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Abstract

In this article, we give a general form of the quaternions algebra depending on 3-
parameters. We define 3-parameter generalized quaternions (3PGQs) and study various
properties and applications. Firstly we present the definiton, the multiplication table
and algebraic properties of 3PGQs. We give matrix representation and Hamilton oper-
ators for 3PGQs. We derive the polar represenation, De Moivre’s and Euler’s formulas
with the matrix representations for 3PGQs. Additionally, we derive relations between
the powers of the matrices associated with 3PGQs. Finally, Lie groups and Lie alge-
bras are studied and their matrix representations are given. Also the Lie multiplication
and the Killing bilinear form are given.

Keywords 3-Parameter generalized quaternion - Lie algebra - De Moivre’s formula -
Matrix representation of quaternions - Euler formula

Mathematics Subject Classification 14A20 - 14A22 - 15A66 - 70G55 - 70G65

1 Introduction

Irish mathematician Sir William Rowan Hamilton started working on the complex
numbers in 1830. Hamilton wanted to generalize these numbers. Firstly, he wanted
to express these numbers as compositions of two imaginary numbers and one real
number. So in the beginning he hoped to expand the complex numbers into three-
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dimensional space. Although he could do addition and subtraction with these triples,
he could not define a norm on these triples. For years he thought about this issue and
made various investigations. Finally, on 16 October 1843, he defined real quaternions
as:

H:{a+be1+ce2+de3 | a,b,c,d e R,

=e% =e5=—1,e1e2e3 = —1}

[8—14]. Also in [32], all the properties of quaternions, quaternion algebra and appli-
cations are explained by Ward. Following the identification of the real quaternions,
in 1849, split-quaternions, also known as para-quaternions, co-quaternions, pseudo-
quaternions in the literature, were defined by Sir James Cockle in [4]:

]P’:{a—i—be] +cey+des| a,b,c,d € R,

—e% :e% :e% =1, e1e2e3 = l}.

Cockle brought a new perspective to the quaternions. Hamilton quaternions with com-
plex coefficients are called biquaternions. The biquaternions were described by Sir
William Clifford in 1871 [3]. In 1924 and 1928, Leonard Eugene Dickson and Lois
Wilfred Griffiths wrote two articles on generalized quaternions [6, 7]. The set of gen-
eralized quaternions with two parameters is given by

Hy . = {a+bel+ce2+de3 | a,b,c,d, A, u € R,

e% = —A, e% = —u, e% = —AU, elere3 = —ku}.

These quaternions are known as generalized quaternions in the literature. Throughout
the article, we will refer to these as 2-parameters generalized quaternions (2PGQs)
for shortness of notation. In the set of the 2PGQs, if . = u = 1 is taken, then we
obtain the Hamilton quaternions. If A = —u = 1 is taken, then we achieve the set of
split-quaternions.

It is possible to see the effects of Hamilton’s discovery, which is about two cen-
turies old, in many areas from physics to computer graphics. In the current literature,
quaternions are also associated with number sequences. These studies can be found
in[1, 5, 15, 27-31].

In this article, we will go far beyond the generalization mentioned above and we
will give the most general form of the quaternions algebra depending on 3-parameters.

2 3-Parameter Generalized Quaternions

In this section, we define the 3-parameter generalized quaternions and form the algebra,
inspired by the work of Hamilton, Cockle, Dickson and Griffiths.
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3-Parameter Generalized Quaternions 577

Definition 2.1 The following set is called the set of 3-parameter generalized quater-
nions (3PGQs):

K = {ao + aie| + azes + azes | ap, ar, az, az, A1, A2, 23 € R,

e% = —A1Ap, e% = —A1A3, e% = —A2A3,e1e2e3 = —)»]kz)q}.

Each element p = ag + aje; + azez + azes of the set K is called a 3-parameter
generalized quaternion (3PGQ). Here the real numbers ag, a1, az, a3 are called com-
ponents of p. The base vectors 1, eq, e2, e3 of the 3PGQs comply with the following
multiplication table:

1 e ) e3
111 el e es
erle;r —AtA2  Ajez —Azer
exlex —Ajes —A1A3  Asel
ezles  Azer —Azel —A2A3

According to this multiplication table, K = Sp {1, ey, €3, e3}.
Special cases:

i. If A1 =1, X2 = A, A3 = pu, then the algebra of 2PGQs is obtained.
ii. Ay =1,A =1, A3 = —1, gives us the algebra of split quaternions.
iii. If Ay =1, Ap = 1, A3 = 1, then the algebra of Hamilton quaternions is achieved.
iv. If A1 = 1, A2 = 1, A3 = 0, then the algebra of semi-quaternions is attained.
v. A1 =1, Ay = —1, A3 = 0, then we get the algebra of split semi-quaternions.
vi. If A1 = 1, A2 = 0, A3 = 0, then the algebra of 1/4-quaternions is achieved.

Of course, it is possible to work in more specific quaternion algebras according to
Aig{1,2,3}-

Throughout the article, we will consider special cases for the A;¢1,2,3) values given
above.

Any 3PGQ p = ag + aje; + azex + azes consists of two parts, the scalar and the
vector part:

p=S,+Vy

where
Sp =ap, Vp, =aje +axes + azes.

Definition 2.2 Let p be a3PGQ.If S, = 0, then p is called a 3-parameter generalized
pure-quaternion (3PGPQ) or 3-parameter generalized vector (3PGV). Let us show that
the set of 3-parameter generalized vectors is as follows:

Im (K) = {aje; + arer + azes | a1, az, a3 € R}.

Equality, addition, multiplication by scalar and multiplication operations are defined
on K as following:
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578 T.D. Sentiirk, Z. Unal

Let p = ap+aje; +azey +azez and g = by + b1ey + brex + bzez be 3PGQs and
o be a real number.

— Equality: p =g < ap = by, a1 = by, ay = by, a3 = b3.

— Addition: p +q = (Sp+57) + (Vo +Vy) = (ao+bo) + (a1 +b)er +
(a2 + b2) e2 + (a3 + b3) e3.

— Multiplication by scalar: The following operation is called multiplication by scalar
or external operation:

O:RxK—K

(c, p) > c O p =:cp=-cap+caiel + cazey + cazes
— Multiplication:

x :KxK— K
(P.q) > pxq=pq

if p and g are multiplied according to the multiplication table, then we have:

pq = (apbo — AiA2arby — AAzazby — Aodzazbs)
+ ey (aoby + boay + A3 (axb3 — azbz))
+ ez (aoba + boaz + A2 (azby — a1b3))
+ e3 (aobs + azby + Ay (a1by — axby)) .

