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Abstract In this study, we obtain some congruences modulo 13 related to the parti-
tion generating function with the help of a congruence between g-series. We use an
elementary method which appears in the work of Kolberg.
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1 Introduction

A partition of positive integer of n is a non-increasing sequence of positive integers
whose sum is . The number of partition of » is denoted p(n). Euler gave a generating
function for p(n):

o0
=1

> 1
2 rme"=[]= p
n=0

r

Ramanujan [8] discovered, and later proved, three famous congruences

pbn+4)=0 (mod5), @))
p(In+5)=0 (mod 7), 2)
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p(lln4+6)=0 (mod 11). 3)

Obviously, congruences (1) and (2) follow from Ramanujan’s identities:

S 5n\5
> p(sn+4)g" —5]"[7”)6, “)
~ (1—gq"
—gm)3 © (1 _ Ty
Zp(7n+5)q _7]_[( qn))4 9qnﬁ. )
r=I1

Zuckerman [9] gave the following analogue of Eqs. (4) and (5):

Zp(13n+6)q = 11]_[ =

13n S 13ny3
) (I—g")
468 [ [ ———4

n)2 + qr=1 (1 _ qn)4

0 13n\5 13n\7
(I-g™") st d—97")
+ 6422 [ | ——— +43940¢° [ | ———=
rljl (1—g™° H —q"?
4 a _ql3n)9 s 00 ( 13n)11
+ 1713664 ]_[7”)10+371293q I1 =)
r=1
0 13n\13
611 (1 —9g")
+371293¢°] | T (6)
r=1

Defining the rank of a partition, Dyson [3] discovered a combinatorial method of
dividing the partitions of 5n + 4 and 7n 4 5 into 5 and 7 equal classes, respectively.
Atkin and Swinnerton-Dyer [1] developed a remarkable method for proving Dyson’s
conjectures. They regarded any power series in g as a polynomial of degree m — 1 in
q, whose coefficients are power series in y where y := ¢. We also use their method.

Throughout this paper, m > 1 always denotes a positive integer prime to 6, and the
variables y and g are always related to y = g™ (|g| < 1). We define

o0
F:=Y"pmnq".
n=0
Fork=1,2,...,m — 1, we define the kth component of F as follows:

o
FEm ="y~ plmn +k)y",
n=0

then we have
00 m—1
F=Y pmg" =) F&m.
n=0 k=0
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Some congruences for modulus 13 related to partition generating 199

We prefer the following notation of Atkin and Swinnerton-Dyer:
P(a) — (ya; ym)oo (ym—a; ym)oo
PO)=(y":y")

where

[e¢]

(Z5 @)oo = 1_[(1 —zq"")

r=I1

and a is not a multiple of m. It should be noted that P(0) is not the expression
that would be obtained by writing O instead of a in the definition of P(a) and P(a)
satisfies

P(m —a)= P(a), P(—a)=Pm+a)=—y “P(a).

Atkin and Swinnerton-Dyer gave some congruences for F&) (mod m) where
m =5, 7 and 11. They obtained the congruences without components. They needed
T12,(1 —¢")3 and T2, (1 — ¢") as a polynomial in g:

Lemma 1 (Atkin and Swinnerton-Dyer) We have

(m=3)/2

]_[ _P(O) Z (=1)¢ (20+1)q2C(C+I)P<Tl—c) (mod m).

c=0

—_

r=

Lemma 2 (Atkin and Swinnerton-Dyer) Let m be a positive integer coprime to 6 and
write m = 6) + u (u = %1). We have

ﬁ(l_qr)z(_l)xq%xmw)lj(o) 1+(mi/2(_1)cq%”(3“‘m)P(zc) .
c=1 P(C)

r=1

To calculate congruences for plk.m) (mod m) where m = 5, 7 and 11, they used
Lemmas 1 and 2 in the congruences

4
ZF(k,S) =(‘1§61);o] E{ } /H 1— 2 (mod 5),
r=1

k=0
ZF(k7) = (q; q)oo = {1—[ r)3} /l_[(1 _y’) (mod 7),
k=0 r=1 r=1
and
10 [e'e) 3 o)
SOFEIGE = (g )5 ={H(1—q’)3} l_[(l—q’)/l_[(l—y’) (mod 11).
k=0 r=1 r=1 r=1

For simplifications, they gave the following lemma:
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Lemma 3 Suppose that none of b, c,d,b=+c,cxd, b=xd is divisible by m. Then we
have
P?(b)P(c+d)P(c —d) — P2(c)P(b+d)P(b—d)
+y 4P d)P(b+c)P(b—c)=0.

