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Abstract Let M(r, m,n) be the number of unrestricted partitions of n with crank
congruent to r modulo m. Here the relations between the numbers M (r, 13, 13n + k)
when 0 <r < 13 are given. All of the results are proved by elementary methods.
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1 Introduction

Let p(n) denote the number of unrestricted partitions of n. Ramanujan [9] discovered
and later proved that

pGn+4 =0 (mod>5), (1
p(Tn+5)=0 (mod7), )
p(1ln+6)=0 (mod 11). ?3)

For combinatorial interpretations of (1) and (2), Dyson defined the “rank” of a
partition as the largest part minus the number of parts [4]. Let N(r,m,n) be the
number of partitions of n with rank congruent to » modulo m. Dyson conjectured
that

1
N@O.5.5n+4) == N@.550+4) = -p(Sn +4) @)
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and
1
N(0,7,7n+5)=~-:N(6,7,7n+5)=5p(7n+5). %)

Dyson also conjectured a number of equalities between the N (r,m,n) when m =5
or 7. Later, Atkin and Swinnerton-Dyer [3] proved all Dyson’s conjectures. The state-
ment corresponding to (4) and (5) for the partitions of 117+ 6 is false. For combinato-
rial interpretations of (3), Garvan found “crank” [6]. First, he defined certain “vector”
partitions, 7 = (71, 72, 3), where 7 is a partition into distinct parts, and 75, 73 are
unrestricted partitions. Let #(;;) be the number of parts of 77;, and o (;7;) be the sum
of the parts of 77;. He defined for 7 the sum of parts, s, a weight w, and a crank r
by

$(7#) =0 (1) + 0 (m2) + 0 (13), (6)
(@) = (=™, (7
r(7) = #(m) — #(3). ®)

He then defined
Ny(m,my= Y o) ©)

o
and noted that

Y Ny ey = LD (10)

(2 Doz )00

n>0 m

Then he showed that the numbers Ny (k,t,n) =Y, Ny (mt + k, n) satisfy the Ra-
manujan congruences (1), (2), and (3) with the following results:

1

Ny (k,5,5n+4) = gp(Sn +4) 0<k=<49),
1

Ny(k.7.7n+5) =2 p(In+5) (0<k<6),

1
Ny (k.11 11n +6) = —p(lln+6) (0 <k<10).

Finally, Andrews and Garvan [1] constructed the genuine crank. For a partition 7, let
A(mr) denote the largest part, v(7r) denote the number of ones in 7, and p () denote
the number of parts of & larger than v(;r). Then

M) if v(r) =0,
crank () = ] (11)
u@@) —v(m) ifv(@r)>0.
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The crank of partitions mod 13 405

Let M (m,n) be the number of partitions of n with crank m. Andrews and Garvan
showed that

M(@m,n) = Ny(@m,n) foralln > 1.

We change the definition of M (m,n) a little by setting M (0,1) = —1, M(—1,1) =
M(1,1)=1,and M(0,0) = 1.

Atkin and Hussain [2] gave the equalities between N (r, m,n) when m = 11, and
O’Brien gave the equalities between N (r, m,n) when m = 13 in his doctoral the-
sis [8], but O’Brien has never published his results.

Let M (r, m, n) be the number of partitions of n with crank congruent to » mod-
ulo m. All the equalities between M (r, m,n) when m =5, 7, or 11 were given by
Ekin [5].

In this paper the equalities between M (r, m,n) when m = 13 are given. All of
the results are proved by elementary methods. For the proof, we use the method and
variables of O’Brien.

2 Preparation
Since O’Brien used the method of Atkin and Swinnerton-Dyer, we adopt their nota-

tion. Throughout this paper, m will take the value 13, and the variables ¢ and y are
always related by

y=q".
‘We write
o0
@ oo =] [(1—2¢"7")
r=1
and
P(z.q) = (2 @)ooz q:4) - (12)
P(z, q) satisfies
P(z7'q.q)=P(z,9),  P(zq.q9)=—2""P(z,q). (13)

We also write

(1 _ ynz(r—l)+a)(1 _ ymr—a)7

—1®

P(a):=P(y*, y") =
1

r

]

PO):=]](1—-y™),

r=1

where a is not a multiple of m. By Eqs. (13) we have

P(m —a)= P(a), P(—a)=P(m+a)=—y *P(a).
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We define
S(a) —Z( 1)% (14)
Writing —n for n in (14), we obtain
Sa)=—-S(m—1-—a). (15)

This equation gives

m—1
S(T) =0. (16)

Ekin gave
m—1
S( 3 ) (_1)bqb(m—b)/2T(qmb’ 1’ qmz)

+ T*(qub,qmz) _i_qmbT(qub,qmb’qmz)