We can formulate this result as follows:

pa = (Sp+Vp) (Sq + V)
=8pSq +SpVy +S4Vp +V, Vg
= SpSq = f (Vi Vg) + SpVp + Sq Vg + VpAVy,

where

f:Im(K) x Im (K) - R
(Vp, Vq) — f (Vp, Vq) = MAaiby + AAzazby + Arzazbs

and

A Im (K) x Im (K) — Im (K)
Azel Arex Aes
(Vp, Vq) - VoAV =| a1 a a3
by by b3
= A3 (a2b3 — azby) e;
+A2 (azby — a1b3) ex + A1 (a1by — azby) es.
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3-Parameter Generalized Quaternions 579

If p =V, =ae1 +aes +azez and ¢ = V,;, = bie; + brer + bze3 then the
multiplication of p and q is:

X KxK-—K
(V. V) = Vp x Vg = VypVy = = (V. Vg) + VAV
There are two special cases:
i. IfV, LV, thenV,V, = V,AV,,
ii. IfV, || Vg, then V,Vy = —f (V. V).
Theorem 2.3 Let p, q and r be 3PGVs. The following equations are satisfied:

i pA(gAr) = f(p.r) g~ f(p.@r,
ii. (pAq)Ar=f(p.ryg— f(q.r)p.

Proof i.If p = aje| + azer +aze3, g = bie] + byey + bzesz, r = cre + crep + c3e3
then we get

pA(gAr) = ey (a2 (bica — bac) AAs + az (bic3 — b3cy) Aah3)
+ea (ay (baci — bico) Aroa 4 a3 (bacz — bzcp) Madz)
+e3 (a1 (b3c1 — bicz) Ara + az (bzcy — bacz) AiA3) 2.1

on the other hand we have

fp.r)g—f(p,q)r=er (x2(y122 — y221) MA3 + x3 (¥123 — ¥321) A2A3)
+ ep (x1 (221 — y122) A1A2 + x3 (¥223 — ¥322) A2A3)

+ e3 (x1 (321 — y123) A1A2 + X2 (Y322 — ¥223) A1A3)
(2.2)

according to Egs. (2.1) and (2.2), the result is obtained.
ii. Similar to i, the existence of a proof is readily seen.

Corollary 2.4 Let p and g be two 3PGVs. Then
S(pq) = —f(p. ).
Proof If p =aje; + arey + azez and g = biey + baez + bzes, then
S(pq) = —Airparby — hirszarby — Aarzazbs = —f(p, q) .
Corollary 2.5 i. (K, +) is an Abelian group.
ii. The abelian group (K, +) is a vector space on the field R with the external oper-
ation ©.
iii. {K, 4, x} is a ring with unity.

iv. {K, +, x} is not a commutative ring.
v. {K, +, x} is not an integral domain.
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580 T.D. Sentiirk, Z. Unal

vi. {K, +, x} is not a field.
vii. {K, +, R, 4, -, ®} is a vector space.
viii. {K, +, R, +, -, ®, X} is a non-commutative algebra. This algebra is called 3-
parameter generalized quaternion algebra.

Proof The reader can easily verify all of the items above.

Definition 2.6 The conjugate of a 3PGQ p is defined as follows

C:K—- K
p—=>Cp)=p=S,—-V,

If p =ag+aje; + ares + azes, then p = ag — aje; — azer — azes.
Theorem 2.7 i. Forall p,qinKandall cy,cy inR, cip + cog =c¢1p + ¢2q,
ii. Forall p,qinK, pg =qp,

iii. Forall pinK, p = p.
Proof i. For p = ap + aje; + azey + azez and g = by + biey + brey + baes,

c1p + c2q = (c1a0 + c2bo) — (c1a1 + c2b1) ey
—(c1az + cab2) ex — (c1a3 + c2b3) e3
= c1 (ap — are1 — azez — azes) + ¢z (bo — biey — byres — bzes)
=cip+cq

ii. and iii. can be proven in a similar way.

Theorem 2.8 For any two 3PGVs p, q, we have

Proof If p = aje; 4+ azer + aze3 and g = byey + byer + bies, then

Azel Arep Aes

pAg =| a1 ay as
by by b3
= A3 (a2b3 — azby) ey + Ay (azby — a1b3) ez + Ay (a1by — azby) e3
1 _ _
=3 gp —pq).
Definition 2.9
N:K—- R

p—> Np=pp=7pp
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3-Parameter Generalized Quaternions 581

The function N is called the norm operation on K. The norm of any 3PGQ p is
calculated as follows:

N, = pP = ai + MAai + rrs3as + rah3a3 = SpSy + f(Vp, V). (2.3)

Let p be 3PGQ. If N, = 1, then p is called a 3-parameter generalized unit quater-
nion (3PGUQ).

Theorem 2.10 Forall p,q in K and all ¢ in R,

i. NyNgy = Npg,
ii. Nep=c?N).

Proof The reader can easily prove i and ii using Eq. (2.3)

Definition 2.11 The following function is called an inverse operation on K:

I:K— R

p—>I(p)=p'=

Let p be a nonzero 3PGQ. If p = ap + aje; + azez + azes, then the inverse of p is
as follows:

ol = P ap—ajel —daxex —dases
Np @l + rihoa? + rAsa3 + hohsas

2.4)

Theorem 2.12 For any two nonzero 3PGQs p and q, and any nonzero real number c,
we have the following:

iL(pg)t=q7"p7h,
ii. (cp)~'=-pL
c
Proof The proof can easily be proved by using Eq. (2.4)

Definition 2.13 Let p = S, + V, and g = S, + V,, be any two 3PGQs. The multipli-
cation defined as follows is called the scalar multiplication of two 3PGQs:

() KxK—R
(P.q) = (p.q) =5pSq+ [ (Vp. Vg) (2.5)

Alsoif p = ag + aje; + arex + azez and g = by + b1e1 + byer + bze3 then
(P, q) = aobo + A1dra1by + AAzashby + AxAzazbs = S(pq).

Lemma 2.14 For the metric on K we have S(pq) = S(qp) forall p, q in K.

@ Springer



582 T.D. Sentiirk, Z. Unal

Proof For p = ag + aje| + azey + azez and g = bg + biey + baey + bzes € K, we
obtain
pq = (aobo + riA2a1by + AiArzazby + Aarzazbs)
+e1 (—apb1 + boay + A3 (—axbs + azbs))
+e2 (—apby + boaz + Ay (—azby + a1b3))
+e3 (—apbs3 + azbo + A (—a1by + axby))

and thus S(pg) = (p, g) is seen. Also we find that
(g, p) = boap + Airabiar + Airzbras + Aadzbzaz = S(qp) . (2.6)

The existence of a proof is apparent from Eq. (2.5) and Eq. (2.6)
Theorem 2.15 For the metric on K the equalities below hold for all p, q, r in K.
L (rp,rq) = Ny (p,q),

ii. (pr,qr)= N:(p,q),
ii. (pq,r)= Nr<q pr),
iv. {pq,r) = Ny(p,rq).

Proof We prove the theorem by using Lemma 2.13 and Eq. (2.5). We will establish
the first equation. The proof of the other item has been left to the reader.

(rp.rq) = S(rprq) = S(rpqr) = S(qrrp) = N;S(qp) = N;S(pq) = Ny (p.q) .

3 Hamilton Operators and Matrices Associated with 3PGQs

We can not think of quaternions independently of matrices. Real, split and 2PGQs have
been also expressed by matrices and various applications have been made with them.
Some algebraic properties of Hamilton operators for both 2PGQs and dual quaternions
are found in [16, 19, 22, 25]. In this section we associate 3PGQs with matrices.

