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Abstract Nonlinear evolution equations form the
most fundamental theme in mathematical physics.
The search for exact solutions of nonlinear equations
has been of interest in recent years. In this paper,
we obtain exact solutions of the nonlinear Jaulent–
Miodek hierarchy and (2+1)-dimensional Calogero–
Bogoyavlenskii–Schiff equation by using the general-
ized Kudryashov method. All calculations in this study
have been made and checked back with the aid of the
Maple packet program.

Keywords Exact solutions · Generalized Kudryashov
method · Symbolic computation · Calogero–
Bogoyavlenskii–Schiff equation · Jaulent–Miodek
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1 Introduction

In the past four decades, the research area of nonlin-
ear evolution equationsmodeling various physical phe-
nomena has played a significant role in a great many
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applications such as fluid mechanics, water waves,
plasma physics, nonlinear optics, elastic media, solid-
state physics and acoustic waves in crystals. A large
amount of effort has been expended over the last ten
years or so in attempting to find robust and stable
analytical methods to solve these equations. Many
powerful methods have been presented to investigate
exact solutions of nonlinear equations, such as the
homogeneous balance method [1], the inverse scatter-
ing method [2], the Backlund transformation method
[3,4], Hirota bilinear method [5], Wronskian tech-
nique [6],Darboux transformation [7], Lie group analy-
sis [8–10], Jacobi elliptic function method [11], the
tanh method [12], extended tanh method [13,14], sine–
cosine method [15,16], F-expansion method [17,18],
variational iteration method [19], exp-function method
[20,21], the (G ′/G)-expansion method [22,23], the
(G ′/G, 1/G)-expansionmethod [24–26], the auxiliary
equation method [27–29], the trial method [30], the
modified simple equation method [31,32], the ansatz
method [33–36], multiple exp-function algorithm [37]
and so on [38].

The study of multidimensional integrable systems
is one of the main topics in theory of the integrable
systems. Several integrable models have been recently
developed in the context of (2+1)-dimensional equa-
tions. Our objective in this work is to obtain new travel-
ing wave solutions of two (2+1)-dimensional nonlinear
partial differential equation (NPDE) by using the gen-
eralized Kudryashov method . The proposed method is
a direct and powerful method for solving NPDEs.
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The present paper organized as follows: In Sect. 2,
we describe the generalizedKudryashovmethod to find
exact solutions of NPDEs. In Sect. 3, we illustrate this
method in detail with the Jaulent–Miodek hierarchy
and Calogero–Bogoyavlenskii–Schiff (CBS) equation.
Also we discuss the graphical representation of some
obtained solutions. Finally, in Sect. 4, some conclu-
sions are given.

2 The generalized Kudryashov method

In this section, we present the generalized Kudryashov
method for finding exact solutions of NPDEs [39,40].

We consider a general NPDE in the form:

P(u, ux , uy, ut , uxx , uyy, ...) = 0, (1)

where P is a polynomial of u(x, y, z, t) and its partial
derivatives in which the highest order derivatives and
nonlinear terms are involved.

The main steps of the generalized Kudryashov
method are as follows:

Step 1: To look for the traveling wave solution of
equation, we take traveling wave transformation:

ξ = x + y + z + λt (2)

By usingEq. (2), Eq. (1) reduces to a nonlinear ordinary
differential equation (ODE).

H(u, u′, u′′, ..., ) = 0, (3)

where prime denotes the derivation with respect to ξ .
Step 2: Suppose that the solution of Eq. (3) can be

represented by in the following rational form:

u(ξ) =
∑N

i=0
ai Qi (ξ)

∑M

j=0
b j Q j (ξ)

(4)

where ai (i = 0, 1, ..., n), b j ( j = 0, 1, ...,m) are con-
stants to be determined such that aN �= 0, bM �= 0 and
Q = Q(ξ) satisfies the ODE

dQ

dξ
= Q2(ξ) − Q(ξ) (5)

It is obvious that the solution of Eq. (5) is

Q(ξ) = 1

1 + Aeξ

where A is integration constant.
Step 3:We determine the positive integers N and M

in Eq. (4) by using the homogeneous balance method
between the highest order derivatives and the highest
power nonlinear terms in Eq. (3).

