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Abstract.

Nonlinear fractional differential equations are encountered in various fields of mathematics, physics,

chemistry, biology, engineering and in numerous other applications. Exact solutions of these equations play a
crucial role in the proper understanding of the qualitative features of many phenomena and processes in various
areas of natural science. Thus, many effective and powerful methods have been established and improved. In
this study, we establish exact solutions of the time fractional biological population model equation and nonlinear
fractional Klein—Gordon equation by using the modified simple equation method.
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1. Introduction

Fractional differential equations (FDEs) are generaliza-
tions of the previous differential equations of integer
order to non-integer one, through the application of
fractional calculus. It has been shown that the new
fractional-order models are more adequate than the
previously used integer-order models because frac-
tional-order models can describe the nonlinear phe-
nomena more exactly. As FDEs appear more and
more frequently in various research and engineering
applications, such as signal processing, control theory,
viscoelasticity, biology, physics and electrochemistry
(see refs [1-6] and references therein), they attract
considerable interest and there has been a signifi-
cant theoretical development recently (for example, see
refs [2,4,5]). Also many powerful methods, for example,
exponential function method [7,8], (G’/G)-expan-
sion method [9,10], first integral method [11,12], sub-
equation method [13,14], functional variable method
[15,16], modified simple equation method [17], mod-
ified trial equation method [18] and so on [19] have
been proposed to obtain exact solutions of fractional
differential equations.

The aim of this paper is to find new exact travel-
ling wave solutions of FDEs by using modified simple
equation (MSE) method. The rest of the paper is orga-
nized as follows: In §2, the definition of modified
Riemann—Liouville derivative and some of its properties
are given. In §3, fractional complex transformation and
MSE method are introduced. In §4, exact solutions of
fractional biological population model equation and
nonlinear fractional Klein—Gordon equation are veri-
fied by using the mentioned method. Finally, some
conclusions are given.

2. Modified Riemann-Liouville derivative
and some of its properties

In literature, some alternative definitions of frac-
tional derivatives, such as the Caputo, Griinwald—
Letnikov, Weyl and Riesz fractional derivatives [3,6,
20-22] are considered. Each fractional derivative pre-
sents some advantages and disadvantages. For instance,
the Riemann—Liouville derivative of a constant is not
zero. The Caputo derivative of a constant is zero, but
it is defined only for differentiable functions, while
functions that have no first-order derivative might have
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fractional derivatives of all orders less than one in the
Riemann-Liouville sense [3].

The Jumarie’s modified Riemann-Liouville deriva-
tive of order « is defined by the following expression:
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where f: R — R,t — f(¢) and f(¢) is a continuous
function. Some significant properties of the modified

Riemann—Liouville derivative can be summarized as
follows [23,24]:
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3. Fractional complex transformation and MSE
method

Suppose that a fractional partial differential equation,
say in the independent variables ¢, x is given by

P(u, D*u, DPu, D*D%u, D* DPu, DPDPu, ..) =0,

O<a, B <, 3.1
where u is an unknown function, P is a polynomial in
u and their various partial derivatives include fractional
derivatives.

The main steps of the MSE method are summarized
as follows:

Step 1. To find the exact solution of eq. (3.1), we intro-
duce the following fractional complex transformation:
kxP ct®
= + .
1+p d+w

Employing eq. (3.2), we can rewrite eq. (3.1) in the
following nonlinear ODE:

Q(uv ula M”, l/i,//, --~) = Oa
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where the prime denotes the derivation with respect
to £. Equation (3.2) is then integrated as many times as
possible, setting the constant of integration to be zero.

Step 2. The solution of eq. (3.2) can be expressed by a
polynomial in (¢' (§)/¢ (§)), i.e.,

& [ ®T
”(5)_Z“k[¢<s>] ’

k=0

(3.4)

where ay(k = 0, 1, 2, ..., m) are arbitrary constants to
be determined such that a, # 0, and ¢(£) is an
unknown function to be determined later. In the tanh-
function method, (G’/G)-expansion method, exp-
function method, etc., the solution is represented in
terms of some predefined functions, but in the mod-
ified simple method, ¢ is not predefined or not a
solution of any predefined equation. Therefore, some
fresh solutions may be found by this method. This is
the distinction of the MSE method [25-27].

Step 3. The positive integer m can be determined
by considering homogeneous balance between the
highest-order derivative term with the highest-order
nonlinear term appearing in eq. (3.2).

Step 4. Substitute eq. (3.4) into eq. (3.3). As a result
of this substitution, a polynomial of ¢~/ (&) is verified
with the derivatives of ¢ (£). We equate all the coeffi-
cients of ¢~/ (£) to zero, where j > 0. This operation
yields a system which can be solved to find ax(k = 0,
1,2, ..., m) and ¢ (£). Substituting the values of a; and
¢ (&) into eq. (3.4) completes the determination of the
solution of eq. (3.1)

4. Applications

In this section, we construct exact solutions of the
following two nonlinear fractional partial differential
equations using the proposed method of §2.