3.1 Obtaining the Fundamental Matrices

In order to obtain the matrix M, a 3PGQ p = ag + aje| + azez + aze3 is multiplied
from the left side by 1, e1, ez, e3,

(ap +arey + azex + azes) 1 = ap + are; +azer + azes
(ap + ater + arex + aze3) e1 = aper + are} + aerer + azezel

= —A1Aza; +apey + Arazer — Ajazes
(ao + are) + azes + azes) ex = apes + ajejer + aze; + azeser

= —AiAzax — Azaze; +apex + Ajaies
(ap + ater + arer + azes) e3 = apes + areres + areres + azel

= —A2A3a3 + Azaze| — Aajes + apes.
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3-Parameter Generalized Quaternions 583

The coefficients of the equations in the above rows are the column elements of the
matrix M:

ap —Ai1Azar —Ai1Azay —AzA3as

a a —A3a3 A3a
M= 1 0 3d3 342

a Ara3 ap —Aay

az —Aiax  Aai ao

If weset Ay = 1, A = A, A3 = u, then we find the fundamental matrix for 2PGQs.
Taking A1 = 1, A = 1, A3 = —1 in M , we have the fundamental matrix for split
quaternions.
Similarly by setting A1 = 1, A = 1, A3 = 1, a Hamilton matrix is attained.
Accordingly, multiplication of two 3PGQs as p = ag + aje1 + azez + azez and
q = by + biey + brey + bzes can be obtained as follows:

[Cag —riraa; —Air3az —AaAzas by

a1 ao —A3zaz  Aza by
PE=1 4, saas ap —Aoaj by
a3 —Maz  Aa ag b3

[ aoby — Airaarby — Arzazby — Aarsazbs
apby + arbg + Azaxbz — Azazby
apby + arbg — Ara1bz + Arazbq
agbs + boaz + Aia1by — hiaxbg

Theorem 3.1 The 3PGQ ring K is isomorphic to a subring of the ring My (R).

Proof Let us define the mapping ¢ : (K, +, x) — (M4 (R) , @, ®), where

ag —AAra; —AA3zar —AyAzas

ar  ap —A3az  Azaz
a aje are aze —>
¢ (ap + arey + azez + azes) 4 Aoas a0 —a
aiy —Ajap Aai aop

Let us prove that the mapping ¢ is a ring isomorphism. Taking into account the addition
and multiplication operations achieved for the 3PGQ, the following equalities can
easily be shown:

o(p+q) =¢(p) ®oq),
o (pg) =9 (p) ().

Now let us show that ¢ is bijective. Since

0000

Kergp=(p: ¢ (m=01=1{p:0=| 0000 |t =10,

0000
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584 T.D. Sentiirk, Z. Unal

¢ is one-to-one.

ay —Ai1Aza; —AiAzay —AzA3a3

_ ) _J|a a0 —Azaz  Azaz L
dEK ={p(p):pecK}= G a3 @ Doy | @€ R
a3 —Aijay  Aa ap

If we take the restriction
¢ :K— ¢ (K) C My ([R)

because of our choice of the value set, the mapping ¢ is bijective.

In order to obtain the matrix N, any 3PGQ p = ag + aje; + azez + aze3 is multi-
plied from right side by 1, ey, e2, e3. Similarly to the creation of M, the A/ matrix is
produced:

ap —AAxal —AAzar —AsrA3as

N=|a @ Azaz  —Azap
a —M\as ) Aoay
a3 Aay  —Aag aog

As a result, there are two fundamental matrices that give the algebra of 3PGQs: M
and NV Throughout the article, since all the operations with M and N matrices will
proceed in a similar way, we will give definitions, theorems and explanations for only
the matrix M and note that the same can be done for the matrix A/ in a similar way.

3.2 Obtaining the Multiplication Table with the Help of Fundamental Matrices

From the matrix M that we have obtained in the previous section, we achieve the base
elements ¢, e1, €2, e3 as follows

1000 0—222 0 0O
0100 1 0 0 0
eg=1< 0010 =Ey=14, e < 0 0 0 —is = Eq,
0001 (0 0 a 0 |
0 0 —Aa3 0 00 0 —xis
00 0 x| 00 A3 O B
2l o o o |2 00,0 o |TB
0-x; 0 0 (10 0 0 |

where {Eg, E1, E2, E3} is the set of base matrices which correspond to the base
elements 1, e1, e2, e3. Accordingly, multiplying these matrices by each other yields
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3-Parameter Generalized Quaternions 585

the following:

e% < —AA ]y, e% < —AA3ly, e% < —AoA3ly,
erer < A E3, erer < —ME3, ere3 < M Eq,
ezey < —A\3Eq, ejez < —A ks, eze] < MEs,

ejerez <> —AAA3ly, ereze] <> —AAA3ly,
eze1er <> —A A3y, ejezer <> AAarzly,
ere1e3 <> AMAr2Azly, ezere] <> AMAr2A31y

which gives us the multiplication table in Definition 2.1.

3.3 Determinant, Characteristic Polynomial, Characteristic Equation, Eigenvalues
and Eigenvectors of the Matrix M

The determinant of the matrix M is calculated as follows:

ay —AiAza; —Ai1Azay —AzA3as

ar  ap —A3az  Azap 2
M= =(Np)",

a  Aaj ao —Aay

az —Ajap Aap ap

where p = ag + aje; + azer + azes.
The characteristic polynomial of the matrix M is

2 2 2 2 2\?
Py (1) = (t — 2tap + ay + AAzai + AAza; +A2A3a3) .
The characteristic equation of the matrix M is

det (M—tIy) =0
ap— 1t —AAxar —AiAzar —ArA3as

0= ay apg—1t —A3ajz Azan
T oa Aas apg—t —Aoai
as —Aaz Arag ap—t

2
0= (t2 — 2tag + aé + )\1)»2(1]2 + )»1)»3(1% + )Lz)\g,a%)

The four eigenvalues are both coincident in pairs and each other’s conjugate:

Hha2=ao+ \/—)»1)»261% — )»1)»361% — )»2)»36%

134 =ap— \/—Xlkza% — )»ﬂga% — szga%.
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Multiplication of the eigenvalues is achieved as

Also there are two eigenvectors corresponding to the eigenvalue

and these are

ag

+ hihaaq + hihsas + hakzas = N(q).