Step 4: Substituting Eq. (4) into Eq. (3) along with
Eq. (5), we obtain a polynomial of R(Q) of Q. Then
equating all the coefficients of R(Q) to zero,we acquire
a system of algebraic equations. Solving this system
with the aid of Maple, we can find the values of
ai (i = 0, 1, ..., n), b j ( j = 0, 1, ...,m). Finally, if we
substitute these values and Eq. (5) into Eq. (4), then we
find the exact solutions of the reduced Eq. (3).

3 Applications

3.1 The Jaulent–Miodek hierarchy

The equation generated by the Jaulent–Miodek hierar-
chy is in the following form

wt + 1

4

(
wxx − 2w3)

x + 3

4

(
1

4
∂−1
x wyy + wx∂

−1
x wy

)
= 0,

(6)

Here ∂−1
x denotes an inverse operator of ∂x = ∂/∂x ,

which can be defined as ∂−1
x f (x) = ∫ x

−∞ f (t)dt under
the decaying condition at infinity with the condition
∂−1
x ∂x = ∂x∂

−1
x = 1 [41].

To remove the integral term, assume

w(x, y, t) = ux (x, y, t) (7)

therefore, Eq. (6) becomes the following form:

uxt + 1

4
uxxxx − 3

2
u2xuxx + 3

16
uyy + 3

4
uxxuy = 0 (8)

Let us apply the generalized Kudryashov method to
find the exact solutions of the Jaulent–Miodek hierar-
chy. Assume u(x, y, t) = u(ξ), ξ = x + y+λt , where
λ is the wave speed. Equation (8) reduces to:
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λu′′ + 1

4
u′′′′ − 3

2
(u′)2u′′ + 3

16
u′′ + 3

4
u′′u′ = 0 (9)

Then Eq. (9) can be rearranged as follows:

λu′′ + 1

4
u′′′′ − 1

2
((u′)3)′+ 3

16
u′′ + 3

8
((u′)2)′ = 0. (10)

Integrating Eq. (10) with respect to ξ and setting the
integration constant to zero, we get:

λu′ + 1

4
u′′′ − 1

2
(u′)3 + 3

16
u′ + 3

8
(u′)2 = 0. (11)

By substituting u′ = v into Eq. (11), we obtain

(
λ + 3

16

)
v + 1

4
v′′ − 1

2
v3 + 3

8
v2 = 0. (12)

Considering the homogeneous balance between the
highest order derivative term v′′ with the highest order
nonlinear term v3 gives

N = M + 1

If we choose M = 1, then N = 2. Therefore, the exact
solution of the proposed equation takes the form

v(ξ) = a0 + a1Q + a2Q2

b0 + b1Q
(13)

where Q = Q(ξ) satisfies Eq. (5) and a0, a1, a2, b0, b1
are parameters to be determined. Substituting Eq. (13)
into Eq. (12) and using Eq. (5) and then equating all
coefficients of the functions Qk to zero, we obtain