(m—1)/2
+ Z q(a—b)(a+b—m)/2

a=1
a#+tb (modm)

x {qmaT(qm(b+a)’q qmz) + T(qm(b—a)’q—ma’qmz)}’

where
{” n(n+1)/2
T ¢ q)—Z( 1)”7
and
é-nqn(n+l)/2

T*(¢, q)-Z( L

The following is Eq. (2.14) in [5]:

(=

P2(0)
_ mb b _bm—b)/2° \V/
=h(q )+( Dbg %)
(m—1)/2 )
_ _ P(b)P(2a)P<(0)
_1\a+b (a—b)(a+b—m)/2
* ; (=D Po—aPborapr@ 17

a#+b (modm)
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The crank of partitions mod 13 407
where
h(z:q) =T*(z7". q) + 2T (% 2. q).
We define
h(a) == h(y“; ym).
The following was given by Ekin:
h(a) —h(m+a) =1, (18)
h(a) +h(m —a) = —1, (19)
P3Q2a)P?(0)  P3(4a)P%(0
(@) — hGa) = OO P Ca)P7(O) (20)
P3(@)PQBa)  P3Qa)P(6a)
Now we write
o
Mpy:=Y M(b,13,n)q",
n=0
Mpe := Mp — M.,
and
cij(k) = (M(i, 13, 13n+ k) — M(j. 13, 13n + k))y".
n>0
It is clear that
12
Mpe = che(d)q*. 1)
d=0
From Egs. (2.5) in [5] we have
Mo=(S(0) — Stm — 1)+ 1)(g: )5 o
M, = (S() =S = D)(q: D0 »
and for m = 13, these equations give
(43 q)ocMo1 =35(0) — S(1) + 1,
(45 @)oo Mi12 =25(1) — S(0) — S(2),
(45 @)oo Mr3 =25(2) — S(1) — S(3),
(23)

(q: Q)ooM34 =28(3) — S(2) — S(4),
(q; @)ooMys =285(4) — S(3) — S(5),
(5 q)ooMs6 =25(5) — S(4).
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408 G. Bilgici

3 Some results for cranks modulo 13

For m = 13, using Eq. (17), we have
PRP6)  ,  PQ . P(5)P©)
PPQPG) 1YPMPG) T PQPGIPG)

P%(6) y P(6)
6 8 10
TP p@ 1 P@E 1 P(z)P<5)}’

S(0) = h(6) + P2<0){—q

PQPGB) 5, P s P©)
PHP@HPG) 1 P2aypr1) T P@PEG)

7Y 9 PA)P(5) 12 P(5) }

S(1) =h(5) + P2<0){qy

T35 T PoPr3)P6) ! PQP®)

_ 2] 3 P& P ; PX4)
S@=h@+ P (0){ Tr0r® T P@ T P2pe)
0, PMOPH w3 5 POPW }
PQPRPG 1 PMHPG) T POPGIPG) ]

(24)
2 Y 4 POPH 7.2 PO

P3) T PmPPG) 1Y P@P©)

N ) g PO 0 PBRPEG)
TP e T PP@ T POYP@PG) |

P(1)P(2) s2 PO 5 P2
PP P6) 1Y PeyP6) 1 P2O)PQ)

6. PO g PQ)P(6) q"
TYpa@pre T POPBPG) T PO

S(3)=h@3) + P2(0>{—q

S@4) =hQ)+ P2<0>{—q3y3

P(1) 4 PP®) q°

PGP@  T7PQPGP@  PO)

¢ P@ n.s P no2 POHPA)
T hor3 "1 Y Pere 1 P(4)P(5>P(6>}'

S(5)=h(1) + P2<0>{qy2

Now we need some variables in [8, p. 14]. We write

, PG P PO
=Yy P s m:=y . ni=--y )

(5)P(6) P2)P(5) P(2)P(06)
. P2 ,. P(6) r_ P(5)

=y , m = , ni=-y .
P(PH) P(1)P(3) P(3)P(4)

(25)

We obtain all #(a) in terms of the variables [, m,n,l’,m’, and n’.
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Lemma 1 We have

1 1
h(l) = -5 + 13(21 +5m46n4+3'+m' —4n/)P2(0),

2 1 / / / 2
h(2)=——+ —(4 —3m —n+6l' +2m’ + 5n") P*(0),

13 13(
3
h(3) = _B+ 13(6l+2m+5n—4l’+3m +n') P%(0),

4 1
h(4) = —— + 3( 51—6m—2n—l/+4m/—3n,)P2(0)a

13 1
5 1 / / / 2
h(5) = _E+ 13)( 3l —m+4n+20'+5m’ +6n") P*(0),

6 1
h(6) = =3 + 73 (=1 +4m =3+ 51+ 6m' +20) P2(0).