ap + \/—Xlkza% — )\1)»3(1% — A2A3a§

)\102\/—)\1)&2”12—)\1)\30% —)»2)»3a§—)»1)»2a1a3
Ma%Jr)»zag

a3\/—/\1x2af—xl rza2—rorzal+haraz
)Llag—i-)»za%
1
0

A2a3\/—)\1)\2a%—)»1 )\3a§—kzk3a§+kl laraz
Ala%-‘rkza%

az\/fM )»2(1127)»1 )»3(1%7)»2)»3(%712611 az
- Ala%-i-)»za%
0
1

The eigenvectors corresponding to the eigenvalue

are

@ Springer

ap — \/ —Aih2a? — Mh3a3 — rahszal

)»1(12\/7)»1 ra?—rirzal—rarza3+riharas
)\la%Jr)»za%

a3\/—)»1 )»2(412—}»] )»3a%—)»2)»3a%—)\1 ayar
- Ma%Jr)»zag
1
0

)Lza:;\/—klkzalz—)ul)ga%—kg)qa% —AlAaraz

Ala%+k2a§

az\/—)\lkza%—kl A3a§—kzk3a§+kza1a3
Ala%-‘rkza%

0

1



3-Parameter Generalized Quaternions 587

4 Polar Representation, De Moivre’s and Euler’s Formulas for 3PGQs

Euler’s and De Moivre’s formulas in complex number are generalized for Hamilton
quaternions in [2]. This has also been studied for split and dual quaternions in [21, 26].
Recently, De Moivre’s and Euler’s formulas have been derived for matrices associated
with real, dual quaternions [17, 18]. In the generalized quaternion algebra, De Moivre’s
and Euler’s formulas are studied in [23]. In this section, the polar representation of
3PGQs is studied. And the polar matrix representation of the fundamental matrix M
is created and De Moivre’s and Euler’s formulas are composed for 3PGQs and the
matrix M.

4.1 Polar Representation of 3PGQs and the Matrix M

We can associate an angle 6 with a 3PGQ p = ag + aje; + azer + azes as

\/Al)\zaf + AiA3a3 + Aarza3

_ao -
cos9_—m and siné@ NI

Definition 4.1 Any 3PGQ p can be written in polar form as follows:

p=+N(p) (cos@+ﬁsin9) 4.1
where
(a1, az, az)

p=

\/)»1)\26112 + )\.1)\.3&% + )\.2)\.361%

is a 3-parameter generalized unit vector (3PGUV). We will use p = (py, p2, p3) in
order to be simpler and more concise, where

a
P11 = s
\/)\.]A.za% + X1A3a% + )\.2)\.3(1%
a
P2 = s
\/)\.]A.za% + )»1)&3(1% + )\.2)\.3(1%
a
p

3 = .
\/)\.])\.za% + X])@Cl% + )»2)»3(1%
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588 T.D. Sentiirk, Z. Unal

Indeed, the form of p Eq. (4.1) is given as follows:

p=ay+ae; +axey +azes

ap 1
N(p) (m + TN (a1e1 + azey + a3e3)>

ao N \/)q)\zalz + )»1)»3(1% + )Lz)nga%
VN (p) VN(p)

( al a
X er + ey
\/xmaf + A1Asaj + Aahzai \//\lxzaf + A1A3aj + Ahrzai

= N(p)(

a3
+ 63))
\/Alkzaf + AiA3a3 + Aarzai
= /N(p) (cos6 + (p1, p2, p3) sinb.)
= \/N(p) (cos6 + psind).

4.2 Polar Representation of the Matrix M

Let p be a 3PGUQ. We can write

p =ao+aiey +azex + azes
= cosf + psin6
= cos6 + (p1, p2, p3) sin6
=cos6 + p1siné + prsinf + p3sinf
= (cos @, p1sinf, prsinf, p3sin6)

and the polar form of the matrix M is obtained as follows:

cos —XAiiop1sinfd —AiA3pasin€® —irA3p3siné

p1siné cos —A3p3siné A3 pasiné
p2sing  Aop3siné cos —A2p1siné
p3sing  —Appasinf A1p1siné cos 6

4.3 De Moivre’s Formula for 3PGQs

Let us represent the set of 3PGUQs as Sk and the set of 3-parameter generalized unit
vectors (3PGUVs) as Sﬂé. Namely

Sk ={peK:N,=1}, Sk ={heImE):N,=1}.
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Lemma4.2 Ifv € S, then
(cosa + vsina) (cos B + vsin ) = cos (¢ + B) + vsin (x + B) .

Proof The proof is similar to the proof in [24].

Theorem 4.3 For p € Sk, if p = cos6 + psin#, then
p'= (cos@ + psin 9)" = cos (nf) + psin (nh) .

Proof The theorem is easily proved by using Lemma 4.2 and the induction method,
similar to the proof in [24].

4.4 De Moivre’s Formula for Matrices Associated with 3PGQs

We will obtain De Moivre’s formula for the matrices corresponding to the 3PGQ p.
Let p = cosa + p sin « be the polar representation of a 3PGQ, where p is a 3PGUQ.

Lemma 4.4
[ cosa —AiAaprsina —AjA3pysine —AxA3p3sina T
p_ p1sina cos o —A3p3sina A3p2sina
T | p2sina Ayp3sina cos o —Aop1 sina
| p3sine —Ap2sina Al p1sina cos o i
[ cosB —Aihapisin —AiAzpasin B —AoAzp3sin B ]
0= p1sinf cos B —A3p3sinf8 Azposin
T | pasinB  App3sinB cos B —App1sin B
| P3 sinf —Aip2sinf A1 p1sina cos B

the matrix P Q is achieved as

cos(a@ + B) —ArAaprsin(a + B) —Aiizpasin (@ + B) —AaA3p3sin (o + B)

p1sin (o + B) cos(a + B) —Azp3sin(a+pB)  Azpzsin(a + B)
p2sin(a + B)  Axpzsin(a + B) cos(a + B) —Azp1sin (@ + B)
p3sin(a+B) —Aipzsin(@+pB)  Arpisin(a + B) cos(a + B)

Proof Let PQ = [aij],. .-

ap] = az = as3z = a44
= cosa cos f — A]kzpf sino sin 8 — A]Agpg sin & sin 8
—A2A3p§ sin & sin B
= cosacos B — (Alkzplz + k]kgpg + A2A3p§) sin ¢ sin 8

= cosa cos B — sina sin 8 = cos(a + B)
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and

ajp = —Aiiaprcosasin B — Ajio py sina cos B
—XAA3pap3sinasin B+ AjAaAz pap3sina sin B
= —XA1A2p1 (cosa sin B + sin« cos )
—A1A2A3p2p3 (Sin sin B — sin & sin )
= —MA2prsin (o + B).

Similar calculations are used to derive the other entries of the matrix.

