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Abstract
In the paper, the modified Kudryashov method is applied to find new exact solutions for
the generalized Schrodinger—Boussinesq equation with the help of symbolic computa-
tion package Maple through the complex transform. The obtained solutions have been
checked by substituting back into its corresponding equation with the aid of Maple package
program.
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1 Introduction

Recently, the studies of integrable or non-integrable nonlinear evolution equations with dif-
ferent nonlinearity have been popular in the area of mathematical physics such as plasma
physics, fluid mechanics, physical chemistry, mathematical biology, optical fiber, the the-
ory of turbulence, water waves and other applications. Analytical solutions of nonlinear
partial differential equations (NPDEs) throw light on the concrete physical significance of
any real-world problems. As an output, several researchers introduced a variety of powerful
and robust analytical methods to find a special type of solutions of NPDEs with the help of
Maple, Mathematica, and Matlab. The powerful and robust analytical methods are namely
the Hirota method, the backland transformation, G’/G-expansion method, (G'/G,1/G)
-expansion method, the modified simple equation method, the auxiliary equation method,
the sine-Gordon expansion method, the hyperbolic function method, new auxiliary equa-
tion method, an algebraic method, the extended trial equation method, extended simplest
equation method and an improved generalized Jacobi elliptic function method (Li 2014;
Chowdhury and Rao 1998; Huang 2013; Zayed and Alurrfi 2014; Khater and Kumar 2017;
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Kaplan and Bekir 2016a, b; Kumar et al. 2017, 2018, b; Akbulut and Kaplan 2017; Bai
2001; Khater et al. 2017).

The present paper focus on the generalized Schrodinger—Boussinesq equations (Hon
and Fan 2009; Gepreel 2016; Bilige et al. 2013; Ray 2017; Li et al. 2011) as follows:

iE, + E,, + aE = NE
t XX }. (1)

3Ntt - Nxxxx + 3(N2)xx + ﬂNxx = (lElz)xx

where a and f are real parameters, E(x, f) is a complex function which represents the com-
plex Schrodinger field and N(x, ?) is a real function which represents the real Boussinesq
field that raised in laser and plasma physics. Equation (1) is a known model that describe
the various physical phenomena in laser and plasma, such as formation, langmuir field
amplitude and intense electromagnetic waves and modulational instabilities (Li 2014;
Chowdhury and Rao 1998; Hon and Fan 2009; Gepreel 2016; Bilige et al. 2013; Ray 2017;
Li et al. 2011). Chanda and Chowdhury (1988) has been studied the complete integrability
of the generalized Schrodinger—Boussinesq equations in the view of Painlevé analysis. An
algebraic method is implemented to construct solitary wave solutions, Jacobi periodic wave
solutions and a range of other solutions of physical interest by Hon and Fan (2009). Hon
and Fan (2009) also demonstrates that the Jacobi elliptic periodic wave solutions exactly
degenerate to the soliton solutions at a certain limit condition. Gepreel (2016) used the
extended trial equation method to find some different types of exact solutions such as the
Jacobi elliptic function solutions, soliton solutions, trigonometric function solutions and
rational, exact solutions to the nonlinear coupled Schodinger Boussinesq equations. Bilige
et al. (2013) successfully constructed the new exact traveling wave solutions of the coupled
Schrodinger—Boussinesq equation by utilizing the extended simplest equation method. The
exact traveling wave solutions with double arbitrary parameters which have been expressed
by the hyperbolic functions, the trigonometric functions and the rational functions respec-
tively. Ray (2017) employed an improved algebraic method based on the generalized Jac-
obi elliptic function method with symbolic computation is used to construct more new
exact solutions for coupled Schrodinger—Boussinesq equations. Li et al. (2011) applied an
extended coupled sub-equations expansion method to look for new traveling wave solu-
tions of the generalized Schrodinger-Boussinesq equations. Eslami (2015) studied the
coupled Schrodinger—Boussinesq equation and new soliton-like solutions are obtained for
this equation via the direct algebraic method under certain constraints on the coefficient
functions. Some solitary wave solutions are derived from the hyperbolic function solutions
for taken of special choice of parameter values. Neirameh (2015) received new traveling
wave solutions of coupled Schrodinger—Boussinesq equation via simplest equation method.
In this case, author discussed the derived new solutions of coupled Schrodinger—Bouss-
inesq equation can be used to employ some practically physical and mechanical phenom-
ena. Manafian and Aghdaei (2016) executed the improved tan(@(&)/2)-expansion method
to seek the exact soliton solutions of the coupled Schrodinger—Boussinesq system. The
exact particular solutions are of five types: exact soliton wave solution, exact periodic wave
solution, exact singular kink-type wave solution, and exact singular cupson wave solution.
Deng (2017) studied the coupled Schrodinger—-Boussinesq equation for obtained solitary
and periodic traveling wave solutions by using the method of dynamical systems. Yang
et al. (2013) studied the asymptotic behavior of solutions for the discrete coupled nonlin-
ear Schrodinger—Boussinesq equations. The authors first prove the existence of a global
attractor for the generated semigroup and then obtain an upper bound of the Kolmogorov
entropy for the obtained global attractor. Jiang and Dai (2013) found various closed-form
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heteroclinic breather solutions including classical heteroclinic, heteroclinic breather and
Akhmediev breather solutions for coupled Schrodinger—Boussinesq equation are obtained
using two-soliton and homoclinic test methods. Hong and Lu (2013) used a general alge-
braic method based on the generalized Jacobi elliptic functions expansion method, the
improved general mapping deformation method, and the extended auxiliary function
method with computerized symbolic computation to construct more general and new exact
solutions for coupled Schrodinger—Boussinesq equations. As a result, several families of
new generalized Jacobi elliptic function wave solutions are obtained by using this method,
some of them are degenerated to solitary wave solutions and trigonometric function solu-
tions in the limited cases. Wang et al. (2016) adopted the method of dynamical system,
the exact travelling wave solutions of the coupled nonlinear Schrodinger—Boussinesq equa-
tions are studied. Based on this method, the bounded exact travelling wave solutions are
obtained which contain solitary wave solutions and periodic travelling wave solutions. The
solitary wave solutions and periodic travelling wave solutions are expressed by the hyper-
bolic functions and the Jacobian elliptic functions.

