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Abstract The mathematical modelling of physical systems is generally expressed by

nonlinear evolution equations. Therefore, it is critical to obtain solutions to these equa-

tions. We have employed the Hirota’s method to derive multiple soliton solutions to (2?1)-

dimensional nonlinear evolution equation. Then we have studied the transformed rational

function method to construct different types of analytical solutions to the nonlinear evo-

lution equations. This algorithm provides a more convenient and systematical handling of

the solution process of nonlinear evolution equations, unifying the homogeneous balance

method, the mapping method, the tanh-function method, the F-expansion method and the

exp-function method.

Keywords Multiple-soliton solutions � Simplified Hirota’s method � Exact

solutions � Transformed rational function method

1 Introduction

Nonlinear evolution equations, which describe nonlinear phenomena, appear in a wide

variety of applications in solitary waves theory, water waves, plasma physics, chemical

physics, coastal engineering, hydrodynamics, theory of turbulence, optical fibers, fluid

mechanics, chaos theory, ocean engineering, tsunami waves and many other applications.

Recently, studies on these equations, integrable or non-integrable has made a substantial

progress during the last few decades aims to shed light on features and properties of these
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equations. The soliton pulse, a perfect balance between nonlinearity and dispersion effects,

recursion operators, the interaction between solitons, bi-Hamiltonian, symmetries, inte-

grability, and other concepts are among many features which attracted many scientists to

study (Chai et al. 2017; Liu et al. 2017).

It is significantly important to search for analytical solutions to nonlinear evolution

equations. Exact solutions, including solitary wave solutions and soliton solutions, play a

vital role in understanding various qualitative and quantitative features of nonlinear phe-

nomena. Several powerful methods have been proposed to obtain exact solutions of these

equations, such as the inverse scattering transform (Ablowitz and Clarkson 1991), the

Hirota bilinear method (Hirota 1971), the Bäcklund transformation method (Li et al. 2002;

Wang et al. 2015; Kaplan et al. 2017; Gao 2015, 2017, 2016), Lax pair (Yin et al. 2017),

the Cole-Hopf transformation (Jordan 2010), Wronskian technique (Zhai and Chen 2008),

the Miura transformation (Miura 1978), the Darboux transformation (Xue et al. 2012), the

homogeneous balance method (Fan and Zhang 1998; Eslami et al. 2014), the Jacobi

elliptic function method (Liu and Fan 2005), the homotopy analysis method (Kurt et al.

2016), similarity transformations method (Sahoo et al. 2017), the multiple exp-function

method (Zayed and Al-Nowehy 2015), the linear superposition principle (Wang et al.

2011), the mapping method (Peng 2003), the first integral method (Zayed and Amer 2016;

Mirzazadeh 2016), the Kudryashov method (Kaplan et al. 2016b), the trial equation

method (Mirzazadeh 2015; Ekici et al. 2017; Zhou and Mirzazadeh 2016), the modified

simple equation method (Mirzazadeh 2014; Akter 2015), the exp-function method (Fard

et al. 2015), the ðG0=GÞ0 expansion method (Mirzazadeh et al. 2017; Jawad et al. 2015)

and so on Jabbari et al. (2011) Cheemaa and Younis (2016) Ebadi et al. (2012) and Zayed

(2012).

Solitons are the most significant solutions among travelling wave solutions. The exis-

tence of multi-soliton, especially two-soliton solutions, is significant for information

technology: it makes it possible undisturbed simultaneous propagation of many pulses in

both directions.

The Hirota’s method is as practical method to construct multiple-soliton solutions of

nonlinear partial differential equations. It relies on a transformation for considered equa-

tion to a bilinear form. The bilinear forms are usually used to enable us deriving the

auxiliary function. Note that finding such a transformation is not easy. Sometimes we need

to introduce a new variable, dependent or independent. However, the simplified Hirota

method is formally introduced the simplified algorithm to derive the auxiliary functions

without using the bilinear forms (Wazwaz 2008; Alsayyeda et al. 2016).

Also a systematical and direct method, namely the transformed rational function

method, was presented to construct analytical solutions of nonlinear evolution equations by

use of rational function transformations. The keynote of this method is to find rational

solutions to variable-coefficient ordinary differential equation transformed from considered

nonlinear evolution equation. As what we have known, the transformed rational function

method is systematic and unifies some of existing solution methods, such as the homo-

geneous balance method, F-expansion method, the tanh function method, the extended tanh

function method and so on. Its key point is to find rational solutions to variable-coefficient

ordinary differential equation transformed from given nonlinear partial differential equa-

tion (Ma and Lee 2009).