Q6 : 1
2
a2b

2
1 − 1

2
a32 = 0,

Q5 : 3
8
a22b1 − 3

8
a1a

2
2 + 3

2
a2b0b1 − 3

4
a2b

2
1 = 0,

Q4 : 3
2
a2b

2
0 − 9

4
a2b0b1 + 3

8
a22b0 − 3

2
a0a

2
2 − 3

2
a21a2

+ 7

16
a2b1 + λa2b

2
1 + 3

4
a1a2b1 = 0,

Q3 : 9
8
a2b0b1 + 1

2
a1b

2
0 + 2λa2b0b1 − 1

4
a0b

2
1

+3

8
a21b1 + 3

16
a1b

2
1 + λa1b

2
1

−5

2
a2b

2
0 − 1

2
a31 + 3

4
a1a2b0 + 1

4
a1b0b1

− 3a0a1a2 − 1

2
a0b0b1 + 3

4
a0a2b1 = 0,

Q2 : 3
8
a21b0 + 3

4
a0a2b0 + 7

16
a0b

2
1

+ 2λa1b0b1 + λa0b
2
1 + 1

8
a1b0b1

+3

4
a0a1b1 − 3

4
a1b

2
0 − 3

2
a0a

2
1 + 19

16
a2b

2
0

−3

2
a20a2 + λa2b

2
0 + 3

4
a0b0b1 = 0,

Q1 : 3
4
a0a1b0 + 2λa0b0b1 + 7

16
a1b

2
0 + λa1b

2
0

−3

2
a20a1 + 3

8
a20b1 + 1

8
a0b0b1 = 0,

Q0 : 3
8
a20b0 + 3

16
a0b

2
0 + λa0b

2
0 − 1

2
a30 = 0.

Solving the above set of algebraic equations by
Maple, we get different cases of the solutions. We dis-
cuss them below:

Case 1:

a0 = 0, a1 = −4b0, a2 = 4b0, b0 = b0, b1

= −4b0, λ = − 7

16
.

By substituting these values into Eq. (13), we get

v(x, y, t)=
−4

(
1

1+C1e
x+y− 7

16 t

)
+ 4

(
1

1+C1e
x+y− 7

16 t

)2

1 − 4

(
1

1+C1e
x+y− 7

16 t

) .

Here C1 is an integration constant. Since u′ = v, we
obtain the exact solution of Eq. (8) as follows (Fig. 1):

u(x, y, t)

= ln

∣∣∣∣∣∣

1 + C1

(
cosh(x + y − 7

16 t) + sinh(x + y − 7
16 t)

)

C1

(
cosh(x + y − 7

16 t) + sinh(x + y − 7
16 t)

)
− 3

∣∣∣∣∣∣

+C,

where C is the integration constant. As w = ux , the
exact solution of the Jaulent–Miodek hierarchy is

w(x, y, t)

= −
C1

(
cosh(x + y − 7

16 t) + sinh(x + y − 7
16 t)

)

−3 + C1
(
cosh(x + y − 7

16 t) + sinh(x + y − 7
16 t)

)

+
C1

(
cosh(x + y − 7

16 t) + sinh(x + y − 7
16 t)

)

1 + C1
(
cosh(x + y − 7

16 t) + sinh(x + y − 7
16 t)

) .

Case 2:

a0 = 0, a1 = 4

3
b0, a2 = −4

3
b0, b0 = b0,

b1 = −4

3
b0, λ = − 7

16
.
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Fig. 1 Graph of the w(x, y, t) corresponding to the values for
C1 = 1, y = 0 within the interval −10 ≤ t ≤ 10

Substituting these values into Eq. (13), we get

v(x, y, t) = 4C1ex+y− 7
16 t

(
−1 + 3C1ex+y− 7

16 t
) (

1 + C1ex+y− 7
16 t

)

Here C1 is an integration constant. Since u′ = v, we
obtain the exact solution of Eq. (8) as follows (Fig. 2):

u(x, y, t)

= ln

∣∣∣∣∣∣

−1 + 3C1

(
cosh(x+y − 7

16 t)+sinh(x+y − 7
16 t)

)

1+C1

(
cosh(x+y − 7

16 t)+sinh(x + y − 7
16 t)

)

∣∣∣∣∣∣

+ 2C,

where C is the integration constant. As w = ux , the
exact solution of the Jaulent–Miodek hierarchy is

Fig. 2 Graph of the w(x, y, t) corresponding to the values for
C1 = 1, y = 0 within the interval −10 ≤ t ≤ 10

w(x, y, t)

= −
C1

(
cosh(x + y − 7

16 t) + sinh(x + y − 7
16 t)

)

1 + C1
(
cosh(x + y − 7

16 t) + sinh(x + y − 7
16 t)

)

+
3C1

(
cosh(x+y− 7

16 t)+sinh(x + y − 7
16 t)

)

−1 + 3C1
(
cosh(x + y − 7

16 t)+sinh(x + y − 7
16 t)

) .