The main aim of this study is to find the new exact solutions for the generalized
Schrodinger—Boussinesq equations using the modified Kudryashov method. The modified
Kudryashov method is one of the robust and effective method to find new exact solutions of
nonlinear partial differential equations with integer and fractional order.

2 A brief description of modified Kudryashov method

First, we present a brief description of the modified Kudryashov method (Kumar et al. 2018a,
b) to obtain the traveling wave solutions for a given general nonlinear partial differential equa-
tion (NPDE). Now, consider a general form of the nonlinear partial differential equation, say
in two independent variables x and ¢, is given by

Pl (E’NsEﬁNt’Ex’Nx’Ett’Ntt’EXJC’NXX’ ) =0 } (2)

P,(E.N,E,N,,E.,N,E,,N,,E..,N,.,...) =0

=X

where E = E(x, 1) is a complex and N = N(x, ) is a real unknown function, P, and P, are a
polynomial in E(x, t) and N(x, 1), and its derivative in which highest order derivatives and
nonlinear terms are involved and the subscripts stand for the partial derivatives. The main
steps of modified Kudrayshov approach is as follows:

Step 1 Implementing the transformation E(x,t) = e?U(&),N(x,t) = V(£), where
0 = kx + wt, & = px + rt, converts Eq. (2) to the following nonlinear ordinary differential
equation

0,(UV,U V', U" V",..) =0
.)=0 3)

o\ v,u,v,u",v",

where Q; and Q, is a polynomial of U, V and its derivatives and the superscripts indicate
the ordinary derivatives with respect to &.
Step 2 Let us assume that the solution U(¢) of the nonlinear Eq. (3) can be presented as

w®=%+zng@}

V() = by + Yo, bi0'(&) @
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where the arbitrary constants a;(i=1,2...,m) and b;(i =1,2...,n) are determined lat-
ter but a,, # 0 and b, # 0 and m and n are a positive integer, which can be determined
by using homogeneous balance principle on Eq. (3) and Q(¢) satisfies the following new
ansatz equation

Q') = (Q*®) - Q) Ina, &)

where a # 0, 1 and the general nontrivial solution of the Eq. (5) is Q(¢) = ﬁ
Step 3 Substituting Eq. (4) along with Egs. (5) into (3) and equating the coeffi-
cients of powers of Q/(£) to zero, we get a system of algebraic equations in parameters
ag,dy, ..., 0, by, by, ...,b,, k and . The system of algebraic equations is solved by Maple,

s 0y
then the values of parameters can be obtained. By substituting the obtained the system of
solutions into Eq. (4) along with general soluta ion of Eq. (5), finally we explore a series of
new exact travelling wave solutions for the nonlinear PDE (2).