Theorem 4.5 For any integer n, if

cosa —AiAapisina —AjAzprsina —AxAzp3sina

p_|P sin o cos« —A3p3sina A3 pa sina
p2sina Ayp3sina cos o —loppsina
p3sinae  —XAipasina A1 p1sina cos

then the nth power of the matrix P is obtained as

cos (na) —Apiapisin (na) —A1Azpa sin (na) —AzA3 p3 sin (na)

p1 sin (na) cos (na) —A3p3sin (no) A3 p2 sin (no)
p2sin (na) Ao p3sin (na) cos (na) —Aop1 sin (na)
p3sin (no) —Aj pa2 sin (na) A1 p1sin (no) cos (na)

Proof We can prove this by use of induction. First, let us show the correctness of the
theorem for n > 2. For n = 2, by using Lemma 5.4 and replacing the Q matrix with
the P matrix, we obtain

cos 2a) —AiAgpysin 2a) —A1Azpa sin (2a) —ioA3p3 sin )

p2_| P sin (2a) cos 2a) —A3p3sin Q) A3 p2 sin Qo)
T | p2sinQa)  Agp3sin Qa) cos (2a) —Xap1 sin 2a)
p3sin Qa) —Xpasin Qo) A1 p1sin Qo) cos (2a)

For n = k, assume the formula is correct. For n = k + 1, by using Pkl — pkp and
Lemma 5.4, P*t1 i obtained as

cos((k+1)a) —Airaprsin((k+1)a) —Ajrzprsin((k+ 1) @)

prsin((k+ 1) a) cos((k+ 1)) —A3p3sin (k4 1) a)

pasin ((k+ 1D a) Arpp3sin((k+ 1)) cos((k+ 1))

p3sin((k+ Do) —Xiipasin((k+ 1)) rprsin((k+ 1))

—A2A3p3sin (K + 1) @)
A3p2sin (k4 1) )
—Aaprsin((k+ Do)
cos((k+ 1)
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We find the matrix P! by calculation of the inverse matrix as

Ccos®  AlApprsina AjAzprsina AoA3pssina
—p1sina cos A3p3sinae —Azpasina
—pasina —Ayp3sina cos o Aoppsina
—p3sina A pysinae  —App;sino cos o

Pl =

Since cosine is an even function and sine is an odd function, the matrix P! is written
as

cos (—a) —AjAgppsin(—a) —AA3pasin (—a) —AA3p3 sin (—a)

p-l_| M sin (—a) cos (—a) —A3p3sin (—a) A3 p2 sin (—a)
T | pasin(—a) Agp3sin(—a) cos (—a) —Xa pi sin (—a)
p3sin(—a) —Aiipasin(—o) A1 p1sin (—a) cos (—a)

According to this, P~" is achieved as

cos (—na) —AiiAapisin (—na) —A1Az p2 sin (—na) —AzA3 p3 sin (—na)

p1sin (—na) cos (—na) —A3p3sin (—na) A3 pa sin (—no)
p2sin (—na) Az p3sin (—na) cos (—na) —Xop1 sin (—no)
p3sin (—na) —A1pasin (—no) A1p1 sin (—no) cos (—na)

Example 1 Let a 3PGUQ be

1 1 1 1 1
p:__+_< ) ) >'
2 2\ VMAr VAA3 VA3

Polar representation of p can be expressed as

2 1 < 1 1 1 ) 2
p=C0S— + — S —.

3 B\Va VA VAoks 3
If
R 1 ( 1 1 1 )
p=— : ’
V3 \VAiky VAids VA2ks
then

1 1 1
pr= \/3)\.])\,2’ P2 = \/3)»1)»3’ p3= \/3)»2)»3.
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The matrix representation of p is

=1 VM —VMA3 —AA3
2 2 2 2
1 _1 —/A3 VA3
A N 2 2V 21
- 1 Vi _1 =2
2V M3 243 2 2JA3
1 —VA1 VA1

1
2 hA3 2443 NSV 2

and the matrix polar representation of p is

cos 23” —A1A2p1 sin 27” —A1A3p2 sin 2?” —X2A3p3 sin ZT”
: 2 s 2w s 2w
A p1sin T COs - —A3p3sin 5 A3p2 sin -
pa2 sin 2?” A2 p3sin 23” cos 2?” —X\api sin 23”
p3sin 27” — A1 p2sin ZT A1p1 sin ZT]T cos 2;’

5th and 21st powers of p are

5 = cos <5 27[) + ! ( ! ! ! ) sin (5 271)
p = . —_ —_— s s ¢ —
3 V3 \Vhiry VAirs VAks 3

1 1 1 1 .
- <%) * V3 <\/)~1)\2’ NZSTER \/X2A3> o <%)
1
2

1 + ( 1 1 1 )
2 N/RVEIRVISVERRNITT®

and

p21—cos<21 27{)+ ! ( ! ! ! >sin(2l 271)
3 V3 \VMA VAT Voks 3

1 1 1 1
=cosO+—< , , )sinO
V3 \Vhky Vaks VAoks

=1

The matrix form is easily calculated as

1 =k VA =Mk
2 2 2 2
1 1 VA3 A3
AS NISEY) 2 2«/)»72 N
- 1 D) 1 —ia
201k 2JA3 2 23
1 Vi A %

[
2
]

2JhA3 2443
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and
1 00O
20|10 100
AT = 0010
0001
4.5 Euler’s Formula for 3PGQs
For any v € Sﬂz@ we know v2 = —1. Then
v3:—v, v4:1, vszv, v6:—1,

Euler’s formula for 3PGQs with any angle 6 is obtained as

0> 46° 6
=140+ P+t

2 3! 4!
0> 0 e
1+v9—7—v§+4—!+
92 94 3 95
_1_E+E_ +v|6 ;4‘5

=cosf 4+ vsinf.
4.6 Euler’s Formula for Associated Matrices with 3PGQs
Let us choose a matrix P as follows:

0 —AiA2p1 —A1A3p2 —A2A3P3

p_| P 0 —=A3p3  A3p2
P2 Aap3 0 —Aap1
p3 —Aip2  ALpi 0

Since Alkzp% + A1A3p% + )»2)»3;7% =1,P>=—1Iis easy to see. Then

(Pa)?  (Pa)®  (Pa)?
2! + 3! + 4!

_ (1 o2 ot » @’ o’
=1 _2_!+4_!_... + a_2_!+§_.”

=cosa + Psina
0 —A1A2p1 —AA3p2 —A2A3p3

ePe = I4 +Pa +

D1 0 —A3p3  A3p2 .
=cosa + sin o

P2 A2p3 0 —A2pi

p3 —Ap2  Api 0
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cosa —Aiiaprsina —AjA3pasina —AzA3p3sSina

| pisina cos o —A3p3sina A3pasina

T | pasina App3sina cos o —Aapisina
p3sinae  —XAipasina A1p1sina cos o

= P.

4.7 The nth Roots of Matrices Associated with 3PGQs

cos (o + 2kmw) —ApAgpysin(a + 2kmw) —iiA3py sin (o + 2kmw) —AoA3 p3 sin (o + 2kmw)

A= | P sin (o + 2km) cos (o + 2km) —A3p3sin (« + 2km) A3 pa sin (o + 2kmr)
| p2sin(e+2kn)  Agp3sin(a + 2kw) cos (a + 2kmr) —A2 p1 sin («a + 2km)
p3sin (o« + 2km) —Aqppsin (o + 2km) A1 pq sin (o + 2km) cos (o + 2kr)

where k € Z. The equation X" = A has n roots. These roots are found as

cos (a-f—,%krr) —i1hppy sin <a+2k”) —A1A3pp sin (a+3k7‘r> —ApA3p3 sin (DH',%](”)

Al/n B 1 Sin(a+2krr) (ot+2kn) —23p3 sin(aJr’%k”) A3 sin(a+3k”)
k= 123 sm("‘+2k”) Mp3 sin(a+2k ) cos(%) -\ p1 Sil’l(u+’%k”)

P3 sm( +2k”) —X1pysin ("H’,%k”) A1py sin (a+r%krr) cos(%)

For k = 0, the first root is
coSs (%) —XiAap1sin (%) —X1A3posin (%) —X2A3 p3sin (g)
A _ | P sin () cos (%) —A3p3sin (%) Azpasin (%)
0 pasin (%) Aap3sin (%) cos (%) —Aapisin (%)
p3 sin (%) —A1p2 sin (%) A1 pi sin (%) cos (;)

for k = 1, the second root is

cos (2T ) —rprapy sin (SFE) ~apazpysin(“ET) —ap03py sin (52T

Al/n _ plsm( ﬂ) cos(a-%;lh) 7A3p%51n(a +21 ) ksﬁzsin(a";,h)

1 - stm( ) A2p3sin(‘¥+anr> cos(%) _Azl,lsin(ott;n)
pysin(S525) hppsin(SRE)  ppsin(SFE) - cos(2521)

Similarly, for k = n — 1, the nth root is obtained.