Case 3:

a0 = b1(23 + 3
√
73)

128
, a1 = −b1(13 + √

73)

16
,

b0 = −b1(9 + √
73)

16
, λ = 3

√
73 − 25

256
Substituting these values into Eq. (13), we get
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v(x, y, t) =

23 + 3
√
73

128
− 13 + √

73

16 + 16C1

(
cosh(x + y + 3

√
73−25
256 t) + sinh(x + y + 3

√
73−25
256 t)

)

1

1 + C1

(
cosh(x + y + 3

√
73−25
256 t) + sinh(x + y + 3

√
73−25
256 t)

) − 9 + √
73

16

+

1
(
1 + C1(cosh(x + y + 3

√
73−25
256 t) + sinh(x + y + 3

√
73−25
256 t))

)2

1

1 + C1

(
cosh(x + y + 3

√
73−25
256 t) + sinh(x + y + 3

√
73−25
256 t)

) − 9 + √
73

16

Here C1 is an integration constant. Since u′ = v, we
obtain the exact solution of Eq. (8) as follows (Fig. 3):

u(x, y, t) =
−272ln

(
−17 + C1A(x, y, t) + 2

√
73

)
+ 32

√
73ln

(
−17 + C1A(x, y, t) + 2

√
73

)

16(−17 + 2
√
73)

+ −197lnA(x, y, t) + 23
√
73lnA(x, y, t) + 272ln(1 + C1A(x, y, t)) − 32

√
73ln(1 + A(x, y, t)C1)

16(−17 + 2
√
73)

where A(x, y, t) = cosh(x+ y+ 3
√
73−25
256 t)+sinh(x+

y+ 3
√
73−25
256 t) andC is the integration constant.Asw =

ux , the exact solution of the Jaulent–Miodek hierarchy
is

Fig. 3 Graph of the w(x, y, t) corresponding to the values for
C1 = 1, y = 0 within the interval −10 ≤ t ≤ 10

w(x, y, t) = − C1ex+y+ 3
√
73−25
256 t

1 + ex+y+ 3
√
73−25
256 t

+ 47 + 5
√
73

56 − 8
√
73

+ C1ex+y+ 3
√
73−25
256 t

−17 + C1ex+y+ 3
√
73−25
256 t + 2

√
73

Note that the obtained solutions are different from the
given ones in [42].

3.2 Calogero–Bogoyavlenskii–Schiff equation

The (2 + 1)-dimensional CBS equation is in the form
[43]:

uxxxz + 2uzuxx + 4uxuxz + uxt = 0. (14)

Let us solve Eq. (14) by using the generalized
Kudryashov method. To achieve it, we first take a trav-
eling wave transformation:

u(x, z, t) = u(ξ), ξ = x + z + λt. (15)

Therefore, Eq. (14) reduces to the following ODE:

u′′′′ + 3((u′)2)′ + λu′′ = 0. (16)
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Here ′ denotes the derivation with respect to ξ . Inte-
grating Eq. (14) once with respect to ξ and setting the
constant of the integration, we get

u′′′ + 3(u′)2 + λu′ = 0. (17)

Setting u′ = v, we obtain

v′′ + 3v2 + λv = 0. (18)

Balancing the highest order derivative term v′′ with the
nonlinear term v2 gives

N = M + 2.

