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A B S T R A C T

This work studies two important temporal fractional nonlinear evolution equations, namely the (2+1)-
dimensional Chaffee–Infante equation and (1+1)-dimensional Zakharov equation by way of the unified method
along with properties of local M-derivative. The typical structures of fractional optical soliton wave solutions
are obtained in polynomial and rational forms. Further, to grant the validity of non-singular solutions are
given with limitation conditions and graphically depicted in 3D. Also, to expose the effect of a local fractional
parameter on expected non-singular solutions are depicted through 2D graphs. The predicted solutions are
revealing that the proposed approach is straightforward and valuable to find the solitary wave solutions of
other nonlinear evolution equations.
1. Introduction

Nonlinearity is a captivating factor of nature, and many researchers
think about nonlinear science to be the primary domain to recog-
nize the nature of physical phenomena. The mathematical analysis
of complicated phenomena that modify with time depends on the
escalation within the research of a numerous perspective of nonlinear
ordinary and partial differential equations. These fashions are designed
in numerous disciplines including population ecology to economics,
neural networks, fluid mechanics, solid-state physics, plasma physics,
fiber optics and plenty of other scientific and engineering fields. In this
way, in the last few years, the discovery of soliton solutions of prior
expressed marvels has been fascinating and inconceivable the subject
of the study and the related issue is the development of soliton wave
solutions for a wide array of nonlinear evolution equations (NLEEs).
One of the interesting subjects for investigating the propagation of
solitons through nonlinear fiber optics is the theory of optical solitons.
The propagation of ultrashort pulses of electromagnetic radiation is a
multidimensional phenomenon in a nonlinear medium. The interaction
between various physical entities such as dispersion, diffraction and
nonlinear response influences the pulse dynamics. Promptly, many
mathematicians and physical researchers have made remarkable ef-
forts to obtain soliton wave solutions from such NLEEs as well as a

∗ Corresponding author at: Department of Mathematics, Huzhou University, Huzhou 313000, PR China.

variety of capable and efficient strategies, including the first integral
technique [1], the Exp-function technique [2], the homogeneous bal-
ance technique [3], the modified simple equation technique [4], the
unified technique [5], the Bäcklund transformation technique [6], the
exp(-P(𝜅))-expansion method [7], the Adomian decomposition tech-
nique [8], the bilinear transformation technique [9], the Hirota-bilinear
technique [10,11], the extended trial function technique [12], ex-
tended sinh–Gordon equation expansion method [13], the Extended
Fan sub-equation method [14] and many more, have been designed.

Among these strategies, the unified method is one of the foremost
easy, direct and viable algebraic strategy to discover the exact solutions
of NLEEs. This approach permits a researcher to discover the traveling
wave solutions in two forms, the first one is polynomial, and the
other is a rational form of functional solutions. This method has been
frequently utilized by many researchers to retrieve the traveling wave
solutions of NLEEs. In 2018, M.S. Osman uses the unified method to
the conformable time fractional nonlinear Schrödinger equation with
perturbation terms [15]. As a result, he obtained the valuable optical
soliton solutions in solitary, periodic, elliptic and soliton wave forms in
polynomial and rational forms. These days, to think about the fractional
NLEEs gets to be a hot subject within the investigate zone [16–23].

In 1695, L’Hospital inquired Leibniz in a letter that whether or
not the sense of expanding the order of derivative from integer to
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fraction is viable? This concept has begun with the improvement of
an advanced calculus that changed into named the arbitrary order
calculus and is presently extensively referred to as the fractional cal-
culus. Fractional-order systems can describe physical phenomena in
a more elaborate way of dynamical systems arising in mathematical
physics, electrochemistry, biology and chaotic systems. Up to now,
different types of fractional derivatives have been proposed, includ-
ing from Riemann–Liouville, Caputo, Hadamard, Caputo–Hadamard,
Conformable and Grunwald–Letnikov [24–27].

In 2014, Katugampola proposed a novel fractional derivative that
generalizes the so-called alternative fractional derivative [28]. This
new form of derivative is recognizable as a local M-derivative and guar-
antees some features of an integer order calculus like linear property,
product rule, quotient rule, chain rule, and composition of functions.
In similar to the ordinary derivative, the local M-derivative of constant
function leads to zero. An interesting property of this novel fractional
derivative is that when fractional parameter approaches unity, it carries
on like a standard derivative.

The present paper is proposed at investigating the local tempo-
ral fractional (2+1)-dimensional Chaffee–Infante equation (CIE) and
(1+1)-dimensional Zakharov equation (ZE) by using the unified
method [29,30]. The CIE is a notable reaction duffing equation emerg-
ing in mathematical physics while ZE describes the interaction between
low-frequency ion-acoustic waves and high-frequency Langmuir waves.
As a result, the fractional soliton wave solutions are obtained. In addi-
tion to the reported solutions are plotted in 2D and 3D figures and the
behavior of solitons for the local fractional parameter is demonstrated.