4.8 Relations among the Powers of Matrices Associated with 3PGQs

Theorem 4.6 Let m = 27/ € Z — {1} and the polar expression of a 3PGUQ p be
p =cosb +vsinf. Then n = s (mod m) if and only if p" = p°.
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Proof Letn = s (mod m).

p = (cos@ + psin 6‘)"
= cos (nf) + p sin (nH)
= cos ((mk + s) 0) + psin ((mk + 5) 0)

2 . 2
cos <<7k + s) 9) + psin ((7k + s) 9)
= cos 2wk + 56) + psin 2wk + s6)
= cos (s0) + p sin (s0)
= (cos® + psin 9)5
= ps,

On the other hand, let p" = cos(nf) + p sin(nf) and p* = cos(s@) + p sin(sH. Since
p" = p*, cos(nf) = cos(sf) and sin(nf) = sin(sH) are found. This also requires the
equation

nf =s0 +2kn, keZ.

Thus
2
n= 7k+s, n =s (mod m)

is attained.

Example 2 Let

1 1( 1 1 1 )
p=__+_ ) )
2 2 \VMr VA3 VA3

be a 3PGUQ. We have expressed the polar form of p in the previous example. Since
¢ = 21 /3 from Theorem 4.6 we find m = 27 /(2w /3) = 3. Then we have

p=pt=p =
pr=p=p'=

Theorem 4.7 Let the expression of the 3PGUQ p in the polar form be p = cos6 +
vsinf, m = 2w/ € Z+—{1} and let A be the matrix representation of p. Accordingly,
n = s (mod m) if and only if A" = A®.

Proof Similar to the proof of Theorem 4.6.

Theorem 4.8 Let the polar representation of the 3PGUQ p be
p=+/Np(cosf + psinf)
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and 2w /0 = m € ZT — {1}. Then n = s (mod m) if and only if

P = (M)H P’

Proof Similar to the proof of the theorem in [24].

5 Lie Algebra and Matrix Representations of 3PGQs

In [22], Karger and Novak show that the set of all unit quaternions is a three-
dimensional Lie group and also study the Lie algebra. Jafari and Yayli conducted
the same study on 2-parameter generalized unit quaternions in [20]. In this section we

will show that the set of 3PGUQs is a Lie group and give the properties of the Lie
algebra, adjoint mappings, Lie multpilication and Killing bi-linear form for 3PGQs.

5.1 Lie Group of 3PGQs
Theorem 5.1 Sk = {p eK:Ny,= 1} is a three-dimensional Lie group.

Proof The set Sk is a unity group, together with multiplication on 3PGQ. The unit
element of the group Sk is e = 1. Let us define the function f as

f:K—R
p — f(p) =ao + rAxai + AAszas + Arhza;3.

The function f is expressed as coordinate functions as the following:
f=x3 4+ rrox? + AA3xs + Aahaxs
The Jacobi matrix of the function f can be written as
J (f) = [2x0 2x1A2x1 2A1A3x2 202433 |

RankJ (f) = 1. f~1 (1) is a submanifold of K. It can be shown that the mappings
which are defined as follows are differentiable:

y ' KxK—>K and n:K—-K
(P.@) = v (p.9) =pq p=np=p=p

Sk is a three-dimensional Lie group.

Theorem 5.2 Im (K) is a Lie algebra of the Lie group Sk.
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Proof Let T, (e) be the set of velocity vectors through the point e and v, € Ts, (e).
Let us define a curve p on Sk as:

p:I CR— Sk
p(s) = p(s)=ap(s) +ai(s)er +ax(s)ex+az(s)es.

Let the curve p accept v, as a velocity vector:
p(0)=1and p (0) = v,.
Since p (s) € Sk,
a3 (s) + rMraad (s) + Air3a3 (s) + rarzas (s) = 1. (5.1
At the point s = 0, the derivative of Eq. (5.1) is
2ay (5) ao (s) 4+ 271 h2a) (s) @) (s) + 201 k3ay (s) az () + 2Xah3as (s) a3 (s) = 0.
Then
a0 =1, a1 (0)=0, a(0)=0, a3(0)=0, ay(0)=0.

All of the vectors in T, (e) can be written as a linear combination of the vectors in

the base
) K] 0
ax1’ 9x2’ 9x3

of the tangent space at the point e of Im (KK). Then the velocity vector a(/) (0)=0is
written as

s=0

0
ao = ao (0) + al (O) + a2 (0) + a3 (0)—

Since a, (0) = 0,

0 d d
Ts () C Sp ax1’ 9xy ax3

is established. Also since boy Sk = boyTs, (e) = 3, we obtain

a 9 0 }

Tsy (e) = Sp { ox1’ 9xs O3

Therefore, the Lie algebra of the Lie group Sk is Im (K).
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Corollary 5.3 Ts, (e) is isomorphic to
Im (K) = {aje; + ares + azez | a1, az,a3 € R}.

5.2 Adjoint Mappings for Lie Algebra and Lie Group on 3PGQs
5.2.1 Matrix Representation for Lie Group of Sk

For Sx = {g € K: Ny = 1} and k € Sk, let us define the function g that is bijective
and differentiable as

gk Sk = Sk
x = gr(x) = kxk=!.

Let us consider the derivative map of the function and its restriction about the unit
e = 1 point of the group. In this case, for any p in Sk, the following mapping is called
the adjoint mapping:

Adp : Ts, (€) — Ts; (e)

q— pap~".

Since T, (e) = Sp {e1, e2, e3}, according to the base {ey, e, e3} we have

Adp (e1) = (ag + A1hga? — AiAza? — xma%) el
+ 2A1A2a1az + 2 sa0a3) e2 + 2ridaarazr — 2Ah1apaz) e3
Adp (e2) = 2rAzaiaz; — 2X3a0a3) e
+ (ag — Ah2a? + AiAzad — Azxgag) e
+ (2A1A3a2a3 — 2hjapay) e3
Adp (e3) = 2rar3a1a3 + 2h3a0a2) e1 + (2A2A3a2a3 — 2Xzapa1) e2
+ (a% — )\.1)\26112 — A1A3a§ + )\.2)\.3&%) e3.