In [5], using Winquist’s identity, Hirschorn gave [ 172, (1 — ¢")'9 as a polynomial
of degree 11 in g as follows:

[1(1-4")" = PPO{PQPG)P@PG5) +qPXSHP(1)P@A)

r=1
+2¢°P2(3)P(2)P(5) +3¢° P2(2)P(4) P(5)
+5¢*P(DPBYPA)P(5) +7¢° P24 P(1HP(3)
+44" P()PQ)P#) P (5) + 6yq® P2(1)P(2) P(3)
+84°P(HPQR)P(B)P(5) + 9q10P(1)P(2)P(3)P(4)} (mod 11)
and this polynomial was used in the proof of the congruences for F* 1D (mod 11).
He divided []72,(1 — g% by (¥; ¥)eo and re-proved the congruences for F%-11)
(mod 11) given by Atkin and Swinnerton-Dyer.

We calculate the components for m = 13 and give some congruences for F
(mod 13) by using these components. Our main result is the following theorem:

(k,13)

Theorem 1 For m = 13, we have
P2) | PO)P(6)
FO.13) _ — 4(y: )l d13).
yP(4) YP(OPG) (Vs Yoo (mod 13)

FL13) P(5){_ P(0)P(2)
=93 T PHP®G)

F2.13) _ zyP(Z){3yP(0)P(1) P(0)P(6)
ST PG| PQPEO) TyP(HPEA)

FG.13) 3P(4){_ POPQ2)  POPD)

+4(y; y)éé} (mod 13),

+5<y;y)éé} (mod 13),

“TPe | T PP@ T PQPOG)
s _ 4 PO {4P<0>P<5> B
“T5p) " Po)P@)

F(5713):q5yp(1){_6 POPO) P(O)P(3)_5(y.y 11} (mod 13).

5(y; y);é} (mod 13),

4(y; y)éé} (mod 13),

T Yp@| T yPPB) T P PG)P®) » oo
FO19 = 1145(y; )1} (mod 13),

7 P(5) {4P(0)P(4) PO)P(2)

g.13)
PO)| PQPO) P(HP4)

=q +5(y;y>éé} (mod 13),
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P#) PO)P()
(8,13) _ 8 _  Afve 11

=g P(S){ 6yP(2)P(6) 4(yiy oo} (mod 13),
po.13) _ o P©) { POPE)  POPE)
T YPQ LT PGPOG) T PB)PA)
F(10.13) _ 10 P(3) {ZP(O)P(5) 3P(0)P(4)
T yPM L PBPA@ T PQPG)
FULID — 11 ﬁ(l) {_zyP(O)PG)
2 P(5)P(6)

F(12,13) E61121[’(3) {_SP(O)P(4)
P(6) PQ2)P(5)

5(y; y);;} (mod 13),

—S(y;y>éé} (mod 13),

+4(y; y)&,é} (mod 13),

+4(y; y)éé} (mod 13).

2 Preparation

Kolberg [6] gave the components F&3 and F%7 A simpler form of F*7 can be
found in [4]. Here, using Kolberg’s method, we obtain the components F&.13) The
methods we employ in this paper are elementary.

We define, fors =0,1,...,m—1

1
gs 1= Z (_l)nqzn(3n+])

%n(3n+l)ss (mod m)

and

ho= Y (CD"@nt DD,

%I’l(l’l+ 1) =s (mod m),
n>0

These are defined to divide the following well-known identity into m parts:

00 'S} .
(1 _ q}’) — (_l)nqzn(3n+l)’
Hom=2,
and
00 00 .
[T 4" =S (1" @n+ g 2o+,
r=1 n=0

Kolberg gave the following.

Lemma 4 We have

0, if 24s + 1 is a quadratic non-residue mod m,

m 2

57 ) g™ P©), if2454+1=0 (mod m)
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and

2

0, if 8 + 1 is a quad. non-res. mod m,
T D g ST P30), if8s4+1=0 (mod m).

From the definitions of gy and & we have

m—1
(1 - qr) = Z 8s
s=0

—12

—

r

and

l—[(l—q’)3=n§:hs~

r=1

By these equations, it can be seen that
80+ 81+ +gu-1)’ =ho+hi+-+hp_1. )

All g5 can be determined in terms of P (a).