The remaining sections of the article are arranged as follows: Sec-
tion 2 discusses the preliminary definition of the utilized fractional
derivative and its properties. Section 3 includes the analysis of the
suggested approach. In Section 4, we present the interpretation of
the governing equations, the extraction of fractional solitons from the
governing equations and the graphical portrayal of predicted non-
singular solitons. Section 5 presents the physical explanation of the
retrieved non-singular soliton solutions. In Section 6, we present the
conclusion of this paper.

2. Description of the local M-derivative

This section contains the basic idea as well as the characteris-
tics of local M-derivative, that removes all deficiencies of existing
derivatives [28].

Definition. Let ℎ ∶ [0,∞) → R also 𝑡 > 0, we define the fractional order
of local M-derivative 𝛾 ∈ (0, 1) of function ℎ as

𝐷𝛾;𝜇
𝑀 {ℎ(𝑡)} = lim

𝜖→0

ℎ
(

𝑡𝐸𝜇(𝜖𝑡−𝛾 )
)

− ℎ(𝑡)
𝜖

, ∀ 𝑡 > 0, (1)

where 𝑀 shows the derived function includes a function called Mittag-
Leffler (𝐸𝜇(⋅),∀𝜇 > 0) alongside one parameter, that is entire function.

esides, if ℎ(𝑡) is 𝑙- times differentiable within a specific extent of (0, 𝑙),
0 > 𝑙 and lim𝑡→0+ 𝐷𝛾;𝜇

𝑀 {ℎ(𝑡)} exists, then it leads to the following relation

𝐷𝛾;𝜇
𝑀 {ℎ(0)} = lim

𝑡→0+
𝐷𝛾;𝜇

𝑀 {ℎ(𝑡)}, (2)

with

𝐷𝛾;𝜇
𝑀 {ℎ(𝑡)} = 𝑡1−𝛾

𝛤 (𝜇 + 1)
𝑑
𝑑𝑡

{ℎ(𝑡)}, (3)

and therefore results the relation (3),

𝐷𝛾;𝜇
𝑀

(𝛤 (𝜇 + 1)𝑡𝛾

𝛾

)

= 1. (4)

Such a derivative of fractional order also satisfies the property men-
tioned below:

𝐷𝛾;𝜇(𝑔 ⋅ ℎ)(𝑙) = 𝑔′(ℎ(𝑙))𝐷𝛾;𝜇ℎ(𝑙), (5)
2

𝑀 𝑀
therefore, from Eqs. (4) and (5), the corresponding relationship can be
developed:

𝐷𝛾;𝜇
𝑀 𝐹

[

𝛤 (𝜇 + 1)𝑡𝛾

𝛾

]

= 𝐹 ′

[

𝛤 (𝜇 + 1)𝑡𝛾

𝛾

]

𝐷𝛾;𝜇
𝑀

[

𝛤 (𝜇 + 1)𝑡𝛾

𝛾

]

= 𝐹 ′

[

𝛤 (𝜇 + 1)𝑡𝛾

𝛾

]

,

(6)

with

𝜂 = 𝑏
𝛾
𝛤
(

𝜇 + 1
)

𝑡𝛾 , (7)

where 𝑏 is a constant and eventually we get the relation given by

𝐷𝛾;𝜇
𝑀 {𝐹 (𝜂)} = 𝑏𝐹 ′(𝜂). (8)

. Analysis of the suggested approach

Take into account the overall structure of temporal fractional evo-
ution equation in a manner given by:
(

𝑥, 𝑦, 𝑡,
𝜕𝛾𝑝
𝜕𝑡𝛾

,
𝜕𝑝
𝜕𝑥

,
𝜕𝑝
𝜕𝑦

,
𝜕2𝛾𝑝
𝜕𝑡2𝛾

,
𝜕2𝑝
𝜕𝑥2

,…
)

= 0, 0 ≤ 𝑡, 𝛾 ∈ (0, 1]. (9)

where 𝑀 is a function in 𝑝(𝑥, 𝑦, 𝑡) with 𝑥, 𝑦, 𝑡 as independent variables.
While applying the fractional traveling wave variable of form 𝑟 =
𝑥 + 𝑦 − 𝜈 𝑡𝛾

𝛾 , Eq. (9) can be yielded into the following relation

𝐻
(

𝑝,
𝑑𝑝
𝑑𝑟

,
𝑑2𝑝
𝑑𝑟2

,…
)

= 0, (10)

where 𝐻 is a function of 𝑝(𝑟) together with corresponding derivatives
and 𝜈 is velocity of soliton. To uncover the solution for Eq. (10)
throughout the UM method, that permits to search those solutions
in two ways including: rational as well as polynomial function solu-
tions [31].

3.1. Polynomial function solution

Consider Eq. (10) has a polynomial solution as

𝑝(𝜏) =
𝑛
∑

𝑖=0
𝛼𝑖𝜙

𝑖(𝜏), (11)

ith satisfying

𝜙′(𝜏))𝜎 =
𝜎𝑘
∑

𝑖=0
𝛽𝑖𝜙

𝑖(𝜏), 𝜏 = 𝑥 + 𝑦 − 𝜈 𝑡
𝛾

𝛾
, 𝜎 = 1, 2. (12)

Here, in Eqs. (11) and (12), 𝛼𝑖 and 𝛽𝑖 are the unspecified constants to be
etermined, such as solution provided by Eq. (11) satisfies the Eq. (10).

