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1. Introduction

Sir W.R. Hamilton discovered the quaternions in 1843. Six years later, J.
Cockle introduced split-quaternions which were called coquaternions by him.

Let F' be a arbitrary field (its characteristic is not two) and F’ be
multiplicative group of F. The quaternion algebra (“ﬁb) is defined to be the
F' algebra on generators ¢ and j with the relations

i? =a,j* =b,ij = —ji.
If we take k := ij, then we have k> = —ab € F’ and ik = —ki = aj,
kj = —jk = bi.
In the case a = b= —1 and F = R, (71]1‘{1) is the ring of quaternions

over the reals (for details, see [15]). Similarly the algebra (7]11%’1) is ring of split

quaternions over reals. Split quaternions are also called coquaternions, para-
quaternions, anti-quaternions, pseudo-quaternions or hyperbolic quaternions.
We show this ring as follows

Pr={a=a+bitcj+dklabc,dcRi*=—1,j>=k=1,ij =k=—ji}.
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The conjugate of split quaternion a = a + bi + ¢j + dk is defined by
a=a+bi—cj—dk
and the norm of « is given by
N(a) = aw
=a?+ b - —d°

The famous integer sequence, Fibonacci sequence {F,}5°, is defined
with numbers which satisfy the recurrence relation F,, = F,,_1 + F,,_o with
the initial conditions F; = 0 and F} = 1. Fibonacci numbers have delighted
the mathematicians for centuries with their properties and applications in
many interesting areas (see [13] for details). Another well-known sequence
is the Lucas sequence {L,,}22,. Lucas numbers satisfy the same recurrence
relation with the Fibonacci numbers except initial conditions. Namely, L,, =
L,_1+ L,_o and the initial conditions are Ly = 2 and L; = 1. Sometimes,
Lucas numbers are defined with the well-known properties L,, = Fj,_1+F, 11
between Fibonacci and Lucas numbers.

The Pell sequence {P, }22, is another famous sequence among integer
sequences which satisfies the recurrence relation

Py =2Py 1+ Py (1.1)

with initial conditions Py = 0 and P; = 1. Pell-Lucas sequence {PL,}>2,
satisfies the same recurrence relation with Pell sequence except initial condi-
tions PLyg = 1 and PL; = 1. Some authors define the Pell-Lucas sequence
by taking the initial conditions PLy = 2 and PL; = 2. In such a case, the
Pell-Lucas sequence is called modified Pell sequence.

The Binet formula for the Pell and Pell-Lucas numbers are, respectively

,Yn_én
P, =—
and
pr, = 1 +o"
2

where v = 1+ /2 and § = 1 — /2 are the solutions of the characteristic
equation 22 — 22 — 1 = 0 (see [14] for details). The positive root 7 is known
as silver ratio and it plays a similar role with the golden ratio for Fibonacci
and Lucas numbers.

There are many relations between Pell and Pell-Lucas numbers such as

PLnJrl :Pn+1 + Pa, (12

PL, =P,+1 — P, (1.3

2PL, = P,_1+ Py11, (1.4

2P, = PL,4+1 — PL,. (1.5

Pell and Pell-Lucas numbers appear in many subjects of mathematics.

For example they appear as solutions of the Pell equation % —2y? = (—1)".
The solutions of this equation are (PLy, P,).
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Horadam [10] defined the Fibonacci and Lucas quaternions with the
following relations
Qn=Fn+ Fni1i+ Fpyoj + Frysk
and
K, =L,+ Lpy1i+ Lpyoj + Lypysk

respectively, where F),, and L,, are nth Fibonacci and Lucas numbers. He also
defined a generalization of Fibonacci quaternions by

P, =H, + Hn+1i + Hn+2j + HnJrSk

where H,, is the nth generalized Fibonacci number defined by Hy = p, Hs =
p+gq, H, = H,_1 + H,_5. Harman [9] defined complex Fibonacci numbers
by the following two-dimensional recurrence relation:

