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Abstract

In a recent paper, we give 13-dissection and some congruences for
modulo 13 for the partition generating function [[(1 — ¢")~! by using
a method of Kolberg. In this paper, by following similar course, we
develop an algoritmic approach and give 11-dissection for the partition
generating function [[(1 — ¢")~!. Then we re-obtain the congruences
given by Atkin and Swinnerton-Dyer.
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1 Introduction

A partition of a positive integer n is a non-increasing sequence of positive
integers whose sum is n. The number of partitions of n is denoted p(n) and
p(0) is assumed as 1. Euler gave the following generating function for the series
{p(n)}7o
nz:%p( )q U=
Throughout this paper, m > 1 always denotes a positive integer prime to
6, and the variables y and ¢ are always related to y = ¢ (|g| < 1). We define

F:= ip(n)q”.

For k=1,2,...,m — 1, we define k-th component of F as follows:

FEM = ¢k 3™ p(mn + k)y",
n=0

then we have a dissection for partition generating function, namely

F=3 pn)g" = F&m.
n=0

Kolberg gave 5-dissection and 7-dissection for F. A simpler form of 7-
dissection for F was given by Ekin in his doctoral thesis [3]. In a recent paper
2], the authors obtained 13-dissection for F and some congruences for the
components F*13) where 0 < k < 12. In this paper, by following the same
course in [2], we obtain 11-dissection for F. The 11-dissection for F may appear
for the first time. After obtaining the components, using a g-equivalence given
in [2], we obtain the congruences for the components F*'Y) (mod 11) given by
Atkin and Swinnerton-Dyer in [1].

We prefer the following notation:

Pla) = W59 )™ " 9™ )0
P0) = (4" ¥

where
x

(2 q)o0 = [[(1 = 2¢"")

r=1

and a is not a multiple of m. P(a) satisfies
P(m —a)=P(a), P(—a)=P(m+a)=—-y “P(a).

For m = 11, Atkin and Swinnerton-Dyer gave
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Theorem 1.1 For m = 11, we have

FOI - = % (mod 11),

FOI - = qigig (mod 11),
FEI = 2q2ig(1);£8; (mod 11),
FEID = 3q3];§(1);1€g; (mod 11),
F&ID - = 5q4% (mod 11),
FOGID = 7q5§8;£g; (mod 11),
FEW = 0 (mod 11),

FOI = 4q7% (mod 11),
FE = 6yq8£8§§8 (mod 11),
FOI = 8q9%0§ (mod 11),
FOOI) = 9q10% (mod 11).

They use the following congruence to calculate Theorem 1.1:

Z F(k,ll)qk _ (q; q);l — {H(l . qr)g}?’ H(l . qr>/H(1 _ yr) (mod 11).

k=0

(1)

We calculate 11-dissection for the partition generating function at first.

Then, we obtain the Theorem 1.1 by using the components with an algorithmic
approach.

2 Preliminaries

Kolberg defines, for s =0,1,...,m — 1

gs = Z (_1)nq%n(3n+1)

%n(Sn—l—l)Es (mod m)
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and )
hs = > (=1)"(2n + 1)g2" D),

%n(n +1)=s (mod m),
n>0

These definitions give

0o m—1 0o m—1
H(l—qT): ng and H(l—qr)gz Zhs.
r=1 s=0 r=1 s=0
By these equations, we conclude the following relation
(go+ g1+ 4 gm1)’ =ho+hi+ -+ hp_1. (2)

We have the following lemma from [4].
Lemma 2.1

0, if24s+1 is a quad. non-residue mod m

gs = { (_1)[%(m+1)]qﬁ(mZ,l)P(OL if24s+1=0 (mod m)
(3)

and

0, if8s+1 is a quad. non-res. mod m
hs = (4)
(—1)[%(m_l)]mq%(le)P?’(O), if8+1=0 (mod m).

Using the following lemma which is given by the authors in [2], we can deter-
mine the g, in terms of P(a) .