It is essential to point out that the numeric values of 𝑛 and 𝑘 are to
e taken by applying the balance principle between the highest order
f linear and nonlinear terms involved in Eq. (10) [32]. Similarly, the
nknown coefficients in Eq. (11) are to be determined precisely by
pplying the condition that is usually referred to as the condition of
onsistency. Now in order to solve the Eq. (11), the UM method solves
q. (11) for elementary or elliptic solutions when 𝜎 = 1 or 𝜎 = 2,

respectively.

3.2. Rational function solution

The fundamental precept of this approach is to conclude that
Eq. (10) has a rational solution as

𝑝(𝜏) =
∑𝑛

𝑖=0 𝑃𝑖𝜙𝑖(𝜏)
∑𝑟

𝑖=0 𝑄𝑖𝜙𝑖(𝜏)
, 𝑛 ≥ 𝑟, (13)

with satisfying

(𝜙′(𝜏))𝜎 =
𝜎𝑘
∑

𝛽𝑖𝜙
𝑖(𝜏), 𝜏 = 𝑥 + 𝑦 − 𝜈 𝑡

𝛾
, 𝜎 = 1, 2. (14)
𝑖=0 𝛾
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Here, in Eqs. (13) and (14), 𝑃𝑖, 𝑄𝑖 and 𝛽𝑖 are the unspecified constants
to be determined, such as solution provided by Eq. (13) satisfies the
Eq. (10).

It is essential to point out that the numeric values of 𝑛 and 𝑘 are to
e taken by applying the balance principle between the highest order
f linear and nonlinear terms involved in Eq. (10) [32]. Similarly, the
nknown coefficients in Eq. (13) are to be determined precisely by
pplying the condition that is usually referred to as the condition of
onsistency. Now in order to solve the Eq. (13), the UM method solves
q. (13) for elementary or elliptic solutions when 𝜎 = 1 or 𝜎 = 2,
espectively.

To obtain the solutions for Eq. (10) throughout the UM in two ways
ike polynomial function or rational function solutions, the succeeding
oints to be followed:
𝑖. Solve the system of algebraic equation using any symbolic com-

uter software.
𝑖𝑖. Solve the auxiliary equation.
𝑖𝑖𝑖. Eventually, acquire the exact solution provided by Eq. (11) (or

q. (13)).

. Governing equations

In this section, we discuss the two temporal fractional governing
quations namely the (2+1)-dimensional CIE [29] and ZE in (1+1)-
imension [30] and obtained the fairly interesting useful solutions by
sing the unified method along with local M-derivative.

.1. The temporal fractional form of (2+1)-dimensional CIE

We first consider the temporal fractional form of (2+1)-dimensional
IE [29] in the following way:
𝜕𝛾𝑞
𝜕𝑡𝛾

)

𝑥
+
(

−
𝜕2𝑞
𝜕𝑥2

+ 𝛼𝑞3 − 𝛼𝑞
)

𝑥
+ 𝛿

𝜕2𝑞
𝜕𝑦2

= 0, (15)

where 𝑞(𝑥, 𝑦, 𝑡) is the wave profile and 𝜕𝛾 𝑞
𝜕𝑡𝛾 represents the temporal

raction of 𝑞(𝑥, 𝑦, 𝑡) with fraction parameter 𝛾. Here, the diffusion term
s identified by the coefficient of 𝛼, whereas 𝛿 indicates the degradation
oefficient. In physical terms, the diffusion of a gas in a homogeneous
edium is a significant phenomenon and the CIE supply a convenient
ay to recognize such phenomena. The (2+1)-dimensional CIE is a
oteworthy response of Duffing equations in the physical sciences [29,
3].

Now apply the definition of novel fractional local M-derivative to
he above governed equation (15) and yields the following equation

𝐷𝛾;𝜇
𝑀,𝑡𝑞

)

𝑥
+
(

−
𝜕2𝑞
𝜕𝑥2

+ 𝛼𝑞3 − 𝛼𝑞
)

𝑥
+ 𝛿

𝜕2𝑞
𝜕𝑦2

= 0, (16)

where 𝐷𝛾;𝜇
𝑀 specifies the fractional local M-derivative with fraction

order 𝛾. It is interesting to remember that with the aid of thinking about
𝛾 = 𝜇 = 1, Eq. (16) can be transformed into original CIE.

In order to examine Eq. (16) via the unified approach, we apply the
fractional transformation of the following form:

𝑞(𝑥, 𝑦, 𝑡) = 𝑋(𝜏), 𝜏 = 𝑥 + 𝑦 − 𝑣
𝛾
𝛤 (𝜇 + 1)𝑡𝛾 , (17)

where 𝜏 is the fractional traveling wave variable and 𝑣 indicates the
velocity of the wave profile.