Gn+2,m)=Gn+1,m)+ G(n,m),
G(n,m+2) =Gn,m+ 1)+ G(n,m)
where G(0,0) = 0, G(1,0) = 1, G(0,1) = i, and G(1,1) = 1 + i. Extending
this idea, Horadam [11] defined the recurrence relations
G(h+2,l,m,n) = Gh+1,l,m,n) + G(h,l,m,n),
G(h,l+2,m,n) = G(h,l+ 1,m,n) + G(h,l,m,n),
G(h,l,m+2,n) = G(h,l,m+1,n) + G(h,l,m,n),
G(h,l,m,n+2)=G(h,l,mn+1)+G(h,l,m,n)
with initial conditions
G(0,0,0,0) =0,G(1,0,0,0) =1,G(0,1,0,0) = 4,G(0,0,1,0) = j,
G(0,0,0,1) =k,
G(1,1,0,0) =1+4,...,G(0,0,1,1) = j + k,
G(1,1,1,0) =1+4i+4,...,G(0,1,1,1) =i+ j + k,
GL,L,L,)=14i+j+k
and gave many properties between Fibanacci numbers and G(a, b, ¢, d).
Swamy [19] obtained some properties of the Fibonacci quaternions @,

and generalized Fibonacci quaternions P,, which were defined by Horadam.
For example, he gave

P2n+1 - Fn+1Pn+1 +FnPn
and
Py, = Fn—i-an + FoPyq.

Iyer [12] gave the connections between the Fibonacci and Lucas quater-
nions. Halici [8] gave some properties of the Fibonacci and Lucas quaternions
including Binet formulas.

Akyigit et al. [1], Flaut and Shpakivskyi [7] gave some properties of
Fibonacci quaternions @, and generalized Fibonacci quaternions P, which
were defined by Horadam over the generalized real quaternion algebra. The
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basis elements of this quaternion algebra satisfy the following multiplication
table:

1 ik
11 i Gk
i i —pf ok —B1J
Jj Jj —k =B [
k k By =B =B

Stakhov and Rozin [18] defined Fibonacci p-numbers. For any integer
p > 0,n € Zandn > p, the nth Fibonacci p-number is given by the recurrence
relation

Fp(n):Fp(”_1)+Fp(n—P—l)

with initial conditions Fj,(0) = 0, F,(1) = F,(2) = --- = Fp(p) = 1. Tasci
and Yalcin [21] investigated properties of Fibonacci p-quaternions which are
defined with the help of G-notations of Harman and Horadam. Fibonacci p
quaternion G,(h,l, m,n) satisfy the recurrence relations:

Gp(h+1,l,m,n) = (h,l,m,n)—i—G(h p,l,m,n), h>p
Gp(h,l+1,m,n) = Gy(h,l,m,n) + G,(h,l —p,m,n), I >p
p(R,Lm+1,n) = Gp(h,l,m,n) + G, (h,l,m p,n), m>p
Gp(h,l,m,n+1) = G,(h,l,m,n) + Gy(h,I,m,n—1), h >p

with initial conditions G,(r,s,t,u) = F,, + iF, s + jFp: + kF,, where
r,s,t,u€{0,1,...,p}

For any real number k, Falcon and Plaza [5] defined k-Fibonacci num-
bers and Falcon [6] defined k-Lucas numbers as follows:

Fro=0,F,1=1and Fj 41 = kFin + Frn_1
and
Lro=2,Lp1=Fkand Lk py1 = kL + Lign-1-
Ramirez [17] defined k-Fibonacci and k-Lucas quaternions by
Dy = Fopn +1Fg i1+ jFenye + 6£Fkng3
and
Py =1Lgy+ LEy 1+ jLipyo + KLk g3

where F}, , and Ly, are the nth k-Fibonacci and k-Lucas numbers, respec-
tively.

Polatli et al. [16] and studied split k-Fibonacci and k-Lucas Quaternions.
Akyigit et al. [2] worked on split Fibonacci and split Lucas quaternions. They
obtained some identities of these numbers.

Cimen and Ipek [4] defined Pell and Pell-Lucas quaternions by

Qpn:P7L+iPn+1 +.jpn+2+kpn+3
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and
QPL, =PL,+iPLyy1+ jPLyyo+kPL,s

where P,, and PL, are nth Pell and Pell-Lucas numbers. They obtained
many properties of these quaternions including Binet formulas and Cassini’s
identity. Szynal-Liana and Wloch [20] gave some identities for the Pell and
Pell-Lucas quaternions such as norm and some matrix properties.
Modified k-Pell sequence is defined by
Qk,0 = gk =1 and grnt1 = 2qrn + gn—1, n > 1.

In a recent work, Cataniro [3] worked on modified Pell and modified k-Pell
quaternions which are defined by

MPn =d(4n + Z.C]n-i-l + an-‘rQ + kQ7L+3
and
M Py = Qi + iQknt1 + Jqknt2 + ke nts

where ¢, and ¢, are the nth Pell-Lucas and modified k-Pell numbers, re-
spectively.