Lemma 2.2 Let 245 4+ 1 is a quadratic residue mod m and m = 6\ + u
where X is a positive integer and p = +1. Then we have

P(2¢)
L= (—1 AL (32 —me+3A24pu)) 5

where c is a solution of the congruence z*> = (4s — pX)/6  (mod m).
Kolberg also gives

Lemma 2.3 Fors=0,1,....m—1

P(0)

F(s,m) _ (_1)(m71)s Ds (6)
(y )t
where Dy is the following determinant;
9-s g-s+1 " G-s+m-2
g—s—1 g—s 0t —s+m—3 (7>
g—s—m+2 YG-—s—m+3 g—s

we put g, = gs whenr = s (mod m) in (7).
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We define
Ay = gi*mDs

where m is prime and 24k +1=0 (mod m). So we have

(sm) _ o (mt—m2—my1)_L"(0)
’ ¢ (y; y)é’é“A ®)
For the denominator of (8), we have
i) = [L - 47) = POPO)PE)---P(m—1)/2.  (9)

r=1

We use the following lemma which is given by the authors in [2] to obtain
the congruence properties of components.

Lemma 2.4 If m € Z*1 is a prime, then

lf[l (1—q" ] = P™P2(0) P (1) P™3(2) - - - P ((m — 1)/2)  (mod m).
i (10)

For the left-hand side on Eq.(10), we need the following lemma which is
Lemma 3 in [1]:

Lemma 2.5 We have

s (m=3)/2 1 m—1
[Ta-¢)=P0O) Y (-1)°2c+1)gzDp <T - c> (mod m).
r=1 c=0 (11)

3 Components and Congruences for m = 11

In this section we give the components F*'Y and find the congruences given
by Atkin and Swinnerton-Dyer. For m = 11, from (3) and (4) we have

B=g=0g=0go=g=0, g5s=q P(0)

and

hg :h5 :h7:h8:h920, h4: —11q15P3(O>
We set

a=gogs', B=qi95", V=095, 0:=gqug5", §:=gr95". (12)
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From (2) we find
3(2929497 + 2619597 + Gogi + 9195 + Gog2) = ha =0,

3(2909194 + 2949597 + 9297 + 9195 + gogs) = hs =0,
3(2909295 + 2919294 + 9195 + G597 + G195) = hr =0,
3(2909197 + 2919295 + 9294 + 9592 + gogs) = hs =0,

3(2909495 + 2909297 + 9395 + G397 + 9195) = hg =0,
3(9197 + 9594 + 9095 + G197 + 9i92) + 92 = ha = —11g}.
By the help of (12), these equations become, respectively

2908 + a3* 4+ oy + 0> + 265 = 0, (13)
2030 + 75 + By + a® + 205 = 0, (14)
28~0 4 06 + o*6 + % + 2y = 0, (15)
20038 + af* + 720 + 6% 4+ 26y = 0, (16)
2078 + B6% + 525 + 72 + 206 = 0, (17)
a0 + By + 020 + o + 28 = —4. (18)

Now we put
Ty =020, x9:=F%y, x3:=0%, x4:=7a, x5:=05°p. (19)
Thus (18) becomes
ZE1+I2+ZE3+I4+ZE5:—4. (20)
After multiplying A, (s =0,1,..,10) by o, ™%, 71, 471 5,071, 1,0, 671, 4
and (3 respectively, A, can be written in terms of z;.
From (3) and (5), we get

L POPE)  POPR) L POPE)
0 P(2) s Y1 P(l) y Y2 P(S) )
P(0)P(1) P(0)P(3)
— _ 4 — 5P O — 7
91= =0y "py 95 =4 0), gr=¢ P
These equations give
afy06 = —1

and

T1X2X3X4T5 = —1. (21)
Lemma 3.1 We have

T1Ly = x4+ 1, (22)
ToXs = XI5+ 1, (23)
r3xry = x1+1, (24)
T4y = X9+ 1, (25)
Ts5X1 = X3+ 1. (26)
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Proof. We define A := x31425, B := 212975, C' := 2120475, D := 212923 and
E = zyx3x4. Multiplying equations (13), (14), (15), (16) and (17) by 4, 6, 7,
£ and « respectively give us

2A+ B+ C = x3+4 25,
2D+ A+ FE = 1+ 23,
QE+A+C = w94 214,
2B+ D+ FE = x5+ 21,
2C0+D+B = x4+ 2x;.