Substituting Eq. (17) into Eq. (16) and performing few steps of
algebra, yields

𝑋′′′ + (𝑣 − 𝛿)𝑋′′ − 3𝛼𝑋2𝑋′ + 𝛼𝑋′ = 0,

and by taking into account the integration of the above ordinary
differential equation and setting the integrable constant to be zero, we
have

𝑋′′ + (𝑣 − 𝛿)𝑋′ + 𝛼𝑋(1 −𝑋2) = 0, (18)

where ′ shows the differentiation with respect to 𝜏.
Now, to uncover the fairly interesting and useful solutions of

Eq. (18) via the UM that permits to search those solutions in two ways
3

including as polynomial or rational function solutions [34].
4.1.1. Polynomial function solution
For polynomial function solution, we assume the initial solution in

a following way

𝑋(𝜏) =
𝑛
∑

𝑖=0
𝛼𝑖𝜙

𝑖(𝜏), (19)

𝜙′(𝜏))𝜎 =
𝜎𝑘
∑

𝑖=0
𝛽𝑖𝜙

𝑖(𝜏), 𝜏 = 𝑥 + 𝑦 − 𝑣
𝛾
𝛤 (𝜇 + 1)𝑡𝛾 , 𝜎 = 1, 2,

where 𝛼𝑖 and 𝛽𝑖 are the unknown constants to be assessed. By employ-
ng the homogeneous balance principle [35–37] to Eq. (18) results a
elation given by 𝑛 = 𝑘 − 1, for all 𝑘 ≥ 2.

Here, we have discussed two different cases 𝑘 = 2, 𝜎 = 1 and
𝑘 = 2, 𝜎 = 2. Hence, the Eq. (19) can be converted into

(𝜏) = 𝛼0 + 𝛼1𝜙(𝜏), (20)

𝜙′(𝜏))𝜎 =
2𝜎
∑

𝑖=0
𝛽𝑖𝜙

𝑖(𝜏), 𝜎 = 1, 2.

Case 1: In this case we put 𝜎 = 1 in Eq. (20) and results into the
ollowing equation

(𝜏) = 𝛼0 + 𝛼1𝜙(𝜏), (21)

′(𝜏) =
2
∑

𝑖=0
𝛽𝑖𝜙

𝑖(𝜏).

sing Eq. (21) into Eq. (18) yields a system of algebraic equations in 𝜙.
y pursuing some symbolic computing software to solve this system for
0, 𝛼1, 𝛽0, 𝛽1, 𝛽2, 𝛼, 𝛿, 𝑣 and as a result, the following relation is obtained:

=
2𝛽22
𝛼21

, 𝛿 =
𝛼1𝑣 − 3𝛽2

𝛼1
, 𝛼0 =

𝛼1𝛽1 + 𝛽2
2𝛽2

, 𝛽0 =
𝛽21𝛼

2
1 − 𝛽22

4𝛽2𝛼21
, (22)

nd to solve the auxiliary equation given in Eq.(21) together these
alues into initial polynomial solution specified by Eq. (21), we obtain
he following solution of Eq. (15) for 𝜇 = 1

(𝑥, 𝑦, 𝑡) = 1
2

(

1 − tanh
( 1
2
𝜏𝛽2
𝛼1

)

)

, (23)

where 𝜏 = 𝑥 + 𝑦 − 𝑣 𝑡𝛾

𝛾 provided that 𝑣 > 𝛿 and 𝛼1, 𝛽2 ≠ 0.
Fig. 1 shows the graphical representation of fractional optical wave

solution given by Eq. (23) in 3D and 2D at suitable parameters 𝑣 =
0.06, 𝛽2 = 0.58, 𝛼1 = 0.25.

Case 2: In this case we put 𝜎 = 2 in Eq. (20) and results into the
following equation

𝑋(𝜏) = 𝛼0 + 𝛼1𝜙(𝜏), (24)
′(𝜏) = 𝜙(𝜏)

√

𝛽0 + 𝛽1𝜙(𝜏) + 𝛽2𝜙2(𝜏).

sing Eq. (23) into Eq. (18) in a same as we did in the last case gives:

= 2
9
(𝑣 − 𝛿)2, 𝛼0 = 1, 𝛼1 =

9𝛽1
2(𝑣 − 𝛿)2

, 𝛽0 =
1
9
(𝑣 − 𝛿)2, 𝛽2 =

9𝛽21
4(𝑣 − 𝛿)2

, (25)

and by solving the auxiliary equation given in Eq. (23) together these
values into Eq. (23), we obtain the following solution of Eq. (15) for
𝜇 = 1

𝑞(𝑥, 𝑦, 𝑡) = 1

1 − 2𝛽1𝑒
1
3 𝜏(𝑣−𝛿)