Proof Puttinga =1,2,3,4,5, and 6 into (18)—(20), we obtain
3h(1) —h(3) = By,
3h(2) — h(6) = By,
3h(3)+h(4d)=B3— 1,

(26)
3h(4) +h(1) = By — 1,
3h(5) —h(2)=Bs—1,
3h(6) —h(5) =Bs— 1,
where
P3Q2i)P2(0)  P3(4i)P?(0)
i= . — — . o~ 27
P3()P3i)  P3(2i)P(6i)
The solution of the equation system (26) is
1 1
h(l))=—— + —(9B1 +3B3 — By),
2
h(2)= T + —(9Bz + Bs — 3By),
3
h(3) = BT + —(B1 +9B3 —3B4),
(28)

4
h(4) = —— + —(—331 — B3 +9By),

5
h(5) = -5 + —(332 +9Bs5 + By),

6
h =——+ —(B B Bg).
(6) 13+26( > +3Bs +9B¢)
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410 G. Bilgici

Here we need the following:

P2(b)P(c+d)P(c —d) — P2(c)P(b+d)P(b—d)
+ v PYd)P(b+c)P(b—c) =0, (29)

where none of b, c,d, b+ c,b+d, c=+d is divisible by m. This relation is Lemma 3
in [3].

For m = 13, by taking (b,c,d) = (6,5,1),(5,4,1),(6,4,2),(3,2,1),(5,3,2),
6,4,3), (6,4,1), (5,3,1), (6,3,1), (5,4,2), (6,5,3), 4,2,1), (5,2,1), (6,2,1),
4,3,2),(6,3,2),(5,4,3), and (6, 5,4), Eq. (29) gives, respectively,

P3(6)P(4) — P3(5)P(6) + y*P3(1)P(2) =0, (30)

P35)P(3) — P3(4)P(6) + y*P3(1)P(4) =0, (31)

P3(6)P(2) — P4 P(5) +y*P3(2)P(3) =0, (32)

P}3)P(1) — PP(QP4) +yP*(1)P(5) =0, (33)

P35)P(1) — P3(3)P(6) + yP>*(2)P(5) =0, (34)

P}6)P(1)— PP(4)P3)+ yP>(3)P(2) =0, (35)
P2(6)P(5)P(3) — PX(4)P(6)P(5) + y  P2(1) P3)P(2) = 0, (36)
P 5)P(4)PQ2) — P23)P(6)P(4) + y*P2(HP(5)P(2) =0, (37)
P26)P(4)P(2) — P23)P(6)P(5) + y*P2(1) P(4) P(3) =0, (38)
P2(5)P(6)P(2) — P2(4)P(6)P(3) + y* P2 P(4)P(1) =0, (39)
P2(6)P(5)P(2) — P2(5)P(4)P(3) + y>P2(3)P(2)P(1) =0, (40)
P 4)PB)P(1) — P22)P(5)P(3) + yP2(1)P(6)P(2) =0, (41)
P2(5)P(3)P(1) — P?(2)P(6) P(4) + yP*>(1) P(6) P(3) = 0, (42)
P2(6)P(3)P(1) — P2(2)P(6)P(5) + yP> (1) P(5)P(4) =0, (43)
P 4)PB)P(1) — P23)P(6)P(2) + yP2(2)P(6)P(1) =0, (44)
P26)P(5)P(1) — P2(3)P(5)P(4) + yP2(2)P(4)P(3) =0, (45)
P2(5)P(6)P(1) — P24)P(5)P(2) + yP2(3)P(4)P(1) =0, (46)
P2(6)P(4)P(1) — P2(5)P(3)P(2) + yP2(4)P(2)P(1) = 0. (47)

From (27) with i = 1 we have

(43)

3 3
BlzPZ(O){ P (2) P-(4) }

P3(1)P3)  P3(2)P(6)
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The crank of partitions mod 13 411

Dividing (32) and (33) by P3(2)P(5)P(6) and P3(1)P(3)P(4), respectively, we
obtain

P34, PQ) P(6)
PXQP©®) ° PGP®)  P22)PG) “9)
P2 PO P2(3)
PXP(3) " PRIP@H)  P2()P@E)
By substituting Egs. (49) into (48) we have
_p2 PGS 5, PO P23)  PX®)
BI_P(O){y rer@ Y PePG T PPOP@  Pr® | O

Dividing (44) and (47) by P2(1)P(2)P(4)P(6) and P*>(2)P(1)P(4)P(5), respec-
tively, we get

P23) P2 P#4)P(5)
PIHP@) P(P@E) W P(HPQ)P®) 51
P2(6) P(4) P(3)P(5)
PIQ)P() " PQPG) | P(DPQP@E)
Substituting Eqgs. (51) into (50), we obtain
2 PGS 5, PB) P(4) P(2)

BI_P(O){yPG)P@) Y PGP6) T PQPG) T PMHPA)

P(3)P(5) P4)P(5) 52)
~ P(HP(QP@)  P(HPQ)P(6) }

Dividing (38) and (40) by P(1)P(2)P(3)P(4)P(6) and P(1)P(2)P(3)P(5)P(6),
respectively, we find