2. Split Pell and Split Pell-Lucas Quaternions

Now we can focus on split Pell and split Pell-Lucas quaternions. For n > 0,
any nth Split Pell and Split Pell-Lucas quaternions defined by

SPn:Pn+Pn+1i+Pn+2j+Pn+3k
and
SPL, = PLy + PLyp1i+ PLyi2j + PLy 3k,

respectively, where P, and PL, are nth Pell and Pell-Lucas numbers, and
{1,4,7,k} is the standard basis of split quaternions.
For any positive integer n, we obtain norm of SP, as follows:
N(Spn) = (Pn + Pn—i—li + Pn+2j + Pn+3k)(Pn + Pn—i—li - Pn+2j - Pn+3k)
:P5+P3+1_P3+2—P3+3
= (P = Po) + (Poyy — Piys)
= (Pn - Pn+2)(Pn + Pn+2) + (Pn+1 - Pn+3)(Pn+1 + Pn+3)~

Using the recurrence relation (1.1), we obtain —2P,11 = P,, — Pp1o. With
the help of this equation and Eq. (1.4), we find

N(SP,) = —4(Pyy1PLypy1 + Ppy2PLyyo).
Similarly, we obtain norm of split Pell-Lucas quaternions as follows
N(SPL,) = —8(P,+1PLypt1 + Pri2PLyy2).
From definitions, we can easily see that

SP.,L = 2SPn_1 + Spn_g
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and
SPL, :=25SPL,_1+ SPL,_».
For split Pell and split Pell-Lucas quaternions with negative indexes,
we need the following lemma.
Lemma 2.1. For any integer n, we have
SPoyin = Puy1SPy + PSPy 1. (2.1)
Proof.
SPrytn = Prmin + Prngnt1t + Progni2j + Prgntsk
= PnPoi1+ Pou-1Pn+ (Pot1Poi1 + P Py)i
+(Ppy2Prs1 + Pry1Pn)j + (PryaPog1 + P2 Pk
= Poy1(Pn + Pry1i + Prgaj + Prysk)
+P,(Py—1+ Pyi+ Ppy1j + Potok)
= P,1SP,, + P,SP, 1.
O
If we take m — 1 and n — n—1 and use the identity P_, = (—1)"T1P,,
we have
SP_, = (—1)"(Py+1SPy — P,SPy).
Similarly, one can obtain
SPL_,, = (-1)"(P,+1SPLy — P,SPL,).

Having Binet-like formula for an integer sequence is important to in-
vestigate its properties by a direct computational access. The next theorem
gives Binet formulas for the split Pell and split Pell-Lucas quaternions.

Theorem 2.2. For any integer n, nth split Pell and split Pell-Lucas quater-

nions are

Sp, — %:;m* (2.2)
and . .

SPL, = w (2.3)

respectively, where v =1+ v2, 6 =1 -2, v* = 1+ ~vi +v%j + vk and
§* =1+ i+ 62%j + 6°k.
Proof. Let us consider the followings for Eq. (2.2):
YSP, + SP,_1 = 7P, + Poj1i+ Poyoj + Poysk + P + Ppi+ Py
+ P12k
=3Py + P14 (VPug1 + Po)i+ (YPuy2 + Pog1)j

+(YPpy3 + Pui2)k

By the help of the identity vP, + P,_17", we get
v¥SP, + SP,—1 ="~ (2.4)
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Similarly, using the identity 6" = 0P, + P,—1, we have

0SP, + SP,_1 =0"0". (2.5)
From the Eqs. (2.4) and (2.5), we obtain
sp, = 1= 0T
y—=96
Equation (2.3) can be obtained similarly. O

Ordinary generating functions for split Pell and split Pell-Lucas quater-
nions are given in the following theorem.

Theorem 2.3. The generating functions of split Pell and split Pell-Lucas
quaternions are

_ SP0+I(SP172SP0)

P
(z) 1—2x — 22
and
SPLy+ x(SPLy —2SPLy)
PL(z) = - 1—21‘—1332 =
respectively.

Now, we give some useful identities without proof because they are very
simple.

Lemma 2.4. We have the followings

v = 1124 80V2 + 29PLg + 2V25 P, (2.6)
5% =112 — 80vV2 + 2SPLy — 2V2SP,, (2.7)
v¥6* = 2SPLo + 2V2), (2.8)
8 y* = 28PLg — 2V/2)\ (2.9)

where A =1 — 25 + k.
These identities play very important roles throughout the paper for all
calculations. Accordingly, we need the two following identities:
0" 4+ §*y* =4SPLyg
and
2 45 = 994 4 4SPLy.