, (26)

here 𝜏 = 𝑥 + 𝑦 − 𝑣 𝑡𝛾

𝛾 provided that 𝑣 > 𝛿 and 𝛽1 < 0.
Fig. 2 shows the graphical representation of fractional optical wave

solution given by Eq. (26) in 3D and 2D at suitable parameters 𝑣 =
3.5, 𝛽 = −0.02, 𝛿 = 5.
1
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Fig. 1. Graphical visualization of fractional optical wave solution given by Eq. (23) in 3D and 2D at 𝜈 = 0.06; 𝛽2 = 0.58; 𝛼1 = 0.25.
Fig. 2. Graphical visualization of fractional optical wave solution given by Eq. (26) in 3D and 2D at 𝜈 = 3.5; 𝛽1 = −0.02; 𝛿 = 5.0.
4.1.2. Rational function solution
For rational function solution, we assume the initial solution in a

following way

𝑋(𝜏) =
∑𝑛

𝑖=0 𝑃𝑖𝜙𝑖(𝜏)
∑𝑟

𝑖=0 𝑄𝑖𝜙𝑖(𝜏)
, 𝑛 ≥ 𝑟, (27)

(𝜙′(𝜏))𝜎 =
𝜎𝑘
∑

𝑖=0
𝛽𝑖𝜙

𝑖(𝜏), 𝜏 = 𝑥 + 𝑦 − 𝑣
𝛾
𝛤 (𝜇 + 1)𝑡𝛾 , 𝜎 = 2,

where 𝑃𝑖, 𝑄𝑖 and 𝛽𝑖 are unknown constants to be assessed. Now, by
utilizing the balance condition given by Lemma 2.3 [35–37], provides
𝑘 = 1 and relation 𝑛 = 𝑟, which permits to choose 𝑛 freely.

Here, we have discussed the case when 𝑘 = 1, 𝜎 = 2. Hence, the
Eq. (25) can be converted into

𝑋(𝜏) =
𝑃0 + 𝑃1𝜙(𝜏)
𝑄0 +𝑄1𝜙(𝜏)

,

𝜙′(𝜏) =
√

𝛽0 + 𝛽1𝜙(𝜏) + 𝛽2𝜙2(𝜏). (28)

Using Eq. (26) into Eq. (18) provides a system of algebraic equations in
𝜙. By pursuing some symbolic computing software to solve this system
for 𝑃0, 𝑃1, 𝑄0, 𝑄1, 𝛽0, 𝛽1, 𝛽2, 𝛼, 𝜎, 𝑣 and we obtained the following results:

𝛼 =
2(𝑣 − 𝛿)2

9
, 𝑃1 =

2(𝑣 − 𝛿)2𝑃0
𝛽1

, 𝑄1 = −
2(𝑣 − 𝛿)2𝑃0

𝛽1
,

𝛽0 =
9𝛽21 , 𝛽2 =

(𝑣 − 𝛿)2
,

(29)
4

4(𝑣 − 𝛿)2 9
and by way of solving the auxiliary equation given as Eq.(262) together
these values into Eq. (26), we obtain the following solution of Eq. (15)
for 𝜇 = 1

𝑞(𝑥, 𝑦, 𝑡) =
(𝑣 − 𝛿)𝑃0

3𝑒
1
3 𝜏(𝑣−𝛿)𝛽1(𝑃0 +𝑄0) − 𝑃0(𝑣 − 𝛿)

, (30)

where 𝜏 = 𝑥 + 𝑦 − 𝑣 𝑡𝛾

𝛾 provided that 𝑣 > 𝛿 and 𝑃0, 𝛽1 ≠ 0.

4.2. The temporal fractional form of (1+1)-dimensional ZE

To understand the ability of interaction among high-frequency
Langmuir waves and low-frequency ion-acoustic waves, Zakharov [30]
first developed the (1+1)-dimensional Zakharov equation (ZE). The
(1+1)-dimensional form of ZE might be consider [30,38,39] in the
following way

𝜄𝑝𝑡 + 𝑝𝑥𝑥 + 𝑏𝐻(|𝑝|2)𝑝 = 𝑝𝑞, (31)
𝑞𝑡𝑡 − 𝑞𝑥𝑥 = (|𝑝|2𝑑 ), (32)

where 𝑝(𝑥, 𝑡) is the complex potential which indicates the envelope
of high-frequency electric field [30], 𝑞(𝑥, 𝑡) is the potential function
which represents the plasma density determined from its equilibrium
state, whereas 𝑏, 𝑑 are real parameters and 𝐻 is real-valued algebraic
nonlinear function.
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Here, we considered the temporal fractional form of ZE in the
following way

𝜄
𝜕𝛾𝑝
𝜕𝑡𝛾

+
𝜕2𝑝
𝜕𝑥2

+ 𝑏(|𝑝|2)𝑝 = 𝑝𝑞,

𝜕2𝛾𝑞
𝜕𝑡2𝛾

−
𝜕2𝑞
𝜕𝑥2

= (|𝑝|2), (33)

by taking 𝐻(|𝑝|2) = |𝑝|2 and 𝑑 = 1.
Now apply the definition of local M-derivative to the above gov-

erned equation (33) and yields the following equation

𝜄𝐷𝛾;𝜇
𝑀,𝑡𝑝 +

𝜕2𝑝
𝜕𝑥2

+ 𝑏(|𝑝|2)𝑝 = 𝑝𝑞,

𝐷2𝛾;𝜇
𝑀,2𝑡𝑞 −

𝜕2𝑞
𝜕𝑥2

= (|𝑝|2), (34)

where 𝐷2𝛾;𝜇
𝑀,2𝑡𝑞 represents the second local M-derivative of 𝑞(𝑥, 𝑡) with

espect to 𝑡. It is worthwhile to keep in mind that by considering
= 𝜇 = 1, Eq. (34) can be transformed into original ZE.