PRPGS)  _ P©) , P(1)
POPOPE PP~ POPO) 53)
PA)P(S)  P(6) » P@3)
P(HP()P®6)  P(HPQB) > PBP®6)

Substituting Egs. (53) into (52), we have

2 P4 5, P P(Q2) P(5)
BI_P(O){yP<2>P<5> Y P@P®) T PMHP®@) yP<3>P<4>}’
and from (25) we obtain
Bi=(m+n+1—n")P*0). (54)

For the others, dividing (39), (41), (43), and (46) by

Yy 'P(QPB)PA)P(5)P(6), Y 'P(HPQR)PB)PHP(S),
Yy 'P(HPQR)P(A)P(5)P(6), Yy 'P(HPB)PA)P(5)P(6),

@ Springer



412 G. Bilgici

respectively, dividing (36), (37), (42), and (45) by
P2B)P(HPB)P6), vy 'P2@PQPB)P(OS),
y 'PHOPMPQPB),  y IPX(5)P(3)PA)P(6),
respectively, and dividing (30), (31), (34), and (35) by
y 'P36)P(2)P(5), PP P()P(3),
Y 2P B)PQ)P6),  P’G)P(HPA),
respectively, by similar steps we obtain
By=(l—m+1+n')PX0),
By=(l+n—1'+m')P*0),
By= (=1 —m+m' —n')P*0), (55)
Bs=(=l+n+m'+n")P*0),
Be = (m —n+1'+m')P*(0).

Equations (54), (55), and (28) give the lemma. O

We define the “normalized forms” of ¢;; (k) following O’Brien:

Cij(0) := P(3)ci; (0)/ P(6),
Cij(1) :== P(1)c;j(1)/P(2),
Cij(2) :== —P(2)cij(2)/ P(3),
Cij(3) 1= P(4)ci; (3)/ P(6),
Cij(4) :=—P(@)cij(4)/P(5)
Cij(5) := —yP(1)c;j(5)/ P(5),
Cij (6) = ci; (6),

Cij(1) =y ' P(5)cij(7)/ P(1),
Cij(8) := —y ™' P(6)c;j(8)/P(1),
Cij(9) :== —P(6)ci;(9)/ P(4),

Cij(10) := P(3)ci; (10)/ P(2),

Cij(11) := P(5)ci; (11)/P(3),

Cij(12) :== —yP(2)c;;(12)/ P(4),

where i and j lie between 0 and 6, and for all remaining values of i and j, we use the
relations

Cij(b) + Cjr(b) = Ci(b),
Cij(b) =—C;ij(b).
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The crank of partitions mod 13 413

Searching for representations for C;; (k) is inspired by O’Brien’s work, which is
similar to the method of Atkin and Swinnerton-Dyer. He obtained the infinite product
[, a- g")~! as a polynomial in ¢ whose coefficients are power series in y where
y = ¢'3. For this purpose, there are two methods which can be used. The first is to use
thirteenth roots of unity, and the second is the method of Kolberg in [7]. For m = 13,
Lemma 6 in [3] gives

P@  P®) ,PQ) . PO . ,
P P3) TP0) T P@

(q;q)oo=P(0){

0, PU) 2P
e Rl 0
From (56), O’Brien defined the following [8, p. 1]:
¢ — _,6P© _ 2P0
-7 Pay =T Pey VT Pay
R L)) i —1P@ i 1sP@
=T P6)y 1 P VT ey
With these variables, (56) becomes
@ Doo=q"PO{a+p +y+a' +B+y +1}. (57)

We replace g by w,q in (57), where w, (r =1 to 13) are the thirteenth roots of unity,
and from Lemma 3 in [7] we have

P(0)
Syl @ or @)oo (07 q; 07q) - (0 g 0%q) . (58)

O3 Voo

@D =

After expanding (58) and simplifying the roots of unity, we obtain (g; q)gol as a
polynomial in q.

The next step in [8] is to discover the congruences properties of (gq; q)go1 for mod-
ulo 13. O’Brien simplified all the coefficients of g in (g; q)gol systematically and
gave the congruences properties in Theorem 3.1 in [8, p. 8]. These congruence forms
of (g; q)go] take us to the properties of rank and crank. O’Brien gave the steps of
obtaining congruent forms of all the R;; (k) for the rank in [8, p. 24], which is defined
similarly to the C;; (k).

After dividing both sides of the each equation in (23) by (¢; ¢)c0, We determine
each of Mo to Mse as a power series in ¢ as far as ¢ %%, This gives us every cij(k) as
a power series in y, as far as y!2, and it is easy to find the corresponding terminated
power series for C;; (k).