3 Applications of the modified Kudryashov method

3.1 Complex transformation procedure for the generalized Schréodinger-
Boussinesq equations

By considering the traveling wave transformation as:

E(x,0) =%UE), N, t=V(E), O0=kc+ot, &=px+rt, (6)
where k, w, p and r are arbitrary constant to be determined.
iE, = —we®U + ire®U’, E_ = —k*¢®U + i2pke® U’
+p2€i9 UI/’ Ntt — r2 V”, Nxx — pz V”,
Nxx,\:x = p4Viv’ (Nz)xx
=p (V)" and (IEP), = p*(U?)".

Using the transformation Eqgs. (6) into (1), we obtain the following system

(r+2pk)U’ =0, 7
pPU —(@a-w-kKHU-UV =0, (8)
(3},2 + ﬁpz)v/l _p4Viv + 3p2(v2)// _pZ(U2)/I =0. (9)

By setting the integration constant to zero and integrate two times with respect to £ in
Eq. (9), we find

(12K* + )V = p*V" +3V? — U? = 0, with r = —2pk. 10)
Therefore, Eqs. (8) and (10) can be rearranged as the following after putting r = —2pk:

pPU" —(a—w—-kKYU-UV=0 }

(1202 + )V — P2V +3V2 U2 =0 (11

where the prime remarks the derivative with respect to &.
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3.2 Exact solutions for the generalized Schrédinger-Boussinesq equations

In this section, the modified Kudryashov method will be executed to solve the generalized
Schrodinger—Boussinesq equations. In this context, by balancing the highest order derivative
terms and nonlinear terms in Eq. (11), yields m =2 and n = 2. Now, we assume a formal
solution of the Eq. (11) with the help of Eq. (4), obtain

U(©) = ay + a;0(8) + a,(0(8))’ }

V(E) = by + b, O(&) + by(Q(£)) (12)

By substituting Eq. (12) along with its second derivative into Eq. (11) and comparing the
terms in the resulting equation, a nonlinear system is gained. By solving above nonlinear
system using symbolic computation package, the following case is determined.

Set 1-1

ay =0, a, = —6V2p*(Ina), a, = 6V2p*(Ina)?, by =0,
b, = —6p*(Ina)*, b, = 6p*(Ina)’,

_%1 / %(pz(lna)z —p)and @ = 1—12(11192(11151)2 +p) +a.

Now, the following new exact solutions for the generalized Schrodinger—Boussinesq equa-
tions are obtained:

k

Ey,(x,1) = 6/2p*(Ina)® x | - 1 ‘
1,2(x & \/_p (Inay e dap(ﬁ\/ %(p%lna)Lﬁ)r) * [d 11<x+\/é(172(lna)2ﬁ)t)]2
c (13)
Nyo(x, 1) = —6p*(Ina)? 1 - ' -
2 * P ¢ daﬂ(n AV, %(1;2(1“)2—1:") [dap(u\/m)]

Set 1-2

ay=0, a; = 6\/5p2(lna)2, a, = —6\/§p2(lna)2, by =0,

b, = —6p*(Ina)*, b, = 6p*(Ina)®, k = i%\ / %(pz(lna)2 — p) and

12(1 1p*(Ina)? + p) + .

CU=1—

Now, the following new exact solutions for the generalized Schrodinger—Boussinesq equa-
tions are determined:
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Fig. 1 a—c Three-dimensional (3D) plot with contours of Eq. (13) by choosing the value free parameters
a=35,d=1,a=1, f =-1,and p = 1. d-e Two-dimensional (2D) plot of a—c respectively atz = 0
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Fig.2 a—c Three-dimensional (3D) plot with contours of Eq. (14) by choosing the value free parameters
a=35,d=1,a=1, f =-1,and p = 1. d-e Two-dimensional (2D) plot of a—c respectively att = 0
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Es4(x,1) = 6\/§p2(ln a)? x e'? ! - !