In order to examine Eq. (34) via the unified approach, we apply the
omplex fractional transformation of the following form:

(𝑥, 𝑡) = 𝑋(𝜏)𝑒𝜄𝜙(𝑥,𝑡), 𝜙(𝑥, 𝑡) = −𝑎𝑥 + 𝜔
𝛾
𝛤 (𝜇 + 1)𝑡𝛾 + 𝜉0, (35)

and

𝑞(𝑥, 𝑡) = 𝑌 (𝜏), 𝜏 = 𝑥 − 𝑣
𝛾
𝛤 (𝜇 + 1)𝑡𝛾 , (36)

here 𝑋(𝜏) shows the shape of the pulse and 𝑣 is velocity of soliton, 𝑎
s the wave number, while 𝜔 is the frequency and 𝜉0 is phase constant.

Substituting Eqs. (35) and (36) into Eq. (34) and performing few
teps of algebra, we reach into the following ordinary differential
quation

−𝜄𝑣𝑋′ − 𝜔𝑋 +𝑋′′ − 2𝑖𝑎𝑋′ − 𝑎2𝑋 + 𝑏𝑋3 −𝑋𝑌
)

𝑒𝜄𝜙(𝑥,𝑡) = 0, (37)

2𝑌 ′′ − 𝑌 ′′ − (𝑋2)′′ = 0. (38)

fter simplification, Eqs. (37) and (38) can be turned into the following
wo equations

− 𝜄(2𝑎 + 𝑣)𝑋′ +𝑋′′ − (𝜔 + 𝑎2)𝑋 + 𝑏𝑋3 −𝑋𝑌 = 0, (39)

𝑣2 − 1)𝑌 ′′ − (𝑋2)′′ = 0. (40)

o set 2𝑎+𝑣 = 0 in Eq. (39) and taking the integration of Eq. (40) twice
ith respect to 𝜏, assuming constant of integration to be zero, gives
′′ − (𝜔 + 𝑎2)𝑋 + 𝑏𝑋3 −𝑋𝑌 = 0, (41)

𝑣2 − 1)𝑌 ′′ − (𝑋2)′′ = 0. (42)

rom Eq. (42), we obtain a relation given by

= 𝑋2

𝑣2 − 1
. (43)

Now, using this relation in Eq. (41) yields the ordinary differential
equation of the following form

𝑋′′ − (𝜔 + 𝑎2)𝑋 +
(

𝑏 − 1
𝑣2 − 1

)

𝑋3 = 0, (44)

where ′ shows the differentiation with respect to 𝜏.
Now, to uncover the fairly interesting and useful solutions of

q. (44) via the UM that permits to search those solutions in two ways
ncluding as polynomial or rational function solutions [34].

.2.1. Polynomial function solution
For polynomial function solution, we assume the initial solution in

he following way

(𝜏) =
𝑛
∑

𝑖=0
𝛼𝑖𝜙

𝑖(𝜏), (45)

(𝜙′(𝜏))𝜎 =
𝜎𝑘
∑

𝛽𝑖𝜙
𝑖(𝜏), 𝜏 = 𝑥 − 𝑣𝛤 (𝜇 + 1)𝑡𝛾 , 𝜎 = 1, 2.
5

𝑖=0 𝛾
where 𝛼𝑖 and 𝛽𝑖 are unspecified constants to be assessed. By employing
he balance principle [35–37] to Eq. (44) results a relation 𝑛 = 𝑘 − 1,

for all 𝑘 ≥ 2.
Here, we have discussed two different cases 𝑘 = 2, 𝜎 = 1 and

𝑘 = 2, 𝜎 = 2. Hence, the Eq. (45) can be converted into

(𝜏) = 𝛼0 + 𝛼1𝜙(𝜏), (46)

𝜙′(𝜏))𝜎 =
2𝜎
∑

𝑖=0
𝛽𝑖𝜙

𝑖(𝜏), 𝜎 = 1, 2.

Case 1: In this case we substitute 𝜎 = 1 in Eq. (46) and results into
he following equation

(𝜏) = 𝛼0 + 𝛼1𝜙(𝜏), (47)

′(𝜏) =
2
∑

𝑖=0
𝛽𝑖𝜙

𝑖(𝜏).

sing Eq. (47) into Eq. (44) provides a system of algebraic equations
n 𝜙. By pursuing some symbolic computing software to solve this
ystem for 𝛼0, 𝛼1, 𝛽0, 𝛽1, 𝛽2, 𝑎, 𝑏, 𝜔 and as a result, the following relation
s obtained:

=
𝛼21 − 2𝛽22 (𝑣

2 − 1)

𝛼21 (𝑣
2 − 1)