The solution of this equations system is

1
A= 231475 = Z(—xl — Ty — x4 + 323 + 3x5),
B = T1T2x5 = Z(—xl + 3[)32 — Ty — T3+ 31‘5),
1
C =zix4205 = 1(31:1 — Ty + 3xy — T3 — T5),
D = rx913 = Z(le — Iy — x4 + 313 — 5),
E = xox304 = Z(_ml + 3xg + 324 — T3 — T5).
Using equation (20), we get
T3Taly = X3+ Ty -+ 1, (27)
T1Toxs = X9 + Ty + 1, (28)
T1T4Ty = X1+ T4+ 1, (29)
T1X2x3 = T + T3 + 1, (30)
ToX3Ty = X9+ x4+ 1. (31)
Multiplying both sides of (27) by z125 and using (21), we find
—1= T1Tox3 + T1Tox5 + T1To. (32)
Substituting for (28), (30) and (20) into the equation (32), we obtain
T1To = T4 + 1 (33)

and we find the others similarly.

Algorithm 1. Let U be a linear combination of x}' x5z ' x> where each i,
is a non-negative integer.
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1. Substitute for the equations (22)-(26) into U. This step turns all terms
into the form z§ or x{z? where (i,7)=(1,4), (2,5), (4,2), (3,1), (5,3).

2. If b > 1 then substitute for 27, if @ > 1 and b=0 substitute for z7 into
U. This step writes U as sums of z{z; and z;. To evaluate this step we use
the following equations which can be easily found by (20):

v = —xxy — 231 — 42 — T4 — T3 — 2, (34)
T3 = —X4Ty — Tols — 4a9 — Ty — 5 — 2, (35)
T3 = —X37) — Ts5T3 — 4x3 — T5 — 71 — 2, (36)
T = —xxy — T4y — 4xy — T — 29 — 2, (37)
T: = —T5T3 — ToTs — 4a5 — Ty — T3 — 2. (38)
By using Algorithm 1, we get the A in simple forms:
ady = —xiwy + 3lafey + 42u5y — 4223wy — Sudvs + 172270y + 277051,

+10z5x5 — 296259 — 647213 + 5087124 + 724737, — 3327470

11992975 — 4297515 — 3622, — 113229 — 146425 — 11624

— 114725 — 3970, (39)

a'A = Tajws — 8ximy + 3tz — 220313 + 140x5ws + 2237, + 287370
+85 1y — 180223 + 4332575 + Tdrir, — 1133479 + 234747,
4+1004x5209 — 524x503 + 1762123 + 56224 + 70525 + H78x9 + 34514
—158z5 + 1224,
Ag = 11[— 252y — w5 — 2j20 — 2371 — Thws — ldaiyy — 1daixs
—141‘?@2 — 14x§x1 — 14x§x3 — 297114 — 292575 — 292524
—29z123 — 292375 + 106].
The last equation proves the famous congruence p(11n+6) =0 (mod 11)
of Ramanujan.
If we observe the indices of the terms in A,, having ady and a=tA; is

enough to obtain other components via the permutation (12345). This permu-
tation gives the following relations

OdAO — ﬂAl() — 0147 — ")/Ag — 5144 — OéAO (40)
C(_lAl — B_IAQ — 0_1145 — ")/_1143 — (S_lAg — C(_lAl (41)
AG — AG‘ (42>

Using these relations, that is, changing indices in convenient order and making
the same operations, we get the other components. For m = 11, with the help
of Eq.(10) and Lemma 2.5, we have

PY(5) + 8yP(4) + 52 P (3) + 445 P (2) + 9y P (1) =
P2(0)P*(1)P*(2) P*(3) P (4)P*(5) (mod 11). (43)
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For abbreviation, we define
(a1, a2, -, Ay 2) = y™ P (1) PP (2) PUmn2((m — 1) /2).