Lemma 5 Let 24s + 1 be a quadratic residue mod m and m = 6\ + u where \ is a
positive integer and (. = 1. Then we have

gs = (_1)C+Aq%(362—mc+3)~2+ux) P(2c) ’
P(c)

where c is a solution of the congruence x* = (4s — ui)/6 (mod m).

Proof If u is equal to 1, it is clear that 6 1=-1 (mod m). If wis —1, then 6 1=2x
(mod m). In both cases (4s — uir)/6 = (245 + 1) /36 (mod m) and there is a solution
of the quadratic congruence x2=(4s — uX)/6 (mod m); that is, (4s — u))/6 is a
quadratic residue mod m. If we consider Lemma 2 and the definition of g;, we obtain
the lemma. (|

Kolberg also showed that

Lemma6 Fors=0,1,...,m—1
F(s,m) — (_1)(}7‘!71)3‘ P(O) .,
(y: )&
where Dy is the determinant of following matrix:
8—s 8—s+1 o 8—s+m-2
8—s5—1 8—s o 8—s+m-3 (8)
8—s—m+2 8—s—m+3 8—s

We put g, = gs whenr =s (mod m) in (8).
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Some congruences for modulus 13 related to partition generating 203

We define
As = g/l_m Dy,
where 24k + 1 =0 (mod m). Therefore, we obtain

P"(0)
oA ©)

F(s,m) =q i(m3fm27m+l)
(3 Yoo

For the denominator of Eq. (9), it is easy to see that

3 Voo =] [(1 =¥") = POPMPQ)--- P((m —1)/2). (10)

r=1

After calculating the components, it is possible to obtain the congruence properties
of the components by the following lemma.

Lemma 7 Ifm is a prime integer, then

00 m
[]‘[(1 — q’)ﬂ = P"P2) P P(2) - P ((m — 1)/2)  (mod m).
r=I1

Proof Since m is a prime it is clear that

(1—¢")"=1-y" (modm) and (1—»")"=1-y"" (modm). (1)

We write

[10_0[(1 - q’)ﬂm = ﬁ(l —y")’ (mod m),

r=1 r=1

and with the help of Eq. (10), this congruence becomes

[]‘[(1—6/)3} = P3O P} (P} Q2)--- PP ((m—1)/2) (mod m).  (12)

r=1

By means of the second congruence in (11), we write
P"(O)P"(1)P™(2)--- P"((m —1)/2) = P(0) (mod m)
and we have
P L) P (1)P™(2)--- P"((m —1)/2) =1 (mod m). (13)

Finally, multiplying (12) by (13) proves the lemma. U

@ Springer



204 G. Bilgici, A.B. Ekin

3 Components and congruences for m =13
For m =13, Lemma 4 gives
g=g=g=g=g0=gn=0 gr=q P(0) (14)
and
ha=hs=h7=ho=hy =hjp=0, hg = 13¢%' P3(0).
From Eq. (7), we have
87 +6(2287812 + 858789 + 808187 + 8089812 + g18285) = hg = 13g7,
and this equation gives
287812 + 858789 + 808187 + 8089812 + 818285 = 283 (15)
Now we set
a:=g7'g0, Bi=g'er, yv=g" e, 6
0:=g7'es, S:=g7'89, =g gn

and Eq. (15) becomes

af+ye+605+adt+pyo=2. 17
Lemma 5 gives
_ PO)P@) _ POP®) _ LPOPQ
~ P 0 T PG B P(1)
_ SPO)P(O) B _ »POPO)
_ LPOPO)
812 = P(S) s

and from Eqgs. (16), we have

1L P4 1 P(6) 1 P®
Core TRy Yoy o
L PO 5 15 P(1) 5P
_—2—, =q  —, =—q ——-
q- P(4) P(6) P(5)
Multiplying all the terms in Eqgs. (18) gives
afy8ss =—1. (19)

Now, we set

X1 :=ap, X2 =y, x3:=094, X4 :=adt, x5 := By0. (20)
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Some congruences for modulus 13 related to partition generating 205

From Eq. (19), we have
x1x2x3 = —1, xq4x5 = —1. 21

and Eq. (17) becomes
X1+ x24+x3+x4+x5=2. (22)
The following lemma can be obtained from the theta function identity (LVII;) in

[7, p. 160] easily.

Lemma 8 Suppose that none of a =b,a £ c,at+d,bLtc,bxd,c=xd is divisible
by m. Then we have

Pla+d)Pa—d)P(b+c)P(b—c)— Pa+c)Pla—c)P(b+d)P(b—d)
+y'P(a+b)P(a—b)P(c+d)P(c —e) =0.
This lemma gives the same identities with Lemma 3 for m =5,7 and 11. For m =

13, Lemma 8 gives a different identity from Lemma 3. For (a, b, c,d) = (§5,3,2, 1),
we have

yP(L))P(2)P(3)P(5) — PQQPB)PAP(6)+P(LHPAHP(B)P(6)=0. (23)
Equation (23) gives the following lemma.