, 𝛽0 =
2𝛼20𝛽

2
2 + 𝛼21 (𝑎

2 + 𝜔)

𝛽2𝛼21
, 𝛽1 =

2𝛼0𝛽2
𝛼1

, (48)

and by solving the auxiliary equation given in Eq. (47) together these
values into Eq. (47), yields

𝑋(𝜏) = −1
2

𝛼1 tanh
(

1
2 𝜏

√

−2(𝑎2 + 𝜔)
)

√

−2(𝑎2 + 𝜔)

𝛽2
, (49)

which results into the following two equations for 𝜇 = 1

𝑝(𝑥, 𝑡) = −1
2

𝛼1 tanh
(

1
2 𝜏

√

−2(𝑎2 + 𝜔)
)

√

−2(𝑎2 + 𝜔)

𝛽2
𝑒𝜄𝜙(𝑥,𝑡), (50)

and

𝑞(𝑥, 𝑡) = −1
2

𝛼21 tanh
(

1
2 𝜏

√

−2(𝑎2 + 𝜔)
)2

(𝑎2 + 𝜔)

𝛽22 (𝑣
2 − 1)

, (51)

here 𝜏 = 𝑥 − 𝑣 𝑡𝛾

𝛾 and 𝜙(𝑥, 𝑡) = −𝑎𝑥 + 𝜔 𝑡𝛾

𝛾 + 𝜉0.
Case 2: (𝜎 = 2) In this case we substitute 𝜎 = 2 in Eq. (46) and

results into the following equation

𝑋(𝜏) = 𝛼0 + 𝛼1𝜙(𝜏), (52)
′(𝜏) = 𝜙(𝜏)

√

𝛽0 + 𝛽1𝜙(𝜏) + 𝛽2𝜙2(𝜏).

sing Eq. (48) into Eq. (44) in a way as we did in the previous case
ives:

𝑏 =
𝛼20 + (𝑣2 − 1)(𝑎2 + 𝜔)

𝛼20 (𝑣
2 − 1)

, 𝛽0 = −2(𝑎2 + 𝜔),

𝛽1 = −
2𝛼1(𝑎2 + 𝜔)

𝛼0
, 𝛽2 = −1

2
𝛼21 (𝑎

2 + 𝜔)

𝛼20
,

(53)

and by solving the auxiliary equation given in Eq. (47) together these
values into Eq. (47), yields

𝑋(𝜏) = −
𝛼0
(

−𝛼0 + 4𝛼1𝑒𝜏
√

−2(𝑎2+𝜔)𝜔 + 4𝛼1𝑒𝜏
√

−2(𝑎2+𝜔)𝑎2
)

𝛼0 + 4𝛼1𝑒𝜏
√

−2(𝑎2+𝜔)𝜔 + 4𝛼1𝑒𝜏
√

−2(𝑎2+𝜔)𝑎2
. (54)

which results into the following two equations for 𝜇 = 1

𝑝(𝑥, 𝑡) = −
𝛼0
(

−𝛼0 + 4𝛼1𝑒𝜏
√

−2(𝑎2+𝜔)𝜔 + 4𝛼1𝑒𝜏
√

−2(𝑎2+𝜔)𝑎2
)

𝛼0 + 4𝛼1𝑒𝜏
√

−2(𝑎2+𝜔)𝜔 + 4𝛼1𝑒𝜏
√

−2(𝑎2+𝜔)𝑎2
𝑒𝜄𝜙(𝑥,𝑡), (55)

and

𝑞(𝑥, 𝑡) =
𝛼20

(

−𝛼0 + 4𝛼1𝑒𝜏
√

−2(𝑎2+𝜔)𝜔 + 4𝛼1𝑒𝜏
√

−2(𝑎2+𝜔)𝑎2
)2

(

𝛼 + 4𝛼 𝑒𝜏
√

−2(𝑎2+𝜔)𝜔 + 4𝛼 𝑒𝜏
√

−2(𝑎2+𝜔)𝑎2
)2

(𝑣2 − 1)
, (56)
0 1 1
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where 𝜏 = 𝑥 − 𝑣 𝑡𝛾

𝛾 and 𝜙(𝑥, 𝑡) = −𝑎𝑥 + 𝜔 𝑡𝛾

𝛾 + 𝜉0.

4.2.2. Rational function solution
For rational function solution, we assume the initial solution in a

following way

𝑋(𝜏) =
∑𝑛

𝑖=0 𝑃𝑖𝜙𝑖(𝜏)
∑𝑟

𝑖=0 𝑄𝑖𝜙𝑖(𝜏)
, 𝑛 ≥ 𝑟, (57)

𝜙′(𝜏))𝜎 =
𝜎𝑘
∑

𝑖=0
𝛽𝑖𝜙

𝑖(𝜏), 𝜏 = 𝑥 − 𝑣
𝛾
𝛤 (𝜇 + 1)𝑡𝛾 , 𝜎 = 2.

where 𝑃𝑖, 𝑄𝑖 and 𝛽𝑖 are unspecified constants to be assessed. Now, by
utilizing the balance condition given by Lemma 2.3 [35–37], provides
𝑘 = 1 and relation 𝑛 = 𝑟, which permits to choose 𝑛 freely.