We write (43) in terms of z; in 20 different ways by dividing (43) by
(a,b,c,d,e, f) where 1 < b,e,dye,f < bandb+c+d+e+ f = 11. Five
of them are useful for us and the remaining 15 of them are linearly inde-
pendent on these five. These can be found dividing (43) by (3,1,2,3,2,3),
(4,2,2,3,3,1), (4,2,3,1,3,2), (4,3,1,2,2,3) and (5,3,3,2,1,2):

TaSedr iy + 2x§x3xg + 3x‘;’x%x3 + 10252323 + 6x§xi’
= (y; ) ( 3,13,12,11,12,11) (mod 11),

9x§x2x2x5 + x4x5x3 + 7x2x3x4 + 5x5xi{’x4 + 3aias

= (y;9)%.(—4,12,12,11,11,13) (mod 11),

xgxgxlxg + 5x5x1x4 + 2x3x4x5 + 3zl adxs + 430%96%
= (y;9)2(—4,12,11,13,11,12)  (mod 11),

8x8adwars + 7x2:c3x1 + 5335501:02 + 10$4x5 + ng:cixg
= (y;9)2(—4,11,13,12,12,11)  (mod 11),

5rSxiTory + 3x1x2x5 + 10ac4:c5x1 + 4xdade) + 9x§x§1
= (y;9)%(=5,11,11,12,13,12) (mod 11).

By using Algorithm 1 to the left hand side of these congruences, we obtain

3xiwy 4 bty + 6x1x§ + dxdxs + 6ac3:1:g + 8x2xy + xlxg + 5asxs

+3$2£C?1 + 5$3x§ 4+ 6x124 + 2123 + 8914 + 6375 + 621 + 8T + T4

+T7x3 + 225 + 4 = (y;y)go(—?;, 13,12,11,12,11) (mod 11), (44)
Trars + 3riry + 2w123 + 8a3xs + 3wt + 8x3wy + 8wk 4 dadas

—1—6502:02 + 7$3x§ 4+ 3x124 + 8x024 + 32275 + d3xs + 1 + 3T2 + 924

+4x3 + 9x5 + 2 = (y;y)%,(—4,12,12,11,11,13)  (mod 11), (45)
2x1x5 4 Twy s 4+ dwdes + 10m9xs + 4wz 4+ 203y + 9123 + Tadzs

—|—7x2xi + 8x3x§ 4+ 9x124 + 42123 + 4015 + TT325 + 1 + DTy + 924

+4z3 + x5 + 10 = (y;9)% (—4,12,11,13,11,12)  (mod 11), (46)
5x3x§ + 3x§’x4 + 10:):%965 + 10:):2:1:2 + :1:3:1:% + x%m + 5x1x§ + 9x%x5 + xgxi
—|—6x3x§ + 62123 + 102924 + o5 + 102375 + 621 + 8T + T4 + 823

+10x5 + 3 = (y;y)go(—4, 11,13,12,12,11) (mod 11), (47)
lOacgsci + 9x:{’:c4 + 93:1x§ + 2x2xi + 6x3:cg + 73:%&04 + 23:1:c§ + 1Ox%x5

—1—1:2:03 + 2:53&0% + 22174 + 92123 4+ 92024 + 25 4+ D1 + D2 + 924

+3x3 + x5 + 6 = (y;9)%,(—5,11,11,12,13,12) (mod 11). (48)

Now we can obtain the congruences given by Atkin and Swinnerton-Dyer.
From (39), we have

ady = 10xox] + 95y + 92123 + 22077 + 62373 + Tixy + 27125 + 102575
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+x2xi + 2x3x§ 4+ 2x174 + 92123 + 92004 + Toxs + X1 + X9 + D24 + 1023
+8z5+1 (mod 11)

From (48), we find
Ag = a Hy;y)2 (=5,11,11,12,13,12)  (mod 11). (49)

Then the equations (8) and (49) give us

011y _ P(0)
FOI = P) (mod 11).

The other congruences in Theorem 1.1 can be obtained similarly.
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