Lemma 9 We have

x1x2 =x1 — 1,
X2X3 = X — l,

x1x3=x3— 1.

Proof After dividing Eq. (23) by yP(1) P(2)P(3) P(5), Egs. (16) and (20) give the
first relation in lemma. The other ones can be found similarly. g

To calculate all the components F*.13) we evaluate the determinants of matrix
(8) at first. The size of each matrix is 12 x 12. We can facilitate evaluations of these
determinants by using Eqs. (14). After evaluation, we should simplify all F&13)_1f
we use Egs. (16), F&13) turns to the form (9) where all A; is a linear combination
of k1 gk2yksgkasks rk6 and each k; is a non-negative integer. We should do another
transformation to use the relations in Lemma 9, but all A should be multiplied by an
appropriate factor. These factors can be chosen in different ways. We define

B; :=tAg,
where t := «, ¢, @, 0¢, 8, ay, 1, B¢, 0, y8, BS, y and B for s =0,1,...,12,
respectively.
After these multiplications, all Bs can be written as a linear combination of

x1x52x37 x4  x$° where each g; is a non-negative integer with the help of Eqgs. (20).
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206 G. Bilgici, A.B. Ekin

Let T be a term in any By, i.e., a linear combination of ok ﬁkzyk39k48k5 Ckﬁ and
each k; is a non-negative integer. To write T as a linear combination of products of
x;’s, we substitute Eqs. (20) for T at first. If T does not turn a linear combination of
x;’s completely, we multiply 7 by —aBy65¢ and substitute Eqs. (20) for T again.
After applying these two operations a number of times, most of the terms in By turn
a linear combination of x{"x52x3x*xS> except 12 terms which are given in the fol-
lowing lemma.

Lemma 10 We have
03a = X3X4 — X1 — X3 — X4.
3, —
QY =X1X5 —X] — X2 — X5,

3
B¢ =x1x4 — X1 — X2 — X4,

24)
8B = x3x5 — X1 — X3 — x5,
£30 = xaxs — x3 — x3 — xs,
Y38 = xox4 — X2 — X3 — Xa,
and
a292§ = —X3X4 + X1 + x4,
a?y?0 = —x1x5 + x2 + x5,
B*8%y = —x3xs5 + x1 + x5,
(25)
Y282 = —xpx4 + x3 + x4,

02¢%B = —xaxs5 + x3 + x5,

Be28 = —x1x4 + X2 + X4

Proof We express the terms 63« and a292§ in terms of x;’s. For (b, ¢, d) = (5,4, 1),
(5,4,2) and (6, 3, 2) Lemma 3 gives, respectively,

VP3P - PP@)P©6)+ P(5P?3) =0,
y2P2Q)P(1)P(4) — P2 (4)P(3)P(6) + P*(5)P(2)P(6) =0,
yP*(2)P(3)P(4) — P2(3)P(4)P(5) + P*(6) P(1) P(5) = 0.

Lemma 3 gives 20 relations for m = 13 which are found in [2]. From Egs. (18), last
three identities become

030’y +a’y?p — 5 =0, (26)
207 +60%a +8=0, (27)
y2B8 —ayb — 26 =0. (28)
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Some congruences for modulus 13 related to partition generating 207

Multiplying Eq. (26) by f65¢, we have
03 = —x| + B28°0%¢ . (29)
Similarly, by multiplying Eq. (28) by 83¢%86, we obtain
B38%602 %0 = x3x4 — 8By L.
Using the last equation, Eq. (29) becomes
03a =x3x4 — x1 — 8> ByL. (30)
After multiplying Eq. (27) by 828y ¢, we obtain
83/3)/;“ =x3 + x4.
Finally, using the last equation in Eq. (30), we have
03a = X3X4 — X| — X3 — X4.
For the term «?62¢, multiplying Eq. (27) by 6, we find
(x292§ =0 — X3
= —Xx3X4 + X1 + Xx4.