The factor P(0)/(y; y)?>o in Theorem 3.1 in [8] and the factor P%(0) in (24) sug-
gest that each C;; (k) will involve a factor P3(O)/(y; y)%o. Theorem 4.1 in [8] sug-
gests that each C;;(k) will involve a linear combination of /,m’,n,I’,m,n’ and a
further variable which appears in Theorem 1. Finally, we find each C;;(k) in The-
orem | by comparing the coefficients of power series of y in the expansions of the
appropriate quantities.
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414 G. Bilgici

For example, from (23) we have
o1 ={38(0) — S() + 1}(g: ) - (59)

We can obtain the right-hand side of (59) as a power series in g. The most difficult
part is to determine the left-hand side of (59). We write

Co1(0) =Ufeil +exm +e3n+ esl’ +esm’ +egn’ + e7K1 + esKm +egKn}, (60)

where

P3(0) «.—  FDPR)PH)
= , =y —,
0% PQ2)P(5)P(6)
and e; (1 <i <9) are integers. The variables U and K are taken from p. 29 and p. 3

in [8], respectively. If we consider the coefficients of qo in (59) with (60), we have a
system of equations. Solving this system, we obtain

(61)

Co1(0) =U{-5l —2m —2n+1"+m' +n' —2K1}.

For the other C;; (k), we repeat similar steps.
We state the result, a complete set of conjectural values of the C;j (k) for m = 13
and then prove these results.

Theorem 1 We have the following:

Co1(0) =U{-51—2m —2n+1'+m' +n' —2Kl},

Cot(1) =U{=l+5m+4n+1"—2m" —2n' — Kn},
Co1(2)=U{3m —2I"+m'+n"+n'/K},
Coi(3)=U{-2l—m+2n+m'+n'},
Coi(4) =U{-314+3m+3n+1'"—m' +3Km},
Coi(5)=U{2l+m+n+n"—2Km},
Co1(6) =U{l+m —2n+2n'},
Coi(7)=U{-2n+3m' —n' —m'/K},
Co(®) =U{-2m—n+1'},
Coi(9)=U{-3n—4l'—m'+n'+2I'/K},
Co1(10) = U{2l dm —n+m’ +2Kn}
Coi(1)=U{m+n+1'"=2m"—2n" —n'/K},
Coi(12)=U{l+m—n+m' +n -1'/K},
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The crank of partitions mod 13 415

Ci2(0) =U{4l +m+3n—2I"—n"+ Kl},
Ci2() =U{2l —4m —n+m' 4+ 2Kn},
Cu@)=U{-l—m—1"+m'+n'},
Cu3)=U{-l+m—2n+n"},

Cod =U{l-3m=2n+m'+n —2Km}
Cia5) =U{-m—n+1"+n"+Km},
Cia(6) =U{-1+2n+1'},
Cio(M=U{-l+n=3m'—n"+m'/K},
Co® =U{m+n+1"—m'},

Ci29) =U{3n+3l'—m'},

Ci2(10) =U{~I4+3m+n+1'—m' —2Kn},

Cp(1)=Uj{—m —2n — },

C3(0)=U{-l—m—2n+1'"—Kl},

Cyu(l)=U 2[+2m+n+n—2Kn}
Cn2)=U{-m+2I'—=2m' —2n' —n'/K},
C03) =
C(4) =

C(d)=U

204+m—m'—2n" 4+ Kl},
2m — m—n}

-l - m+2n—2n}
Cp6)=U{—m — 2n—n}
Cn(M) =U{-n+m'+2n"},

Cxn@® =Ulm—n—-1U'+3m"+n — m’/K},
C309) =

Cr3(10) =

—m—=2n-=20"+m' +n'},
21—2m —1'+m' +2Kn},

Cun(I)y=Ul—-l+m+2n—1+2m' +2n +n/K}

u{
{
uf-
uf-
{
{-
{-
{-
{
{
{-
{-
C(12) = Ufn+m' —n' =I'/K},
{-
{-
{-
u{
u{
{-
{-
{-
{
u{-
u{
{-
u{-

Cr3(12) = m—n—1'"—m' —n +I/K}
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C34(0) =U{~l+2n+1'},
Cu(l)=U{20 —1'—n'+2Kn},
C34(2) =U{l+2m+3n"},
Cu(B)=U{-2m+m'+n'},

Cu@) =U{-21-3m+n+m'+ Km},
C4(5) =U{2l+2m —3n —2I'+n' — Km},
C34(6) = U{2m~|—n —l}
Cu(T)=U{n+1'—n"},

C34(8) =U{-

C34(9) =U{2m+n—2n"-1'/K},
C34(10) =U{-2l+m —n —2Kn},
Cau()y=U{l—n+1"—m'+n"—n'/K},
C34(12) =U{m+n—m'+2n"+1'/K},