7
p(,p: 1/ %(plan a? 4),) ﬂ(«"i £/ %(1,2“" a2 _ﬁ)1>
da da

bo(14)

1 1

. 17()@ v/ L2 a)H%)r) [ ,;<x: Wr) ]
a d

Ny, (x, 1) = —6p*(Ina)®

2

a

For set 1-1 and set 1-2, 0= +11/1(p2(na) - pc+ <é(11p2(lna)2 +ﬂ)+a>t.

Three-dimensional (3D) and two-dimensional (2D) plots of the Eqs. (13) and (14) is
shown in Figs. 1 and 2.
Set 2—-1

ay=0, a; = —6\/§p2(ln a3, a, = 6\/5p2(1n a)?,
by = %Pz(ln ay’, by = —6p*(Inay’, b, = 6p*(Inay’,

_,1 /1 _ 12 2
k—iz 3(pz(lncz)2+ﬂ)anda) 12(9p (Ina)* + p) + a.

Now, the following new exact solutions for the generalized Schrodinger—Boussinesq
equations are found:

Esglx,1) = 6V2p*(Ina)? x e| — ! + I

2
,;(;: \/-1 (112(l||a)2+ﬂ)l> ]7()@ V-3 (])z(lnu)2+ﬂ)l>
da da i

b (15)

6 6
— + <

1
3 - 1o2na2 1
P ¥4/ =302 a2+ o=/~ L o2ana2px
da da ;

Nsg(x, 1) = p*(na)?

Set 2-2

ay=0, a; = 6\/§p2(1n a3, a, = —6\/5p2(lna)2, by = %pz(ln a)?,
b, = —6p*(Ina)®, b, = 6p*(Ina)’,

- 11/_1 2 2 _ 152 2
k—iz 3(p(lna) +ﬁ)andw—12(9p (Ina)* + p) + a.

Now, the following new exact solutions for the generalized Schrodinger—Boussinesq
equations are produced:
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Fig.3 a—c Three-dimensional (3D) plot with contours of Eq. (15) by choosing the value free parameters
a=35,d=1,a=1, f =-2,and p = 1. d—e Two-dimensional (2D) plot of a—c respectively att = 0

Fig.4 a—c Three-dimensional (3D) plot with contours of Eq. (16) by choosing the value free parameters
a=35,d=1,a=1, f =-2,and p = 1. d—e Two-dimensional (2D) plot of a—c respectively att = 0

For set 2-1 and set 22, 6 = +1\/~1(p2(na)? + prc + (é(9p2(lna)2+ﬂ)+a>t.

Three-dimensional (3D) and two-dimensional (2D) plots of the Egs. (15) and (16) is dem-
onstrated in Figs. 3 and 4.
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Fig.5 a—c Three-dimensional (3D) plot of Eq. (17) by choosing the value free parameters
a=35,d=1,a=1, f =-1,and p = 1. d-e Two-dimensional (2D) plot of a—c respectively att = 0
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Fig.6 a—c Three-dimensional (3D) plot of Eq. (18) by choosing the value free parameters
a=35,d=1,a=1, f =-1,and p = 1. d-e Two-dimensional (2D) plot of a—c respectively att = 0

Set 3—1

ap = V2P (Ina)’, a, = -6V2p*(Ina)’, a, = 6v/2p*(Inay,
by = p*(Ina)?, b, = —6p*(Ina)®, b, = 6p*(Ina)?,

= l _l 2 2 __L 2 2 _
k—iz\/ 3(p(lna)+ﬂ)andco_ 12(llp(lna) B+ a.
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Now, the following new exact solutions for the generalized Schrodinger—Boussinesq
equations are generated:

Eq 1o(x.0) = V2p2(Ina)? x e[ 1 - ( d + ° ;
e
da

4/ —%u:z(lnu)%/f)z) p(,\‘i‘ /-4 @2an a)2+ﬂ)t>
da )

Nojox,0) = p*(Inay’| 1 — - + - D

rz(w \- 1 p2na2 +ﬂ)1) p(xi \- 1p2ma2 +p);) )
da da -

J

a7)
Set 3-2

ay = —V2p*(nay, a, = 6V2p*(na), a, = —6V/2p*(Inay’,
by = p*(Ina)*b, = —6p*(Ina)*, b, = 6p*(Ina)?,

11 =L a1p2nae? -
12 3(p2(lna)2+ﬂ)anda)_ 12(llp (Ina)” = p) + a.