Consequently, the matrix is obtained as

a(% + )»1)»2(112 — )»1)»3[1% — )»2)‘.311% 2x1)3a1ay — 2A3apa3
Adp = 2MAayaz + 2hoapaz a(% - )\.l)\.za% + Alkga% - kz)»ga%
2X1rpara3 — 2hapan 2MA3azaz + 2Ah1apay
2 pA3aiaz + 2A3apar
2 A3araz — 2Apapay
a3 — hraad — hid3as + Aorzal
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Theorem 5.4 If

Ary O 0
&= 0 AAr3 O
0 0 AoA3

then AdpT s Adp = e.

Proof If the matrix .Adp” is multiplied by the matrix & then

rmad +3313a7 —33niza3 — 11230543 24y 3agas + 22323a a;
T 2,2 2 a2 32 252,22 2.2
Adp* e = 2333414y - 24113 aga3 rrzad —13agizal +2333a3 — ry3923d3
2)»2)»%a()a2 + ZA%A%alzg 2)%)\%112(13 — 2)»%)»3(10011
2313a1a3 - 22320004
2}»%)»3(40&11 +2A%A%a2a3
i3l = 133aza} — iiidad +231343
is found. From here
5 Airy O 0
T
Adp"eAdp = (N,) 0 Aaz O =¢
0 0 XAs

is achieved. The matrix .Adp is orthogonal. In addition to
3
det Adp = (ad + riraa} +213aad +iaiadd) = (N,)’ =1

is obtained. For this reason, the linear mapping .Adp is an isometry on

TG (e) = Im (K)

Theorem 5.5 Let p be a 3PGUQ. Fori € {1,2,3}, if A; > O then
Adp = I +sin6S + (1 — cos0) S.
Proof Fori € {1,2,3}, 4 > Oand any V, € Im(K), V, #0,
f(Vp, V) = Marzaf + mrza3 + rorzal > 0
is found. Therefore the function f is positive definite. If
p =ap+aje; +aze; +azezand Ny = 1
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then

ajel + azez + azes

p=ao+ \/M)»zcl% + )»1/\361% + A2A3a§
\/szaf + AiAzas + Aarza3

0 ..
= cos — sin —
p 2+p B

where

O o sinl = 2 > >
CcoSs 5= aop, sin 5= ArA2ay + AjAza; + Aadzaz,

N aiel +azes +- ases 2
p = S SK'
\/)L])»zalz + )\.])\3(1% + )\2)\.3(1%

Firstly, we need to find the skew-symmetric matrix of the vector p. If

AMAiz O 0
&= 0 XAz O
0 0 XyA3

then a matrix S that satisfies the proposition &S = S” (—¢) must exist;

[Air2 O 0 0  —A383 A3,
eSS = 0 Aiz O A2S3 0 —Xsy
0 0 XyAs —A182 A1S] 0
0 —A1A2A383 A1A2A38)
= AA2A3S3 0 —A1lA2A3SsT |,
_—)»1)\2X3S2 AA2A3s 0
0 A2S3 —A1S2 —AtAr O 0
ST(—e)=| =353 0 Aysy 0 —xa3 0
L Asy —Axs1 O 0 0 —XA3
0 —A1A2A383 A1A2A38)
= AA2A3S3 0 —A1A2A3S]
_—)»1)\2)»3S2 AA2A3s 0

The matrix S is attained as follows:

0 —A353 Azso
S=1| Ars3 0 —is1 | < p=(p1.p2,p3).
—X182 A1S] 0
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Let two skew-symmetric matrices be

0 —X353 A3sy 0 —A3t3 A3
S=1 Axss 0 —Aasy and T =| Mn3 0 —ixy
—A152 A1Sy 0 —Ality Ay 0

(T < 4 =1(q1,92.93) ) Then

0 A1A3 (s2t1 — S112)  A2A3 (83t — 5113)
ST —TS = | AMAy(sitp — s2t1) 0 MA3 (s3t) — $o13)
A1Ag (s113 — s311) A3 (s213 — s302) 0

is found. Hence

ST — TS < (A3 (5213 — 5312) , A2 (5311 — 5113) , A1 (S112 — $211)) = P A G

is obtained. If
. .0 d .
COS — =ap, S1SIn—- =aj, S28N—_- =ap an §38IN — = a3
2 2 2 2

then the matrix Adp is attained as follows:

cos? % + (k]kzslz - klkgs% - Azk3s%) sin? % 211435182 sin? % — 24353 cos % sin %
21 Aps1852 sin2 % =+ 22953 cos % sin % cos? % + (7)\1A2s% + Al)\3x% - A2A3s%) sin? %

2X1 k05183 sin? % — 2157 cos % sin % 2011352583 sin? % =+ 2Aqsq cos % sin %

24 A35183 sin2 % + 21357 cos % sin %

22X 238253 sin? % —2Aps] cos % sin %

YY) ; in2 @
cos? § + (ﬁl)uzsf —AA3s3 + A2A3s§) sin? §

Let us edit the above expression, Adp as follows

(Alkz.vlz - A1A3s% - A2A3x§ - 1) sin? % 201235152 sin? % — 2353 sin 6
.28 . R .20
I+ 2y Apsysy sin? § +Aps3sind (41)\2% + 113353 —dphzss — 1) sin? §
201 hp5183 sin? % — Ayspsinf 2014352583 sin2 % + Apsysing
209135153 sin? % + 235 sin6
20135283 sin? % — Apsq sinf

PO : in2 @
(—)\IAQAIZ - A1A3s% +A2A3s% = 1) sin2 3

Here if we use the equation

0
2sin? > =1——cosfO ve Alkzslz + )»1)»3S% + A2A3s32 =1
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then

0 —A353 A3s52
Adp =1 +sinf | rs3 0 —is1 |+ (1 —cosB)
—A182  A1S] 0

_)\.])\.35‘% — )»2)\3S:% A1A3S182 A2A3S183
A1A2S182 —)»1)\_2312 — )»2)\.3_932 A2A3S8283
A1A2s183 A A3s253 —Aihas? — AAzs?

is obtained which means that
Adp = I +sin6S + (1 — cos0) S.

Fori € {1,2,3},let A; = 1. Then Adp is the matrix that rotates about an axis on R3
by the angle 6.