The other ones can be proven similarly. 0

Using the equations in Lemma 10 with Egs. (20), we obtain all the By as a linear
combination of xf’xgzx?x?xgs. To summarize how to obtain all B, we give an

example. The term «'? appears in By and it is the most complicated term to transform
in By. We have

a3 =—a'Byosc
— —a"¢ {oy Jrims
=a''By0ss*{e’y fxix;
_ T oy Pl
= —a*By05c* oy ) xda}
= —a*s{a’y {0} 3
=& By0s7c [’y ) {20 xix}
= x{x3x4(x1xs — x1 — X3 — x5)* (X225 — X3 — x3 — X5).

Finally, after writing as a linear combination of products of x;’s, we can sim-
plify all B; by using Lemma 9. We give how to simplify all B, in an algorithm to
avoid repetition. We use the following equations which can be found by Eq. (22) and
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208 G. Bilgici, A.B. Ekin

Lemma 9:
= —X1X5 — X1X4 +x1 —x3+2,

= —XpX5 — X2X4 + X2 — X1 + 2,

X7
x3
X3 = —x3x5 — X3x4 + X3 — X2 + 2, 3D
xf = —X|X4 — X2X4 — X3X4 +2x4 + 1,

x3

= —X1X5 — X2X5 — x3x5 + 2x5 + 1.
Algorithm 1 Let K be a linear combination of x{"x32x3>x;*xs> where each a; is a
non-negative integer.

1. Equations (21) simplify the terms in the form x{" x52x3* or xj*xs” in K.

2. Substitute the equations in Lemma 9 for K. After this operation, the terms that
remain take the forms of x;' and xi“xj.’ where (i, j) = (1,4), (1,5), (2,4), (2,5),
3,4),(3,5 inK.

3. If b > 1, then substitute sz. in Egs. (31) for the terms in step 2, if a > 1 and b =0,

substitute xi2 in Egs. (31) for the terms in step 2.

With these three steps, K becomes a linear combination of the terms in the forms
of x{'x; and x;.

After this process, we obtain the components F&™ where s = 0,1,...,12 as
follows:
F(s,m) — 84 P(O) 5 (32)
i
where

By = x16x5 + 77xi5x4 — 86xijx5 — 22x§x41 + 56x§x4 + X§X5 — 802xfx4
4 1008x7 x5 4 462x3 x4 + 5x3x5 — T91x5x4 — 120x3x5 + 3260x7 x4
— 3235x7 x5 — 2344x3 x4 — 239x3 x5 + 3620x3 x4 + 1128x3x5 — 4318x7x4
+ 6327x7x5 4 4965x3x4 + 1785x3x5 — 9009x3x4 — 4526x3x5 + 4741x1 x4
—4262x1x5 — 7364x2x4 — 4400x2x5 + 11199x3x4 + 8436x3x5 — 4024
+ 5603 +21268x3 + 3552x4 + 7727x5 — 20230, (33)
B = x§x5 + 77x§x4 — 86x§x5 — 22x§x4 + 56xfx4 + xfx5 — 802x§x4
+ 1008x3 x5 + 462x5 x4 + Sx3xs — 791x}xs — 120x7 x5 + 3260x3 x4
— 3235x3 x5 — 2344x3x4 — 239x3x5 + 3620x7 x4 + 1128x7 x5 — 4318x3x4
+ 6327x3 x5 + 4965x3 x4 + 1785x3x5 — 9009x7 x4 — 4526x7 x5 + 474 1x2x4
—4262xyx5 — 7364x3x4 — 4400x3x5 + 11199x1 x4 + 8436x1x5 — 4024x,
+ 56033 +21268x; + 3552x4 + 7727x5 — 20230,
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Some congruences for modulus 13 related to partition generating 209

B, = Zx?xs — 7xgx4 — 146x]5x5 + 3X§X4 + 287x§x4 — 15x§x5 — 4OX?X4
4 1252x}x5 — 186x3x4 — 30x3x5 — 1956x3x4 4+ 395x3x5 + 441x; x4
— 3859x7 x5 + 1361x3x4 + 555x3 x5 + 6546x3 x4 — 1770x3x5 — 1253x7 x4
+7098x7 x5 — 4394x7 x4 — 2643x3x5 — 1043633 x4 + 3872x7 x5 + 824x1x4
— 4507x1x5 + 6440x2x4 4+ 6638x2x5 + 13307x3x4 — 1615x3x5 + 2452
+ 166623 + 488 1x3 — 1048x4 + 7862x5 — 30365, (34)

