffiffiffiffiffiffi
�6k1

p ; a2 ¼ � 12k2

5
ffiffiffiffiffiffiffiffiffiffiffi
�6k1

p ;

l1 ¼ k2

5k1 ln a
; l2 ¼ � 1ffiffiffiffiffiffiffiffiffiffiffi

�6k1

p
ln a

:

Now, the following new exact solutions to the Oskolkov equation are produced

u5;6 x; tð Þ ¼ � 12k2

5
ffiffiffiffiffiffiffiffiffiffiffi
�6k1

p � 24k2

5
ffiffiffiffiffiffiffiffiffiffiffi
�6k1

p
1 þ da

� 1ffiffiffiffiffiffi
�6k1

p
ln a

x� k2
5k1 ln a

t
� �

� 12k2

5
ffiffiffiffiffiffiffiffiffiffiffi
�6k1

p
1 þ da

� 1ffiffiffiffiffiffi
�6k1

p
ln a

x� k2
5k1 ln at

� �2
:

Case 4:

a0 ¼0; a1 ¼ � 4
ffiffiffi
6

p
k2

5
ffiffiffiffiffi
k1

p ; a2 ¼ � 2
ffiffiffi
6

p
k2

5
ffiffiffiffiffi
k1

p ;

l1 ¼ k2

5k1 ln a
; l2 ¼ �

ffiffiffi
6

p

6
ffiffiffiffiffi
k1

p
ln a

:

Now, the following new exact solutions to the Oskolkov equation are constructed

u7;8 x; tð Þ ¼ � 4
ffiffiffi
6

p
k2

5
ffiffiffiffiffi
k1

p
1 þ da

�
ffiffi
6

p

6
ffiffiffi
k1

p
ln a

x� k2
5k1 ln a

t
� �� 2

ffiffiffi
6

p
k2

5
ffiffiffiffiffi
k1

p
1 þ da

�
ffiffi
6

p

6
ffiffiffi
k1

p
ln a

x� k2
5k1 ln a

t
� �2

:

3.2 The Oskolkov–Benjamin–Bona–Mahony–Burgers equation

The Oskolkov–Benjamin–Bona–Mahony–Burgers equation is defined as (Gözükizil and

Akçağil 2013; Akcagil et al. 2016)

ut � uxxt � k1uxx þ k2ux þ k3uux ¼ 0: ð8Þ

This equation presents nonlinear surface waves that circumfuse along the horizontal

axis Ox. Under the transformation

u x; tð Þ ¼ f nð Þ; n ¼ l2x� l1t;

the Oskolkov–Benjamin–Bona–Mahony–Burgers (OBBMB) Eq. (8) is reduced to a non-

linear ODE as below

k2l2 � l1ð Þf 0 � k1l
2
2f

00 þ l1l
2
2f

000 þ k3l2ff
0 ¼ 0: ð9Þ

Integrating Eq. (9) once with respect to n gives

k2l2 � l1ð Þf � k1l
2
2f

0 þ l1l
2
2f

00 þ 1

2
k3l2f

2 ¼ 0: ð10Þ
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In a similar manner as before, we find m = 2. This provides a solution of the form

f nð Þ ¼ a0 þ a1Q nð Þ þ a2Q
2 nð Þ: ð11Þ

Setting Eq. (11) along with its first and second derivatives into Eq. (10) and comparing

the coefficients of same powers of Q(n) in the resulting equation, yields

k2l2a0 � l1a0 þ
1

2
k3l2a

2
0 ¼ 0;

l1l
2
2 ln að Þ2

a1 þ k1l
2
2 ln að Þa1 þ k3l2a0a1 þ k2l2a1 � l1a1 ¼ 0;

k2l2a2 � l1a2 � 3l1l
2
2 ln að Þ2

a1 þ 4l1l
2
2 ln að Þ2

a2

� k1l
2
2 ln að Þa1 þ 2k1l

2
2 ln að Þa2 þ k3l2a0a2 þ

1

2
k3l2a

2
1 ¼ 0;

2l1l
2
2 ln að Þ2

a1 � 10l1l
2
2 ln að Þ2

a2 � 2k1l
2
2 ln að Þa2 þ k3l2a1a2 ¼ 0;

6l1l
2
2 ln að Þ2

a2 þ
1

2
k3l2a

2
2 ¼ 0:

By solving above nonlinear system through the use of symbolic computation system, the

following cases are determined.