Here, we have discussed a case when 𝑘 = 1, 𝜎 = 2. Hence, the
Eq. (25) can be converted into

𝑋(𝜏) =
𝑃0 + 𝑃1𝜙(𝜏)
𝑄0 +𝑄1𝜙(𝜏)

,

′(𝜏) =
√

𝛽0 + 𝛽1𝜙(𝜏) + 𝛽2𝜙2(𝜏). (58)

Using Eq. (26) into Eq. (18) provides a system of algebraic equations in
𝜙. By pursuing some symbolic computing software to solve this system
for 𝑃0, 𝑃1, 𝑄0, 𝑄1, 𝛽0, 𝛽1, 𝛽2, 𝑎, 𝑏, 𝜔, results into the following relation:

=
𝑄2

1(𝑎
2 + 𝜔)

𝑃 2
1

, 𝛽0 = −1
2
(𝑃0𝑄1 +𝑄0𝑃1)2(𝑎2 + 𝜔)

𝑃 2
1𝑄

2
1

, (59)

𝛽1 = −
2(𝑃0𝑄1 +𝑄0𝑃1)(𝑎2 + 𝜔)

𝑃1𝑄1
, 𝛽2 = −2(𝑎2 + 𝜔),

and by solving the auxiliary equation given in Eq. (58) together these
values into Eq. (58), yields

𝑋(𝜏) = −

(

√

−2(𝑎2 + 𝜔)𝑒𝜏
√

−2(𝑎2+𝜔)(𝑃0𝑄1 −𝑄0𝑃1) + 𝑃1𝑄1

)

𝑃1
(

√

−2(𝑎2 + 𝜔)𝑒𝜏
√

−2(𝑎2+𝜔)(𝑃0𝑄1 −𝑄0𝑃1) − 𝑃1𝑄1

)

𝑄1

, (60)

hich results into the following two equations for 𝜇 = 1

(𝑥, 𝑡) = −

(

√

−2(𝑎2 + 𝜔)𝑒𝜏
√

−2(𝑎2+𝜔)(𝑃0𝑄1 −𝑄0𝑃1) + 𝑃1𝑄1

)

𝑃1
(

√

−2(𝑎2 + 𝜔)𝑒𝜏
√

−2(𝑎2+𝜔)(𝑃0𝑄1 −𝑄0𝑃1) − 𝑃1𝑄1

)

𝑄1

𝑒𝜄𝜙(𝑥,𝑡),

(61)

and

𝑞(𝑥, 𝑡) =

(

√

−2(𝑎2 + 𝜔)𝑒𝜏
√

−2(𝑎2+𝜔)(𝑃0𝑄1 −𝑄0𝑃1) + 𝑃1𝑄1

)2
𝑃 2
1

(

√

−2(𝑎2 + 𝜔)𝑒𝜏
√

−2(𝑎2+𝜔)(𝑃0𝑄1 −𝑄0𝑃1) − 𝑃1𝑄1

)2
𝑄2

1(𝑣
2 − 1)

,

(62)

where 𝜏 = 𝑥 − 𝑣 𝑡𝛾

𝛾 and 𝜙(𝑥, 𝑡) = −𝑎𝑥 + 𝜔 𝑡𝛾

𝛾 + 𝜉0.

5. Graphical representation

This section contributes to the physical meaning of the fractional
soliton solutions and the dynamic characteristics of these solutions. The
Figs. 1–2 shows the pictorial representation of the obtained solutions
of (2+1)-dimensional CIE with the effect of fractional parameters in
2D and 3D figures at some suitable parameters. The 3D Figs. 1(a) and
2(a) are the graphical visualization of the fractional soliton solutions
for Eqs. (23) and (26) respectively, with 𝛾 = 0.8 and 𝑦 = 0.5. While,
he 2D figures 1(b) and 2(b) are the graphical representations of the
ractional soliton solutions for Eqs. (23) and (26) with 𝛾 = 0.4, 0.6, 0.8, 1
nd 𝑦 = 0.5, 𝑥 = 0. These graphs are plotted at the different values of
ractional parameter 𝛾 to show the impact on obtained solutions.
6

. Conclusion

In this paper, we have effectively established the fractional the
oliton wave solutions in polynomial and rational forms. The unified
ethod alongside local M-derivative is implemented to a couple of tem-
oral fractional NLEE, (2+1)-dimensional CIE and (1+1)-dimensional
E. The pictorial representation of the obtained solutions with the effect
f fractional parameters is also shown in Figs. 1–2. The proposed ap-
roach enables us to discover these solutions in polynomial and rational
orms. Further, to grant the validity of non-singular solutions are given
ith limitation conditions and graphically depicted in 3D. Similarly,

o show the effect of fractional parameter on predicted non-singular
olutions is portrayed through 2D graphs. The obtained solutions are
evealing that the suggested methodology is straightforward and valu-
ble to recover the solitary wave solutions of other nonlinear evolution
quations and helps to give a valuable addition in solitary wave theory.
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