Now, the following new exact solutions for the generalized Schrodinger—Boussinesq equa-
tions are explored:

k

E 1) = V2p*(na)? x e[ -1 + 6 - 6
11,12(x ) \/_p (nayxe dap(x:\/ —%(vzunaﬂww) [d p<x+\/—é@hmmhﬂ»)]z
a

;.
Ny o) = prna)?| 1 — 6 + 6
II’IZ(X )=p(ina daﬁ(—@\/*%mz(lnuJZJrﬁ)t) [d P(’fi\/é(ﬂz(lnu)z+ﬂ)t>]2

a
“(18)

For set 3-1 and set 3-2, 6 = +11 /=1 (2(nap + P+ (—5(1 1p2(na) — ) + a)t..

Three-dimensional (3D) and two-dimensional (2D) plots of the Eqs. (17) and (18) is
depicted in Figs. 5 and 6.
Set 4-1

ay = V2p*(na), a, = —6V2p*(na)’, a, = 6V2p*(Ina)’,

by = %pz(ln a2, b, = —6p2(na), by = 6p%(Ina),

— l l 2 2 _ =_L 2 2 _
k_12\/3(p(lna) p) and w 12(9,1)(lna) p)+ a.
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Fig.7 a—c Three-dimensional (3D) plot with contours of Eq. (19) by choosing the value free parameters
a=35,d=1,a=1, f =-1,and p = 1. d-e Two-dimensional (2D) plot of a—c respectively att = 0
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Fig.8 a—c Three-dimensional (3D) plot with contours of Eq. (20) by choosing the value free parameters
a=35,d=1,a=1, f =-1,and p = 1. d-e Two-dimensional (2D) plot of a—c respectively atz = 0

Now, the following new exact solutions for the generalized Schrodinger—Boussinesq
equations are extracted:
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Ey5 14000 = V2p(na)® x | 1 — 6 + 6

2
"("1 V 3630n “)2*/’)’> u(w\/ %(n%na)z—ﬁn)
da da

2 6 6
N340 t) = p*(Ina)® i- + -

p(x: V/ 3 @2na? fﬂ)z) ,,(ﬁ V/ 02mna? —ﬂ)r)
da da

J

19)

Set 4-2

ay = —\V2pX(Ina), a, = 6V2p*(na), a, = -6V2p*(nay’,
by = %PZ(ln a)?, b, = _6172(1“ a)’, by, = 6P2(]n ay,

— l l 2 2 _ __L 2 2 _
k_12\/3(p(lna) p) and w = 12(9p(1na) P+ a.

Now, the following new exact solutions for the generalized Schrodinger-Boussinesq
equations are obtained:

Es 6x,0) = V2pr(na)? x | -1 + 6 B 6

7
F(XI 1/ S 02ma? —ﬁ)r> p<X¢ 1/ J02mna2 —ﬂ)r>
da da :

Nys 16061 = p(na)?| 3 - & + i

2
p(xi V Yo2ma? —/i)1> ,,()@ 1/ o2ma2 _ﬂ),>
da da

(20)

For set 4-1 and set 4-2, 0 = i%\ / %(pz(lna)2 - P)x + (—11—2(91)2(1na)2 -p)+ a>t.

Three-dimensional (3D) and two-dimensional (2D) plots of the Egs. (19) and (20) is
shown in Figs. 7 and 8.

The obtained results are different from the existing ones in literarture. Also the
adopted algorithm is a direct and practical method.

4 Conclusion
The modified Kudryashov method was successfully utilized to establish a series of new

traveling wave solutions for the generalized Schrodinger—Boussinesq equations. As a
result, a series of new traveling wave solutions for the generalized Schrodinger—Boussinesq
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equations were formally extracted. The performance of the modified Kudryashov method
is reliable, effective and computerized mathematical tool to handle nonlinear evolution
equations in the field of mathematical physics and applied sciences. The availability of
computer systems like Maple and Mathematica facilitates the complicated and tedious
algebraic calculations which can help to extract the new exact solutions for any nonlinear
equations easily.
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