The following theorem gives Catalan’s identities for split Pell and split
Pell-Lucas quaternions.

Theorem 2.5. For every integers n and r, we have
SP,,,SP, . — SP? = (~1)"""T2P2SPLg + \Py,]
and
SPL,.SPL,_, — SPL? = —2[SP,.,SP,_, — SP?]
= —2(=1)"""[2P2SPLy + \Py,].
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Proof. By using the Binet formula of split Pell quaternions, we have
SP, vSP,_, — SP>

- ’Y”+T * 6n+r6* n r * N EE 'Yn’}/* —ne* 2
N =9 v =9 y—0

1
— g(_7*6*7n+r6n—r _ 5*7*7n—r6n+r + ’Y*(S*’Yn&n + 5*7*,}/”6”)

1 —r * ok 2r * % 21 N (A% C* * K
= 3(()" LY 0 T 4 69 0%") + (—1)" (v 6" 4 6)).

After using Egs. (2.8), (2.9) and some elementary operations, we have

1 1
S-PnJrrSPn . SP2 ( )n r+1 (2SPL()PL27~+)\P2T> -+ 5(—]_)"SPL()
and using the identity 4P? = PLy, — (—1)", we obtain
SP,+SPy_, — SP2 = (=1)"""TY2P2SPLy + \P»,].
The second part of the theorem can be obtained easily. O
Let « = a+ ib+ je+ dk € Py. If ged(a,b,c,d) = 1, then « is called
primitive. By using Cassini’s identities for Pell and Pell-Lucas numbers, it is
seen that two consecutive Pell and Pell-Lucas numbers are relatively prime.
Hence, every split Pell and split Pell-Lucas quaternion is primitive.
For r = 1, Theorem 2.5 gives Cassini’s identities for split Pell and split
Pell-Lucas quaternions.
Corollary 2.6. For any integer n, we get
SP, 18P, 1 — SP? = (—1)"[2SPLg + 2)]
and
SPL,1SPL, 1 —SPL? = (—1)""'[4SPLy + 4\].
D’Ocagne’s identities for split Pell and split Pell-Lucas quaternions are
given in the following theorem:

Theorem 2.7. For any integers n and m we have
SPy4+1SP, — SP,SPy11 = 2(—1)™(Py—nSPLy — APLy,—1,)
and

SPLys1SPLy — SPLyySPLyy = 4(—1)" Y (Py_nSPLy — APLy_),

Proof. By using the Binet formula in Theorem 2.2, we obtain
SPL,,+1SPL, — SPL;,SPL, 1

B <7m+1 *+67rz+16*> (,yn,y*_'_(sn(s*)

2 2

B ,Ym,y* +5m5* n+1 *+6n+15*
2 2

7*6*7m+16n 4 5*7*7n6m+1 _ 7*5*7m5n+1 _ 6*,}/*,}/n+16m]

7l
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2v/2
_ f(_l)m+1 (5* ¥ n—m V*é*én—m) .
If we substitute Egs. (2.8) and (2.9) into the last equation and after doing
some elementary operations, we have
SPL,,1SPL, — SPL,,SPL, 1 = 4(—1)""(P,_,,SPLy — APL,,_,,).

The first identity in theorem can be proven similarly. 0

3. Some Identities on Split Pell and Split Pell-Lucas
Quaternions

We give the four identities, which are the relations between the split Pell and
split Pell-Lucas quaternions as can be seen from definitions directly

SPLn+1 = SPn+1 + SPn, (31)

SPL,, = SP,41 — SP,, (3.2)

2SPL, = SP,_1 + SP,41, (3.3)

2SP, = SPL,+1 — SPL,,. (3.4)

Sometimes, Lucas numbers are defined by the identity L, = F,,_1 +

F,, 1. This identity holds for Pell and Pell-Lucas numbers, namely PL, =
P,_1 4+ P,41. As it can be seen in Eq. (3.3), similar relation between split
Pell and split Pell-Lucas numbers holds.