It is the aim of this work to derive multiple soliton solutions and different types of

analytical solutions for the (2?1)-dimensional nonlinear evolution equation.
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The Painleve test has been applied to the following (2?1)-dimensional nonlinear

evolution equation (Bekir 2006):

uxxxy þ 3uyuxx þ 3uxuxy þ 2uyt ¼ 0 ð1Þ

Then it is concluded that the equation has the Painleve property and also it is expected to

be integrable. Also we use the extended homogenous balance method to shed light on the

Auto-Bäcklund transformations of this equation (Kaplan et al. 2016a).

The rest of this paper is organized as follows. In Sect. 2, we derive the multiple-soliton

solutions to Eq. (1) In Sect. 3, we give the description of the transformed rational function

method. In Sect. 4, we apply this method to Eq. (1). Finally, some conclusions are given.

2 Solving the (211)-dimensional nonlinear evolution equation
by the simplified Hirota’s method

In this section, we obtain new soliton solutions of the Eq. (1). To derive the dispersion

relation, we first substitute (Wazwaz and El-Tantawy 2016)

uðx; y; tÞ ¼ ekixþliy�cit ð2Þ

into the linear terms of Eq. (1) . Then we find as follows

ci ¼
k3
i

2
; i ¼ 1; 2; . . .;N ð3Þ

and the dispersion variable becomes

hiðx; y; tÞ ¼ kixþ liy�
k3
i

2
t: ð4Þ

To obtain one-soliton solution, the following transformation is used

uðx; y; tÞ ¼ Rðln f ðx; y; tÞÞx; ð5Þ

where f(x, y, t) is given by

f ðx; y; tÞ ¼ 1 þ eh1 ¼ 1 þ e
k1xþl1y�

k3
1
2
t

: ð6Þ

Then we substitute Eqs. (5) into (1) and find

R ¼ 2: ð7Þ

Therefore the single-soliton solution of Eq. (1) is founded as

uðx; y; tÞ ¼ 2k1e
k1xþl1y�

k3
1
2
t

1 þ ek1xþl1y�
k3
1
2
t

: ð8Þ

Note that, this solution describes a shock wave. Then for the two soliton solution we

substitute
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f ðx; y; tÞ ¼ 1 þ eh1 þ eh2 þ a12e
h1þh2 ð9Þ

¼ 1 þ e
k1xþl1y�

k3
1
2
t

þ ek2xþl2y�
k3
2
2
t þ a12e

ðk1þk2Þxþðl1þl2Þy�ð
k3
1
2
þ

k3
2
2
Þt ð10Þ

By substituting Eqs. (9) and (5) into (1), and solving for the phase shift a12, we find

a12 ¼ ðk2 � k1Þðl2 � l1Þ
ðk1 þ k2Þðl1 þ l2Þ

ð11Þ

and this can be generalized to

aij ¼
ðkj � kiÞðlj � liÞ
ðki þ k2jÞðli þ ljÞ

; 1� i\j�N ð12Þ

For the three soliton solutions, we set

f ðx; y; tÞ ¼ 1 þ eh1 þ eh2 þ eh3 þ a12e
h1þh2 ð13Þ

þ a13e
h1þh3 þ a23e

h2þh3 ð14Þ

þ b123e
h1þh2þh3 ð15Þ

Proceeding as before, we find

b123 ¼ a12a23a13 ð16Þ

This shows that the three-soliton solutions are obtainable. The existence of three-soliton

solutions often indicates the complete integrability of the equation under examination. The

higher level soliton solutions, for n � 4 can be obtained in a parallel manner. This confirms

that the (2?1)-dimensional nonlinear evolution equation is completely integrable that

admits multiple-soliton solutions of any order. At the same time, the integrability should be

confirmed by other techniques such as the Lax pairs of the derived equations (Wazwaz and

El-Tantawy 2016; Wazwaz 2016).

3 The transformed rational function method

In this section, we describe the of the transformed rational function method. For a given

nonlinear differential equation, say, in two independent variables x, y and a dependent

variable t (Zhang and Zhang 2011)

Pðx; y; t; ux; uy; ut; . . .Þ ¼ 0 ð17Þ

we use the following transformation:

uðx; y; tÞ ¼ uðnÞ; n ¼ axþ by� xt; ð18Þ

where a, b and x are constants. By substituting Eqs. (18) into (17), (17) is reduced to an

ordinary differential equation (ODE) as follows
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Q x; y; t; uðrÞ; uðrþ1Þ; . . .
� �

¼ 0; ð19Þ

where uðiÞ ¼ diu
dni

; i� 1; and r is the least order of derivatives in the equation. We should

integrate Eq. (19) with respect to n as soon as possible.