—l=2m+n—1"=3m'—n'+m'/K},

Ui

Cys(0) =U{2l+m —2n—1'+n'+ Kl},

Cas() =U{-20 —m —2n+1'—2Kn},

Cy5(2) =U{—l —2m —1'4+2m' = 3n" + 21" /K},

C45(3) =U{—I+2m+n+n"—Kl},
{
Ui~
Ui~
{
Ui

Cisd)=U3l4+4m —n—1'—m' +n’ —Km}

Cus5(5) = 3143n+1'+2Km},
Cy5(6) =U{-2m+m' +n },
Cis(H=U{l—n—n },

Ca5(8) =
Cis() =U{-2m—n+1'},
C45(10) = U{l —n + Kn},
Cas(1)y=U{-m+n+1'"—m'—n"—n'/K},

l+m—n—m }

Cis(12) =U{-m+2"+m'+n' —1'/K},
Cs6(0) = U2/ —n'},

Cse(l) =U{l+m+n+n"+Kn},
Cs6(2) =U{l+m—2m'+n"—2n'/K},
Cs6(3) =U{l —2m —2n'},

Cs6(4) =U{-l—2m+n+1"—n"+ Km},
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Cs6(5) =U{2l —2m —2n+1'—2Km},
Cs(6) =U{l+m+1I'—m' —n'},
Cso(T)=U{n—1'+m' +n'},
Cs6(8) =U{n+1'+3m' +n" —m'/K},
Cs6() =U{m+n—m'+2n"+1'/K},
Cs6(10) = U{~1+2n+1'},
Cse(1) =U{m —n—2I'"+2m' —n' +2n'/K},
Cs6(12) =U{—l+m—n—3I"=3n"}.

Proof To prove Theorem 1, we should show that all the coefficients of g’ on both
sides of (23) are equal. For example, the first equation in (23) is

(45 9)oo{c01(0) + gcoi1 (1) +q%co1(2) + - +q126‘01(12)}
=350)—S1)+ 1. (62)

After substituting (g; ¢)o in (56) and co (k) (k =0 to 12) in Theorem 1 into (62), a
difficulty arises. It is to simplify the expressions on the left-hand side of (62) system-
atically. We adopt the proof of O’Brien at this point.

We should write the following as given in [8, p. 6]:
(s M3
O35 y1HZ,

We need relations amongst the variables [,m,n,l’,m’,n’, F, and K. O’Brien gave
the following relations:

F=1/K—-K -3, (64)
1) =m/m' =n/n' =K, (65)
Im/n=—l—m, mn/l=—m—n, nl/m=—n-—1, (66)
I’/m=—Fl—3l4+m—n, m?/n=—Fm—3m+n—I, (67)
n?/l=—Fn—3n+1—m, I’/n=Fl+2l—m+n, (68)
mz/l:Fm—i—Zm—n—i—l, nz/m:Fn—i-Zn—l—i—m, (69)
Kl=—FI-31+/, Km=—Fm—3m+m',

Kn=—Fn—-3n+n, .
I'/K=FI'+3l' +1, m' /K = Fm' +3m’' +m, o

n' /K =Fn +3n +n,
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K?l=F@3l—KI)+ 10l - 3/', K*m = FQG3m — Km) + 10m — 3m’,

(72)
K?n=F@Gn— Kn)+10n —3n/,
U'/K*=FQ3I'+1'/K) + 10’ + 31,
m'/K*=F(3m' +m'/K)+ 10m’ + 3m, (73)

n'/K*=F(3n +n'/K)+10n" + 3n.

Equation (64) is (1.17) in [8, p. 6], (65) is (2.10) in [8, p. 15], and the others are
(4.8)—(4.28), respectively, in [8, p. 34].

We can add more relations. For example, dividing the first equation in (68) by K
and using (65), we obtain

nn'/l=—Fn =3n +1' —m’. (74)

Similarly, the following can be calculated:

W/m=—Fl' =3 +m' —n/, (75)
mm'/n=—Fm' —3m' +n' =1, (76)
0 /n=FI+20 —m' +n 77)
mm' )l =Fm' +2m' —n' +1', (78)
nn'/m=Fn' +2n =1 +m’. (79)

All equations we need can be found by dividing or multiplying Egs. (65)—(73) by K
as above.

The proof of Theorem 1 is similar to those of Theorem 4.1 in [8], Theorems 4
and 5 in [3], Theorem 6 in [2], and Theorems 1, 2, and 3 in [5]. Now we write

PO PO PO PO PO
=P T PO T P T T e S T pw

5. -120) 6 7 P g P
WCS +q°Cs+q yﬁ& q yP(é)Cs

o P& 10 PQ2) 1nP@d 12,1 P&
PO PO P T P

Cy

where for convenience, C;j (k) with j =i + 1 is written as C. We write

12

(@ DooM'/P0) =Y " 1xg". @1)
k=0

Using (57) and (80), we can find each #; as a linear combination of Cy in which each
Cy is multiplied by some multiplicative combination of the P(a). O’Brien defined
the “normalized” form of ;. These normalized forms of #; can be easily found by
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substituting (57) and (80) into (81). We adopt the following to (4.37) in [8]:

To:=y 't =m(Co+ C12)/1 +1(Cy + C11)/n +n(Csq + Cs)/m + Cé,
L P®)
2

Ti=y " 5t = —m'Co/1+ (=1 —m)(C1 + C12)/n+ (—m/n+ K)C2
+ (=1/m —1/K)(Cs + Co) + C7,

Ty:=— —2%12 =-—m'(Co+C)/n+ (m'/l —n/l+1)Co+ (=I'/n — 1)C3
—Ce+ Cs — Cio/K,

T3 := —y_l%m =—I'Ci/n+ (—n —1U')(C4+ C11)/m + (=1 /m + K)C7
+ (—n/1 = 1/K)(C2 + C3) + Co,

Ty = y_l%m =nCg/m' + (=m' +n)(Cs+ Cr2)/I' + (=n'/I' = 1/K)C3
+ (=m//n" + K)(C2 + Cs) + Cho,

Ts:= yfl%ts =—n'(Co+Ca)/ 1+ (n'/m —1/m +1)Co+ (—m'/1 = 1)Cs
—Ce+C11 — C3/K,

T := —%% =—1'"(C1 +Ca)/m+ (I'/n —m/n+1)C7 + (=n'/m — 1)C1o
—Ce+C12—Cs/K, (82)

Ty = %w =1(Cs + Cr)/m' + (=1/n' —m'/n’ +1)Cs + (n/m’ —1)C,
—Ce+Co+ KC7,

Ty = %tg =n(Cs+ C)/I' + (—n/m' —1'/m' + 1)C3 + (m/I' = 1)C7
—Ce+C1 4+ Ky,

Ty := —%m =—n'C4/m+ (—m —n')(Co+ C3)/1 + (—n/l + K)Cy
+ (=m/n —1/K)(C7 4 C10) + C2,

Ty := %HO =ICy1/n' 4+ (—=n" = 1)(Cy + Cg)/m’ + (=I'/m" — 1/)Cs
+ (n'/I' + K)(Cg + C9) + C3,

Ty = —%m =m(Ci1+ Crp)/n' + (—m/l' —=n'/I' + 1)Cio+ (I/n" — 1)Coy
—Ce+Ca+KCs,

Ty = —y%m =mCp/l'+ (—=I'+m)(Co+ Ci1)/n" + (—m'/n" = 1/K)Cio

+ (=l'/m" + K)(C3 + C7) + Cs.
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The coefficient of qo in (gq; q{)ooM(/)1 /P (0) is 701 (0). If we substitute the values
C;;j (k) into the first equation of (82), then we have
To1 (0) = m(Co1(0) + Co1(12)) /1 +1(Cor (1) + Cor (11)) /n
+n(Co1(4) + Co1(8))/m + Co1(6)
=U{m/l1(=4l —m —3n+1'+2m' +2n" —2KI —I'/K)
+1/n(—l+6m+5n+20'—4m' —4n" — Kn —n'/K)
+n/m(—31+m+2n+21/—m’+3Km)+l+m—2n+2n/}
=U{~4m —m?/1 = 3mn/l+ml' /1 +2mm’ /1 +2mn' /] — 2Km
—ml'JIK —12/n+6ml/n+50+2ll'/n —4lm'/n —4ln' /n — K1
—In'/nK —3In/m+n+ 2n2/m +2nl'/m —nm'/m +3Kn +1
+m—2n+2n"}
=U{6l —3m—n—4'"+m' +n — Kl —2Km +3Kn—1'/K
—m'JK —12/n—m?/1+2n%/m —3mn/ L+ 2mm’ /| + 2mn’ /1
+6Im/n+2l'/n—4m'/n —3ln/m +2nl//m}.
Substituting the convenient equations between (64) and (79), we find
T01(0)=UF{m—n+l’+m/}
PO
= Q{m—n+l/+m/}.
y

Thus we have
yTo1(0) = PO)(m —n+1'+m'). (83)

We find alternative expressions for the 7 from the expression on the right-hand
side of (23). From (23), (24), and (28) we have

101(0) = {3h(6) — h(5) — 1}/ P(0).
Since Tp1(0) = y_ltOI (0), this equation becomes
yTo1(0)=PO)(m —n+1"+m'), (84)

and this value is equal to (83). This equality verifies #p; (0). Since the values of i and
J are related by j =i + 1, we have 78T;; (k) to determine (To1 (k) to T56(k)).
For other yT;;(k), we need more variables in [8, p. 2]. We write

_ ) P2(1) P )
PA)P(5)’ T YP()P(6)’
2 2
i O P s Oy (85)
yP(1)P(2) P(3)P(5)
P2(4) . PX®)

TTPOPO T yPQP@)
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O’Brien gave in [8, page 35]

a=Il/m—-K, b=m/n—-K, c=n/l—-K,

(86)
a:=l'/m +1/K, b =m'/n' +1/K, d=n'/l'+1/K.