Case 1:

a0 ¼�
2 5k2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24k2

1 þ 25k2
2

p
� 12k2

1 þ 25k2
2

� �� �

5k3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24k2

1 þ 25k2
2

p
� 5k2

� � ; a1 ¼ 0; a2 ¼ 5k2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24k2

1 þ 25k2
2

p
5k3

;

l1 ¼� k1

5 ln a
; l2 ¼ 5k2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24k2

1 þ 25k2
2

p
12k1 ln a

:

Now, the following new exact solutions to the OBBMB equation are generated

u1;2 x; tð Þ ¼ �
2 5k2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24k2

1 þ 25k2
2

p
� 12k2

1 þ 25k2
2

� �� �

5k3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24k2

1 þ 25k2
2

p
� 5k2

� � þ 5k2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24k2

1 þ 25k2
2

p

5k3 1 þ da
5k2�

ffiffiffiffiffiffiffiffiffiffiffiffi
24k2

1
þ25k2

2

p
12k1 ln a

xþ k1
5 ln a

t

 !2
:

Case 2:

a0 ¼0; a1 ¼ 0; a2 ¼ �5k2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�24k2

1 þ 25k2
2

p
5k3

;

l1 ¼� k1

5 ln a
; l2 ¼ �5k2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�24k2

1 þ 25k2
2

p
12k1 ln a

:

Now, the following new exact solutions to the OBBMB equation are extracted

u3;4 x; tð Þ ¼ �5k2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�24k2

1 þ 25k2
2

p

5k3 1 þ da
�5k2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�24k2

1
þ25k2

2

p
12k1 ln a xþ k1

5 ln at

 !2
:
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Case 3:

a0 ¼ 0; a1 ¼
2 �5k2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24k2

1 þ 25k2
2

p� �
5k3

; a2 ¼ 5k2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24k2

1 þ 25k2
2

p
5k3

;

l1 ¼ k1

5 ln a
; l2 ¼ �5k2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24k2

1 þ 25k2
2

p
12k1 ln a

:

Now, the following new exact solutions to the OBBMB equation are produced

u5;6 x; tð Þ ¼
2 �5k2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24k2

1 þ 25k2
2

p� �

5k3 1 þ da
�5k2�

ffiffiffiffiffiffiffiffiffiffiffiffi
24k2

1
þ25k2

2

p
12k1 ln a

x� k1
5 ln a

t

 !þ 5k2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
24k2

1 þ 25k2
2

p

5k3 1 þ da
�5k2�

ffiffiffiffiffiffiffiffiffiffiffiffi
24k2

1
þ25k2

2

p
12k1 ln a

x� k1
5 ln a

t

 !2
:

3.3 The Benjamin–Bona–Mahony–Peregrine–Burgers equation

The Benjamin–Bona–Mahony–Peregrine–Burgers equation is expressed as (Gözükizil and

Akçağil 2013; Akcagil et al. 2016)

ut � uxxt � k1uxx þ k2ux þ k3uux þ k4uxxx ¼ 0: ð12Þ

By introducing the transformation

u x; tð Þ ¼ f nð Þ; n ¼ l2x� l1t;

the Benjamin–Bona–Mahony–Peregrine–Burgers (BBMPB) (12) turns into a nonlinear

ODE of the form

k2l2 � l1ð Þf 0 � k1l
2
2f

00 þ l1l
2
2 þ k4l

3
2

� �
f 000 þ k3l2ff

0 ¼ 0: ð13Þ

Integrating above Eq. (13) once with respect to n results in

k2l2 � l1ð Þf � k1l
2
2f

0 þ l1l
2
2 þ k4l

3
2

� �
f 00 þ 1

2
k3l2f

2 ¼ 0: ð14Þ

As in the preceding equations, we obtain m = 2. Thus, Eq. (3) takes a form as below

f nð Þ ¼ a0 þ a1Q nð Þ þ a2Q
2 nð Þ: ð15Þ

Setting Eq. (15) along with its first and second derivatives into Eq. (14) and comparing