A crucial step of this method is to present a new variable g ¼ gðnÞ; which satisfies a

solvable ODE, for example, a first-order differential equation:

g0 ¼ F ¼ Fðn; gÞ: ð20Þ

Here the prime denotes the differentiation with respect to n and F is a function of n and g.

Two special solvable cases of Eq. (20) are:

F ¼ FðgÞ ¼ g;F ¼ FðgÞ ¼ aþ g2; a ¼ constant ð21Þ

The corresponding first-order ODEs above have the particular solutions g ¼ en and

gðnÞ ¼
ffiffiffi
a

p
tan

ffiffiffi
a

p
nor �

ffiffiffi
a

p
cot

ffiffiffi
a

p
n; a[ 0

�
ffiffiffiffiffiffiffi
�a

p
tanh

ffiffiffiffiffiffiffi
�a

p
nor �

ffiffiffiffiffiffiffi
�a

p
coth

ffiffiffiffiffiffiffi
�a

p
n; a\0;

�
ð22Þ

respectively. Those two cases correspond to the extended tanh-function and the exp-

function method method, respectively.

More general assumptions than Eq. (21) gives different solutions to nonlinear wave

equations. For example, if we choose F2ðgÞ ¼ kg4 þ lg2 þ m (k, l and m are constants),

this yields the solutions obtained by extended F-expansion method.

We seek for the analytical solutions as rational functions

tðgÞ ¼ pðgÞ
qðgÞ ¼

pngn þ pn�1gn�1 þ � � � þ p0

qsgs þ ps�1gs�1 þ � � � þ p0

; ðn; s 2Þ; ð23Þ

where pi; 0� i � n and qi; 0� i � s are normally constants but could be functions of the

independent variables as in the F-expansion method. The travelling solutions can be

assumed as

uðrÞðnÞ ¼ tðgÞ ¼ pðgÞ
qðgÞ ; ð24Þ

where pðgÞ and qðgÞ are polynomials as indicated above. It can be easily computed that

uðrþ1Þ ¼ Ft0; uðrþ2Þ ¼ Fonu
ðrÞ ¼ Ft0 þ F0t0; . . .; ð25Þ

which is based on on ¼ Fog: Note that by the prime, we denote the derivatives with respect

to the involved variable, for instance, u0 ¼ du
dn ; t

0 ¼ dt
dg and t00 ¼ d2t

dg2 .

It is supposed that the transformed equation (19) is a rational function equation of with a

given pair of n and s. We can achieve for polynomial type nonlinear equations, when F is,

for example, a rational function in g. Then we only need to force the numerator of the

founded rational function in the transformed equation to be zero. This yields an algebraic

equation system. Then we solve this system (which could be a differential system as in the

F-expansion method) to find pðgÞ; qðgÞ and n. Finally, by integrating tðgÞ with respect to n
, r times, different types of analytical solutions can be obtained
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uðx; y; tÞ ¼ uðnÞ ¼
Z

. . .

Z
pðgðnÞÞ
qðgðnÞÞ dn. . .dn ¼

Zn

0

Znr

0

. . .

Zn2

0

pðgðn1ÞÞ
qðgðn1ÞÞ

dn1. . .nr�1nr þ
Xr

i¼1

din
r�i;

ð26Þ

where di; 1� i� r are arbitrary constants. If r ¼ 1, there is only the last definite integral

over 0; n½ � in (26). The founded analytical solutions will definitely contain a polynomial

part in n when r[ 1:
The case of the extended tanh-function method
If we choose g ¼ � tanhðnÞ; then the solution function can be founded as

uðnÞ ¼

Z
. . .

Z

|fflfflfflfflffl{zfflfflfflfflffl}
r

ð�1Þnpn tanhnðnÞ þ ð�1Þn�1
pn�1 tanhn�1ðnÞ þ � � � þ p0

ð�1Þsqs tanh sðnÞ þ ð�1Þs�1
qs�1 tanhs�1ðnÞ þ � � � þ q0

dn. . .dn: ð27Þ

which yields solitary wave solutions. If we choose g ¼ tanðnÞ, then the solution function

can be founded as

uðnÞ ¼

Z
. . .

Z

|fflfflfflfflffl{zfflfflfflfflffl}
r

pn tannðnÞ þ pn�1 tann�1ðnÞ þ � � � þ p0

qs tan sðnÞ þ qs�1 tans�1ðnÞ þ � � � þ q0

dn. . .dn: ð28Þ

which yields periodic wave solutions. The other choices of g ¼ � cothðnÞ g ¼ � cotðnÞ
gives similar type analytical solutions. Note that we choose a ¼ 1 and a general nonzero

value of a may lead to more general solutions. If t is a polynomial and r ¼ 0 , then u gives

an travelling wave solution in the form of a finite series in tan n or tanh n It can be obtained

by using the tanh-function method.