If we chooseM = 1, then N = 3 and the exact solution
takes the form

v(ξ) = a0 + a1Q + a2Q2 + a3Q3

b0 + b1Q
(19)

whereQ = Q(ξ) satisfiesEq. (5) anda0, a1, a2, a3, b0,
b1 are parameters to be determined. Substituting
Eq. (19) into Eq. (18) along with Eq. (5) and then
equating all coefficients of the functions Qk to zero,
we obtain:
Q7 : 3a23b1 + 6a3b21 = 0,
Q6 : 3a23b0 + 16a3b0b1 + 6a2a3b1 − 10a3b21

+ 2a2b21 = 0,
Q5 : 12a3b20 + 6a2b0b1 + 6a2a3b0 + 4a3b21 + λa3b21

− 3a2b21 − 27a3b0b1 + 6a1a3b1 + 3a22b1 = 0,
Q4 : 3a22b0 + 11a3b0b1 + 6a2b20 + 2λa3b0b1

+ 6a0a3b1 + 6a1a3b0
− 21a3b20 − 9a2b0b1 + 6a1a2b1 + λa2b21
+ a2b21 = 0,

Q3 : 2λa2b0b1 + 6a1a2b0 + 2a1b20 − 10a2b20
+ 3a2b0b1 + a1b0b1 + λa3b20
+9a3b20 − b21a0 − 2b1a0b0 + 6a0a3b0
+ 3a21b1 + 6a0a2b1 + λa1b21 = 0,

Q2 : −a1b0b1 − 3a1b20 + 6a0a1b1 + 6a0a2b0
+ λa2b20 + 2λa1b0b1
+ b21a0 + 3b1a0b0 + λb21a0 + 3a21b0
+ 4a2b20 = 0,

Q1 : 2λb1a0b0 + 6a0a1b0 + λa1b20 + 3a20b1 + a1b20
− b1a0b0 = 0,

Q0 : λa0b20 + 3a20b0 = 0.

Solving above set of algebraic equations by Maple, we
obtain (Fig. 4):

Case 1:

a0 =0, a1=2b0, a2=−2b0+2b1, a3=−2b1, λ=−1.

Fig. 4 Graph of the u(x, z, t) corresponding to the values for
A = 1, B = 2, z = 0 within the interval −10 ≤ t ≤ 10

Substituting these values into Eq. (19), we find

v(ξ) = 2 f (ξ)

(1 + f (ξ))2
.

Since u′ = v, we get the exact solution of Eq. (14):

u(ξ) = B − 2

1 + f (ξ)
,

where f (ξ) = A(cosh ξ + sinh ξ), ξ = x + z − t and
B is integration constant.

Case 2:

a0 = −1

3
b0, a1 = 2b0 − 1

3
b1, a2 = −2b0 + 2b1,

a3 = −2b1, λ = 1.

Substituting these values into Eq. (19), we find

v(ξ) = −A f (2ξ) + 4 f (ξ) − 1

3(1 + f (ξ))2
.

Since u′ = v, we get the exact solution of Eq. (14):

u(ξ) = 1

3
ln

(
A

f (ξ)

)
+ B − 2,

where f (ξ) = A(cosh ξ + sinh ξ), ξ = x + z + t , and
B is integration constant (Fig. 5).

Note that the obtained solutions are different from
the ones given in [44,45].
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Fig. 5 Graph of the u(x, z, t) corresponding to the values for
A = 1, B = 2, z = 0 within the interval −10 ≤ t ≤ 10

4 Conclusions

In summary, we have presented the generalized
Kudryashov method to construct exact solutions of
nonlinear evolution equations. We have obtained the
exact solutions of Jaulent–Miodek hierarchy and the
CBS equation. The obtained solutions may be appro-
priate to understand themechanismof the intricate non-
linear physical phenomena in wave collaboration. The
generalized Kudryashov method is very effective and
powerful to obtain exact solutions of nonlinear evo-
lution equations and give more general solutions. In
fact, this method is readily applicable to a large vari-
ety of the nonlinear evolution equations which fre-
quently appear in mathematical physics and nonlinear
sciences. By substituting back, it has been checked that
the obtained solutions satisfy both the Jaulent–Miodek
hierarchy and the CBS equation. Also the graphical
representation of the obtained solutions are given.
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