4.1 Fractional biological population model equation

We first consider the fractional biological population
model equation of the form [28]

0%u

? 5 > 2
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where u denotes the population density and A (u? — r)
represents the population supply due to births and
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deaths. To find the exact solution we first introduce
the following travelling wave transformation:

u=u(§), E=kx+1ly+ct+&.

So, eq. (4.1) is reduced to the following nonlinear
fractional ODE:

C“Dg‘ —h@w?*—-r)=0,

4.2)

=ik, i’=-1. (4.3)

Balancing Dg‘ and u? terms in eq. (4.3), the balance
number m = 1 is found. Then the solution function
(3.3) takes the form

¢/($)>
¢ (&)

where ag, a1 (a1 # 0) are constants and ¢ (§) is a func-
tion to be determined later. We substitute eq. (4.4) into
eq. (4.3) and collect all the terms with the same power
of 7/(j =0,1,2)
—2hapa1¢’ (§) + c*a19” (§)
¢ &)

—ai(hay + c*)(¢' $))*

$% (&)
Equating each coefficient to zero yields a set of the
following algebraic equations:

9% €): h(r —ad) =0,
¢~ (€): —2hapar¢’ (£) + “ar1¢” (§) =0,
¢~2(&): —ai(har + )@ (£))> = 0.

Solving this set of algebraic equations by using Maple,
we get

u() =ao+a ( 4.4)

h(r — ag) +

=0. 4.5)

(4.6)

ao = +/F,  ap = —%. (4.7)
Then
¢ (£) = c1 + crePVTh/E (4.8)

is verified, where ¢; and ¢, are arbitrary constants.
Substituting eqs (4.7) and (4.8) into eq. (4.4), we have
the exact solution of fractional-order biological popu-
lation model equation (4.1) as follows:

el )

)

where £ = kx + 1y + ct + &p.

Note that our solutions are new and more extensive
than the ones given in [29]. When the parameters are
given special values, the solitary waves are derived
from the travelling waves (figure 1).
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Figure 1. Graph of u(x, #) corresponding to the value o =
05whenr=1,h=—-1,c=1,c1 =2,c0 = -2,k =3,
1 =3i,§% =0,t = 10.

4.2 Nonlinear fractional Klein—-Gordon equation

Secondly, we consider nonlinear fractional Klein—
Gordon equation [30]:

92y 92u

v 82+91u+02u t >0, O<ac<l,
4.9)

where 01 and 6, are arbitrary constants. Let us now

solve eq. (4.9) using the proposed method of §2. To
this end we suppose that

A
1) = , =x - —1“.
u(x, 1) =y(é) §=lIx rdta)
Then by using eq. (4.10), eq. (4.9) can be turned into
the following ODE with integer order:
A2 =1%)y" =01y —6,y° = 0. (4.11)

Here ' denotes derivative with respect to £. Balancing
the highest order of derivative term y” and highest non-
linear term y2 in eq. (4.11), we have the balance number
as m = 1. Therefore, the solution (3.3) takes the form
eq. (4.4). We substitute eq. (4.4) into eq. (4.11) and
collect all the terms with the same power of ¢~/ (j = 0,
1, 2, 3). Equating each coefficient to zero yields a set
of the following algebraic equations:

9% (£): —61ap — 6rai =0,

o7 @) a1 (A — 179" (&)

—ay (01 + 36,a5)¢’ () =0,
a1(31* = 3319 () ¢’ (&)
—36a0ai (@ (£))* =0,
2a10* — 1H)(¢' (§))°
—6ra; (¢’ (§))° =0.

(4.10)
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Figure 2. Graph of u(x, t) corresponding to the values « = 0.5, 1 from left to right when 8; = 8, 6, =

c=2,A=2,1=8.

Solving eqs (4.12), we get

| 6 [2(02 = 12)
ap = | ——, =
6, 0>

$ (6) = c1 + cpeV COIIEE,

Substituting eqs (4.13) and (4.14) into eq. (4.4), we
have the exact solution of nonlinear fractional-order
Klein—Gordon equation (4.9) as follows:

u(§) =

(4.13)

(4.14)

o c1—c3 cosh( e A2)é) ¢z sinh(, /5= kz)S))
92 C1+C2(COSh( (2= A2)5)+C251nh( 2= )\2)5))
(4.15)

Here & = Ix — [A/T(1 + a)]t%.

Note: Comparing our solutions with [30,31], it can
be seen that by choosing suitable values for the param-
eters, similiar solutions can be verified (figure 2).

5. Conclusions

In this paper, we have successfully applied the mod-
ified simple equation method to solve two nonlinear
fractional partial differential equations. This method
is also a standard, direct and computerizable method,
which allows us to do complicated and tedious alge-
braic calculations. So, the method we dealt with can
be extended to solve many nonlinear fractional partial
differential equations which are arising in the theory of
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—1,¢c1 = -1,

solitons and other areas of mathematical physics and
engineering. All solutions in this paper have been ver-
ified using Maple packet program. Thus, we conclude
that the proposed method can be extended to solve non-
linear fractional problems which arise in the theory of
solitons and other areas.
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