The case of the exp-function method

If we choose g ¼ en; then the solution function can be founded as

uðnÞ ¼

Z
. . .

Z

|fflfflfflfflffl{zfflfflfflfflffl}
r

pne
nn þ pn�1e

ðn�1Þn þ � � � þ p0

qsesn þ qs�1eðs�1Þn þ � � � þ q0

dn. . .dn; ð29Þ

which yields solutions founded by use of exp-function method.

This method unifies the existing methods using tan functions, tanh functions, the Jacobi

elliptic functions and the exponential functions. Also it allows us to perform the compu-

tation more conveniently and systematically with Maple packet programme.

4 Application of transformed rational function method

For obtaining travelling wave solutions of Eq. (1), we use the travelling wave transfor-

mation Eq. (18) to find

a3buð4Þ þ 6a2bu0u00 � 2bxu00 ¼ 0: ð30Þ

Here 0 denotes the differentiation with respect to n. Then by integrating Eq.(30) with

respect to n once, we find
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a3bu000 þ 3a2bðu0Þ2 � 2bxu0 ¼ 0; ð31Þ

The lowest order derivative in the equation is r ¼ 1. We set u0 ¼ m and obtain the following

transformed (2?1)-dimensional nonlinear evolution equation. Here the prime denotes the

differentiation with respect to n and F is a function of n and g.

a3bF2t00 þ a3bFF0t0 þ 3a2bt2 � 2bxt ¼ 0; ð32Þ

where 0 denotes the differentiation with respect to g.

4.1 The case g0 ¼ g

In this case, the transformed (2?1)-dimensional nonlinear evolution equation (32) turns

into

a3bg2t00 þ a3bgt0 þ 3a2bt2 � 2bxt ¼ 0 ð33Þ

By setting m ¼ n ¼ 3; we try to find rational solutions of t. With a direct calculation, by

using Maple we can notice that we have two non-constant solutions for t:

tðgÞ ¼ 4aq1q2g

4q2
2g

2 þ 4q1q2gþ q2
1

;x ¼ a3

2
; ð34Þ

and

tðgÞ ¼ p0ðp2
1g

2Þ
q0ðp2

1g
2 � 8p0p1gþ 16p2

0Þ
; a ¼ � 3p0

q0

;x ¼ 27p3
0

2q3
0

: ð35Þ

Therefore, we find the following solutions for (32) (2?1)-dimensional nonlinear evolution

equation

uðx; y; tÞ ¼ � 2aq1

q1 þ 2q2en
þ d; n ¼ axþ by� a3

2
t ð36Þ

and

uðx; y; tÞ ¼ 24p2
0

q0ð4p0 � p1enÞ
þ p0

q0

nþ d; n ¼ � 3p0

q0

xþ by� 27p3
0

2q3
0

t: ð37Þ

Here d is the integration constant. Also all the constants are arbitrary. We can notice that

second class of the analytical solutions (37) contain a linear function of n.

4.2 The case g0 ¼ aþ g2

In that case, the transformed (2?1)-dimensional nonlinear evolution equation (32) turns

into

a3bg4m00 þ 2a3bg3m0 þ 2a3bag2m00 þ a3ba2m00 þ 2a3bagm0 þ 3a2bm2 � 2bxt ¼ 0 ð38Þ

By setting m ¼ 3 and n ¼ 1, we seek a solution in rational form for t. Similarly, with a

direct calculation and by using Maple, it can be seen that for t; just we have two options as

follows:
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mðgÞ ¼ � 2aa� 2ag2;x ¼ �2a3a; ð39Þ

and

mðgÞ ¼ � 2

3
aa� 2ag2;x ¼ 2a3a: ð40Þ

By setting the constants again, the value of a which is not equal to zero does not give more

general solutions. So, by setting a ¼ 1 and taking g ¼ tan n, g ¼ � cot n we obtain the

travelling wave solutions of (32) (2?1)-dimensional nonlinear evolution equation

uðx; y; tÞ ¼ � 2a tan nþ d; n ¼ axþ byþ 2a3t;

uðx; y; tÞ ¼ � 2a tan nþ 4an
3

þ d; n ¼ axþ by� 2a3t;

8<
: ð41Þ

and

uðx; y; tÞ ¼ 2a cot nþ d; n ¼ axþ byþ 2a3t;

uðx; y; tÞ ¼ 2a cot nþ 4an
3

þ d; n ¼ axþ by� 2a3t:

8<
: ð42Þ

Here d is the integration constant. Here all the constants are arbitrary and the second

solutions contains a linear function of n. It is obvious that, by setting g ¼ � tanh n and

g ¼ � coth n, we get the same solutions in the case g0 ¼ g:

5 Conclusion

The transformed rational function and simplified Hirota’s method are applied successfully

for solving the (2?1)-dimensional nonlinear evolution equation. The first method gives

one-soliton, two-soliton and three-soliton solutions analytical solutions of this equation

including exp-functions. The solutions includes some physical significant solutions such as

soliton solutions, soliton-like solutions, rational solutions and other types of solutions.

Analysis on the obtained soliton solutions shows that the soliton width and central fre-

quency could be adjusted, and the soliton could be compressed or amplified through

changing the linear and nonlinear dispersion effects. Furthermore, directions of the

movement for the soliton central frequency could be adjusted. Secondly, we have obtained

different types of analytical solutions to the (2?1)-dimensional nonlinear evolution

equation. Finally to our knowledge these solutions are new and potentially useful for the

soliton compression and amplification.
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solutions for a (2?1)-dimensional Korteweg-de Vries-type equation in water waves. Nonlinear Dyn.
81(4), 1815–1821 (2015)

Wazwaz, A.M.: Multiple-soliton solutions for the Calogero–Bogoyavlenskii–Schiff, Jimbo–Miwa and
YTSF equations. Appl. Math. Comput. 203, 592–597 (2008)

Wazwaz, A.M.: Multiple soliton solutions and multiple complex soliton solutions for two distinct
Boussinesq equations. Nonlinear Dyn. 85, 731–737 (2016)

Wazwaz, A.M., El-Tantawy, S.A.: A new integrable (3?1)-dimensional KdV-like model with its multiple-
soliton solutions. Nonlinear Dyn. 83, 1529–1534 (2016)

Xue, Y.S., Tian, B., Ai, W.B., Jiang, Y.: Darboux transformation and Hamiltonian structure for the Jaulent–
Miodek hierarchy. Appl. Math. Comput. 218, 11738–11750 (2012)

Yin, H.M., Tian, B., Zhen, H.L., Chai, J., Liu, L., Sun, Y.: Solitons, bilinear Bcklund transformations and
conservation laws for a-dimensional Bogoyavlenskii–Kadontsev–Petviashili equation in a fluid, plasma
or ferromagnetic thin film. J. Mod. Opt. 64(7), 725–731 (2017)

Yu, F., Feng, L., Li, L.: Darboux transformations for super-Schrödinger equation, super-Dirac equation and
their exact solutions. Nonlinear Dyn. 88(2), 1257–1271 (2017)

Zayed, E.M.E., Abdelaziz, M.A.M.: The two variables ($ G^{\prime }/G,1/G$)-expansion method for
solving the nonlinear KdV–mKdV equation. Math. Probl. Eng. 2012, 725061 (2012)

Zayed, E.M.E., Al-Nowehy, A.G.: The multiple exp-function method and the linear superposition principle
for solving the (2?1)-dimensional Calogero–Bogoyavlenskii–Schiff equation. Z. Naturforsch. 70,
775–779 (2015)

Zayed, E.M.E., Amer, Y.A.: The first integral method and its application for deriving the exact solutions of a
higher-order dispersive cubic-quintic nonlinear Schrödinger equation. Comput. Math. Model. 27(1),
80–94 (2016)

Zhai, W., Chen, D.Y.: Rational solutions of the general nonlinear Schrödinger equation with derivative.
Phys. Lett. A 372, 4217–4221 (2008)

Zhang, S., Zhang, H.Q.: A transformed rational function method for (3?1)-dimensional potential Yu–Toda–
Sasa–Fukuyama equation. Pramana J. Phys. 76(4), 561–571 (2011)

Zhou, Q., Mirzazadeh, M.: Analytical solitons for Langmuir waves in plasma physics with cubic nonlin-
earity and perturbations. Zeitschrift fr Naturforschung A 71(9), 807–881 (2016)

2 Page 10 of 10 M. Kaplan, M. N. Ozer

123


	Multiple-soliton solutions and analytical solutions to a nonlinear evolution equation
	Abstract
	Introduction
	Solving the (2+1)-dimensional nonlinear evolution equation by the simplified Hirota’s method
	The transformed rational function method
	Application of transformed rational function method
	The case \eta ^{\prime }=\eta 
	The case \eta ^{\prime }=\alpha + \eta ^{2}

	Conclusion
	Acknowledgements
	References