the coefficients of like powers of Q(n), leads to

k2l2a0 þ
1

2
k3l2a

2
0 � l1a0 ¼ 0; k4l

3
2 ln að Þ2

a1 þ l1l
2
2 ln að Þ2

a1 þ k1l
2
2 ln að Þa1 þ k3l2a0a1

þ k2l2a1 � l1a1 ¼ 0;�l1a2 þ k3l2a0a2 � 3k4l
3
2 ln að Þ2

a1 � 3l1l
2
2 ln að Þ2

a1 þ 4k4l
3
2 ln að Þ2

a2

þ 4l1l
2
2 ln að Þ2

a2 � k1l
2
2 ln að Þa1 þ 2k1l

2
2 ln að Þa2 þ k2l2a2 þ

1

2
k3l2a

2
1 ¼ 0; 2k4l

3
2 ln að Þ2

a1

� 10k4l
3
2 ln að Þ2

a2 þ 2l1l
2
2 ln að Þ2

a1 � 10l1l
2
2 ln að Þ2

a2 � 2k1l
2
2 ln að Þa2 þ k3l2a1a2 ¼ 0;

6k4l
3
2 ln að Þ2

a2 þ 6l1l
2
2 ln að Þ2

a2 þ
1

2
k3l2a

2
2 ¼ 0:
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The following different cases are determined by solving above system.

Case 1:

a0 ¼ 0; a1 ¼ � 2 k2 þ k4ð Þ
k3

; a2 ¼ 0; l1 ¼ k4 k2 þ k4ð Þ
k1 ln a

; l2 ¼ � k2 þ k4

k1 ln a
:

Now, the following new exact solution to the BBMPB equation is produced

u1 x; tð Þ ¼ � 2 k2 þ k4ð Þ

k3 1 þ da
�k2þk4

k1 ln a
x�k4 k2þk4ð Þ

k1 ln a
t

� � :

Case 2:

a0 ¼� 2 k2 þ k4ð Þ
k3

; a1 ¼ 2 k2 þ k4ð Þ
k3

; a2 ¼ 0;

l1 ¼� k4 k2 þ k4ð Þ
k1 ln a

; l2 ¼ k2 þ k4

k1 ln a
:

Now, the following new exact solution to the BBMPB equation is extracted

u2 x; tð Þ ¼ � 2 k2 þ k4ð Þ
k3

þ 2 k2 þ k4ð Þ

k3 1 þ da
k2þk4
k1 ln a

xþk4 k2þk4ð Þ
k1 ln a

t

� � :

Case 3:

a0 ¼0; a1 ¼ 0; a2 ¼
�5k2 � 5k4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�24k2

1 þ 5 k2 þ k4ð Þð Þ2
q

5k3

;

l1 ¼
�12k2

1 þ 25k2k4 þ 25k2
4 � 5k4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�24k2

1 þ 5 k2 þ k4ð Þð Þ2
q

60k1 ln a
;

l2 ¼
�5k2 � 5k4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�24k2

1 þ 5 k2 þ k4ð Þð Þ2
q
12k1 ln a

:

Now, the following new exact solutions to the BBMPB equation are extracted

u3;4 x; tð Þ ¼
�5k2 � 5k4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�24k2

1 þ 5 k2 þ k4ð Þð Þ2
q

5k3 1 þ da
�5k2�5k4�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�24k2

1
þ 5 k2þk4ð Þð Þ2

p
12k1 ln a x�

�12k2
1
þ25k2k4þ25k2

4
�5k4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�24k2

1
þ 5 k2þk4ð Þð Þ2

p
60k1 ln a t

0
@

1
A

2
:

4 Conclusion

This paper suggested a modified form of Kudrayshov method and also validated the

effectiveness of this technique by exerting it to different nonlinear pseudoparabolic type

equations, including the Oskolkov, Oskolkov–Benjamin–Bona–Mahony–Burgers,and
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Benjamin–Bona–Mahony–Peregrine–Burgers equations. As a direct result of this analysis,

a number of new exact solutions were produced. The correctness of each solution was then

checked by putting them back into its corresponding equation, ensuring that this new

technique is widely applicable to various differential equations of nonlinear type.
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