5.2.2 Lie Multiplication

For the point e of the Lie group Sx = { peK:N, = 1}, let us show that the set of
left invariant vector fields

X (Sx) ={X € X (Sw) | (Ip), (X) = X}

A} (Sk) is isomorphic to the tangent space at the point e. In that case &} (Sk) = Ty (e).
The following multiplication is a Lie multiplication:

[]: Ty (e) x Ty () = Ty (e)
(X,Y) = [X,Y]=DxY —DyX
where DxY is the covariant derivative of ¥ with respect to X. (T_g]K (e), 1, ]) is the Lie
algebra of the Lie group Sk. Let us find the rule of the Lie multiplication:
Atthe points = 0, let us take a curve passing through the point e thatis y; (0) = ey:

y1:1—> G
s = y1(s)

Let p € Sk. We have

I —->G
s — U7 (s)

sothat (1,) (71 () = ¥1 () and (1,), (] (©)) = #; (0). If we take p = ag +ares +
azey + azes in the equation

(o), (1 @) =9, ©
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then we get

191 (0) = pe1 = —Aih2a1 + agey + Arazes — Aazez = Xy.
Similarly, we have

19; (0) = per = —A1A3az — A3zaze; +apex + Arares = X
and

l‘/‘é (0) = pes = —Xod3zaz + Azaze; — Arajex + apez = X3,

where ¥, %, : I — G. Thus a base of A} (Sk) is {X1, X2, X3}. The base vectors are
written as a linear combination of base vectors of A} (E 4):

0 d d 0
X = —)»1/\26118— +a0ﬂ+kza3ﬁ—/\1 F
X, = —?»1)»3azi — A3a 3i -i-aoi + Aa 1i
dxg dx1 0x2 0x3
X3 = —szza3i —H»xazi — Aa 1i +ao—.
) dxg 0x1 0x2 0x3

Now let us define the Bracket operator on A; (Sk). For this purpose, giving the mul-
tiplication rule of the bases of the set &; (Sk) will be enough:

Dx, X, = (—=A1A2A3a3, A1A3az, —A1Azar, Aag)
Dx, X1 = (MA2A3a3, —A1A3az, AjAray, —Aidap)

is found. If we use
[X1, X2] = Dx, X2 — Dx, X1
then we obtain
[X1, X2] = (—2A1A2)3a3, 2A1h3a2, —2h1A2a1, 2h1ap) = 2A1 X3.
In the same way

Dx, X3 = (—=A1A2A3a1, A3ao, A2A3az, —AiAzaz) ,
Dx, X, = (AA2A3a1, —A3ag, —A2A3a3, AiA3zaz)

are obtained. Also from these equations
[X2, X3] = 243X
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is found. Finally, from the equations

Dx, X1 = (—MA2A3az, —A2A3a3, Azag, A1Azdr)
Dx, X3 = (MA2A3a2, AoA3az, —Aza0, —A1A2ar)

we get
[X3, X1] =2A2X>.

Since &) (Sk) = Ty (e), we can give the Bracket multiplication rule on T (e) here

provided that
(&)
e =\ —
8)Cl'

[X1, X2] [e= 241 (X3) e

) i:13273s

e

respectively

and
[(X1) les (X2) le] = 2R1e3
is found. Therefore
le1, e2] = 2h1e3
is obtained. In a similar way the following equations are obtained:
[e2, e3] =2X3e; and [e3, e;] = 2Xzer.
5.2.3 Matrix Representation for the Lie Algebra of Sk
Let X € Ty, (e) and define the mapping

AdX . TSK (e) —> TS]K (e)
Y > Adx (Y) = [X, Y].

According to the mapping, the matrix that corresponds to the linear mapping Ady is
the matrix of the Lie algebra Sk.

Theorem 5.6 Let X = xje; + x2e3 + x3e3 . Then
0 —2X3x3 2X3x2

Adx = | 2ix3 0 —2A2x1
—2A1x2 2A1xX] 0
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Proof Let X = xje; + x2e2 4+ x3e3. Let us find the matrix corresponding to the linear
mapping. If we write

Adx (e1) = [X, e1] = [x1e1 + x2e2 + x3¢3, €1]
then since
le1, e2] = 2A1e3, [e2, e3] = 2A3e1 Ve [e3, e1] = 2hze2
and
le1, e1] = [e2, e2] = [e3, €3] =0
and also the Lie multiplication is linear, we obtain
[X, e1] = 2A2x3e3 — 2A1x28€3.
Similarly,

Adyx (e2) = [X, e2] = [x1e1 + x2e2 + x3€3, 2] = —2A3x3e1 + 2h X1 €3,
Adyx (e3) = [X, e3] = [x1e1 + x202 + X363, €3] = —2A3x2e1 — 27X €3.

Therefore the matrix that corresponds to the linear map Ady is the matrix of the Lie
algebra Sk. And this matrix is

0 —2X3x3 2X3x2
Adyx = 2Mx3 0 —2A2X1
—2A1x2 2A1x] 0

5.2.4 Killing Bi-linear Form

Itis well known that the Killing form is a specific bi-linear form on a finite-dimensional
Lie algebra, defined by W. Killing. The following mapping is called the Killing bi-
linear form of the Lie group Sk:

K Tsy (e) x Tsy, () = Tsy (e)
(X,Y) > K(X,Y) =tr (AdyAdy).

The mapping K has the following properties:

i. K is bi-linear,
ii. £K(X,Y)=K (Y, X),
iii. £(X,Y) =K (Ady, Ady).

Theorem 5.7 If

f:Im(K) x Im (K) - R
(X,Y) — f(X,Y)=Ar1A2x1y1 + A1A3x2y2 + A2A3X3y3
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then
KX,Y)=-8f(X,Y).
Proof Let X = xje| + xpex + x3e3 and Y = yje| + yrex + y3e3. Since
0 —2A3x3 2A3x2
Adx = | 2ix3 0 —2X2x1
—2X1x2 2Xi1xg 0
and

0 —=2A3y3 2A3)2
Ady = | 223 0 —2kn
—2X1y2 2A1)1 0

we obtain Adx Ady as

—4A1A3x2y2 — 4ApA3x3y3 4r1A3x2y1 4rp23x3y1
dr1rox1y2 —4h1dx1y1 — 4A2A3x3y3 4r2A3x3)2 .
dr1hox1y3 Ar1A3x2y3 —4h1r2x1y1 — 4h1A3x2)2

The sum of the diagonal elements of the matrix Ady Ady is
tr (Adx Ady) = =8 (AA2x1y1 + A1A3x2y2 + A2A3x3y3) .
Thus
tr (Adx Ady) = —8f (X, Y)
is obtained.

Theorem 5.8 Leri € {1,2,3} A; > 0. Then Sg = {p eK:N,= 1} is compact.

Proof If KC (X, X) < 0, then the Lie group is compact. Since i € {1, 2,3}, A; > 0, we
obtain f (X, X) > 0, K (X, X) < 0. This gives us the desired result.

Theorem 5.9 Let K be the matrix that corresponds to the Killing bi-linear form of the
Lie group Sk and

Ary O 0
e = 0 Ax3 O
0 0 AxAs

Then K = —8e¢.
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Proof The following mapping corresponds to the Killing bi-linear form of the Lie
group Sk:

K Tsy (e) x Tsy (e) = Tsy ()
X, Y)—> KX, Y)=-8f(X,Y)

and since T, (e) = Sp {e1, 2, e3}
K (e1,e1) K (e1,e2) K (e, e3)
K = | K(e2,e1) K(ez,e2) K(ez,e3)
K (e3, e1) K (e3, e2) K (e3, €3)

is achieved. Therefore

—8r1h2 0 0
K = 0 —8xaz O = —8¢
0 0 —8XA3

is obtained.
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