The coefficient of ¢ in (q; ¢)eoM’/P(0) is 191 (1). From the second equation in
(82) we have
Tor (1) = —m' /1Co1 (1) + (=1/n — m' /n)(Cor (1) + Co1 (12)
+ (=m/n+ K)Co1(2) + (=1/m — 1/K)(Co1 (5) + Co1(9)) + Co1(7)
=U{-m/I(=1+5m+4n+1'"—2m' —2n" — Kn)
+(=l/n—m'/n)(6m+3n+1"—m' —n' —1I'/K)
+ (=m/n+ K)(3m —=2I'+m' +n"+n'/K)
+(=l/m—1/K)(2l+m —2n—4'—m' +2n" —2Km +2I'/K)}
=U{m—5m*/1 —4mn/l —m' +2mm'/l+2mn' /] +mn/l
—6lm/n—3l—1'"/n+Im' /n+1 +1"%/n—6mm’/n —3m’'
—U'm'/n+m?/n+m' /K +1m'/n—3m*/n+2ml'/n —mm'/n
—m' —m' /K +3Km—=2l+m+n+n/K*=21>/m—1+2Iin/m
+ Ml m 41 =200 Jm 4 2K1 =20 )m =21 —m' +2n" +4I'/K
+m'/K —2n'/K +2m —2I'/K?}
=U{—6l+4m+n—6m'+2n +2KI+3Km+4I'/K +m'/K
—2n'JK —=21%/m —5m? /1 —3m?/n +4mn/1 — 6lm/n + 2In/m
—20' /K> 4+ 1" /K? +2mm' 1 —1I'/n—Tmm /n + 41l Jm +1"*/n
+m?/n—20"/m+2mn' /1 +mn/l' —'m/n —2In'/m}.

Using the relations between (64) and (79), we obtain

P
Toi(1) = %{—l—3l/—m’+4n’—3m’/1(}

and
yToi(1) = P(O){—1 = 3I'—m' +4n" — 3m' /K }. (87)

On the other hand, from (23), (24), and (28) we have

P3)P(6) P@2)P(5) }

fou (1) = P(O){_3P(1)P(2)P(5) “YPMHP@P®)
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Multiplying this equation by P(5)/y P (1), we obtain

P(3)P(6) P2(5)P(2)
P2(1)P(2) a P2(1)P(4)P(6)}

= P(0){3m'b—1'a’}
=P(0){3m(m/n—K)—l(l/ "+1/K)}
= P(O){3mm /n—=3m'K —1l'/m — l/K}
=PO){—1—3I'—m'+4n" —3m'/K},

yToi(l) = P(O){—

and the last equation is equal to (87). Thus, we showed that the coefficients of ¢° and
g on both sides of the first equation in (23) are equal. The remaining 767;; (k) can be
verified similarly. All alternative values of yT;; (k) are given at the end of the paper.
These verifications prove the theorem.

There are certain linear congruence relations between the c;; (k). We have, mod-
ulo 13,

9¢12(0) + 6¢23(0) + 9¢34(0) 4+ 10c45(0) + ¢56(0) =0 (mod 13),

Sco1(1) 4 10e12(1) + 4esa(1) + 12¢a5(1) +es6(1) =0 (mod 13),

9¢01(2) +3c12(2) +3¢23(2) + 11cg5(2) +¢56(2) =0 (mod 13),

4c01(3) +2¢12(3) +9¢23(3) +5¢34(3) +9c45(3) +¢56(3) =0  (mod 13),

2¢01(4) + 12¢12(4) + c23(4) + Tc34(4) + 3ca5(4) + ¢c56(4) =0 (mod 13),

9¢c01(5) + 7c12(5) + 10c23(5) + 4c34(5) +¢45(5) =0 (mod 13),

10¢01 (6) + 11¢12(6) + 7¢23(6) + 12¢34(6) + ca5(6) + c56(6) =0 (mod 13),
8co1(7) + 8c12(7) + 12¢23(7) + ¢34(7) + 8cas(7) + ¢56(7) =0 (mod 13),

3¢01(8) + 7c12(8) + 5¢23(8) + 6¢34(8) + 6¢45(8) 4 ¢56(8) =0 (mod 13),

Tc01(9) 4+ 8¢23(9) 4 2¢34(9) + 5¢45(9) + ¢56(9) =0  (mod 13),

12¢01 (10) =+ ¢12(10) 4 2¢23(10) + 10¢34(10) 4 Teas(10) + ¢56(10) =0 (mod 13),
11co(11) 4+ 6¢12(11) + 11cp3(11) 4+ 11e34(11) 4+ 4degs(11) + c56(11) =0 (mod 13),
co1(12) +4c12(12) + 10c23(12) 4 8¢34(12) +¢56(12) =0 (mod 13).

These congruences can be verified by using the values C;; (k) in Theorem 1. O

Acknowledgement I would like to thank Frank Garvan for informing me about O’Brien’s thesis and for
his very helpful suggestions.

Appendix

See Table 1.
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