Finally, we give the following identities between split Pell and split Pell-
Lucas quaternions:

SPL? —2SP% = 2(—-1)"SPLy, (3.5)
SP? + SPL? =3 ( 28PLs, + 40P, + SPLOPLQn + SP0P2n>
—1)"
SPLy, (3.6)

SP? - SPL? = 7 [56PL2n + 80Py, + SPLoPLsy, + 2SPyPy,

+3(—1)"SPLy], (3.7)
SP,SPL, = 56Py, +40PLy, + P3,SPLy + PLy,SPy + (—1)"),  (3.8)
SP,+SPL, s — SPysSPLyy, =2(—1)""" TP, SPLy, (3.9)
SPLyin+ (-1)"SPL,,_,, = 2PL,SPL,,, (3.10)
SPyin+ (~1)"SPy,_,, = 2PL,SP,,, (3.11)
SP,_p=(—1)"[P,_1SP,, — P,SP,,_1], (3.12)
SPy, = P, 1SP, + P,SP,_1, (3.13)
SPy,41 = Ppy1SP,1 + P,SP,. (3.14)

We prove some of these identities in the next section.
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4. Proofs of Identities

Proof of identity (3.5)
We need the Binet formulas given in Theorem 2.2:

1 1
SPL? —2SP? = Z(V*V” + 6762 — 2§(7*7” — §%6m)?

1
_ 7(7*272n +,yn§n,y*5* +,yn5n5*,y* +5*252n)

4
1*27’7, n $n . x ok n SN Sx | * *2TL
=3 (7T = Oy = ROy 4 67 67
1**nn * kMM

= 5 (707" + 8Tyt

Now we need Egs. (2.6)-(2.9). Using these in the last equation and doing
some elementary operation, we obtain

SPL? —2SP? = %(—1)”4SPL0
= 2(—1)"SPLy.
Proof of identity (3.6)

1 1
SPT% +SPL$L — g(v*,yn _5*671)2_'_ 1(7*7n+6*6n)2

= é[ P2y 58— (—1)"4SPLo)
+i[’y*2’yz” +0%°8%" + (—1)"4S P Lo

= %[37*%2” +35° 0% + (=1)"4SP L]

= %(7*272” + 6762 + %SPLO

If we substitute v** and 6*", namely Egs. (2.6) and (2.7) in Lemma 2.4, into
the last equation, we obtain

1
SP?+ SPL? =3 (QSPLgn +40P2y + 5 SPLoPLyy + SPo P2n>

—_1)"
+( 2) SPLo.

Proof of identity (3.7)

1 1
SPy = SPLy = S(Y'y" = 8"6")* = 2 (v"y" +076")°
1
- —§[7*272" +6%°6%" +12(=1)"SPL]
Again Egs. (2.6) and (2.7) in Lemma 2.4, we have

1
SP? _ SPL? = -5 [56P Lgy, + 80Py, + SPLoPLs, + 2SPyPs,

+3(—1)"SPL].
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Proof of identity (3.8)

’Y*'Yn _5*511) (’Y*’)’n +5*5n>
SP,SPL,, =
(o) (7

(7 ,y2n + 7y 5* ngn _ (5*7*’}/”5" _ 6*252n)

4\/
1

T 42

If we use Eqgs. (2.6)—(2.9) in Lemma 2.4, we get

[P (D) (8 = 8t yt) — 6% 6%

SP,SPL, = 56Py, +40PLy, + P2, SPLg + PLy,SPy + (—1)"\.

Proof of identity (3.9)
SPy++SPLyys — SPyysSPLyyy
,Y*,YnJrr 5*§n+r ,y*,yn+s + 6*5n+s
() ()
(,Y*,Yn+s _ 5*6n+s) (7*7n+r + 5*511—0—7*)
2V2 2

('Y (5* n+r6n+9 5*7*7n+36n+r

4\f
. *5* 77,+S57l+7‘ + 5*,\/*771-&-7’511-‘1-8)
1
= 74\/5(7"“5"“4513% — "6 TAS P L)

1 s -
— 7SPLO,yn+r6n+7 (65—7" _ ,75—7)

V2
=2(-1)"""t P, SPLy.

Proof of identity (3.10)
SPLuin 4+ (—1)"SPLy,_».

1*mn * CM—+n n_*x_m-—n mn Sk STM—n
2[77* + 856 4 (—1) "y + (1) 6™ "]

i {"}’* m— n 7 n+ (71)71] +§*6mfn[52n+ (71)n]}

1 k. m n n xCM (SN n
=5 ™" +8%) + 676" (8" + 7))
— 2PL,SPL,,.

1891

Identities (3.12)—(3.14) can be proven by substituting n — —n, m — n

and m — n + 1 into Eq. (2.1).
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