B3 = 2x36x4 — 7x26xs — 146x§x4 + 3xfx5 + 287x§x5 — 15x§x4 — 40x§x5
+1252x3 x4 — 186x7 x5 — 30x7 x4 — 195613 x5 + 395x3 x4 + 44123 x5
— 3859x3x4 + 13613 x5 4 555x7 x4 4 6546x3 x5 — 1770x3 x4 — 125313 x5
4 7098x3x4 — 4394x7x5 — 2643x7x4 — 10436x3x5 4 3872x3x4 + 824x3x5
— 4507 x3x4 + 6440x1x5 + 6638x1x4 + 13307x2x5 — 1615x5x4
4 2452x3 + 16662x1 + 4881x — 1048x5 + 7862x4 — 30365,

By = x8x5 + T7x3x4 — 86x3x5 — 22x7 x4 + 56x3x4 + x5 x5 — 802x3 x4
4 1008x3 x5 4 462x7 x4 + Sx}xs — 791x3 x4 — 120x3 x5 + 3260x3 x4
— 3235x3xs5 — 2344x7 x4 — 239x7 x5 + 3620x3x4 + 1128x5x5 — 4318x3x4
+ 6327x3x5 + 4965x7 x4 + 1785x7x5 — 9009x3 x4 — 4526x3 x5 + 4741x3x4
—4262x3x5 — 7364x1x4 — 4400x1x5 + 11199x0x4 + 8436x2x5 — 4024x3
+5603x1 4 21268x2 4 3552x4 + 7727x5 — 20230,

Bs = 2x§x4 — 7fo5 — 146x§x4 + 3x§X5 + 287xfx5 — ISxfx4 — 40x§X5
+ 1252x5 x4 — 186x5 x5 — 30x3x4 — 1956x7 x5 + 395x7 x4 + 44123 x5
— 3859x3x4 + 1361x3x5 4+ 555x3 x4 + 6546x; x5 — 1770x7x4 — 1253x3 x5
+ 7098x3 x4 — 4394x3 x5 — 2643x3x4 — 10436x7x5 4 3872x7 x4 + 824x2x5
— 4507 xx4 + 6440x3x5 + 6638x3x4 + 13307x1x5 — 1615x1x4 + 2452x7
+ 16662x3 + 4881x] — 1048x5 + 7862x4 — 30365,

Bs = —11xjx4 — 11x]xs — 11x3x4 — 11x3xs — 11x3x4 — 11x3xs5 + 325x7 x4
+325x7 x5 + 325x7 x4 + 325x3 x5 + 325x3 x4 + 325x5 x5 — 1967x7 x4
— 1967x; x5 — 1967x3x4 — 1967x3 x5 — 1967x3 x4 — 19673 x5 + 4902x7 x4
+ 4902x7 x5 + 4902x3x4 + 4902x3 x5 + 4902x3 x4 + 4902x3 x5

@ Springer



210 G. Bilgici, A.B. Ekin

— 8830x1x4 — 8830x1x5 — 8830x2x4 — 8830x2x5 — 8830x3x4 — 8830x3x5
+2241x1 + 2241x3 4 2241x3 + 13706x4 + 13706x5 + 23323, (35)
By = 2x§x5 — 7x?x4 — 146x§xS + 3x§X4 + 287xfx4 — 15xfx5 — 4OX§X4

+ 1252x5 x5 — 186x5 x4 — 30x3x5 — 1956x7x4 + 395x7 x5 + 441x3x4
— 3859x3x5 + 1361x3x4 + 555x3x5 + 6546x7 x4 — 1770x7 x5 — 1253x3x4
+7098x3x5 — 4394x3x4 — 2643x3x5 — 10436x7 x4 + 3872x7 x5 + 824x2x4
— 4507x3x5 + 6440x3x4 4+ 6638x3x5 + 13307x1x4 — 1615x1x5 + 2452x>
+ 16662x3 + 4881x1 — 1048x4 4 7862x5 — 30365,

Bg = x§x4 + 77x§x5 — 86x§x4 - 22)615)(5 + 56x§x5 + x§x4 — 802x§x5
+ 1008x3x4 4 462x7 x5 + 5xxs — 791x3x5 — 120x5 x4 + 3260x3 x5
— 3235x3 x4 — 2344x7 x5 — 239x7 x4 + 3620x3 x5 + 1128x5x4 — 4318x3xs
+ 6327x3x4 4 4965x7 x5 4 1785x7x4 — 9009x3 x5 — 4526x3 x4 + 4741x3x5
— 4262x3x4 — 7364x1x5 — 4400x1x4 + 11199x2x5 4 8436x2x4 — 4024x3
+ 5603x; + 21268x + 3552x5 + 7727 x4 — 20230,

By = 2x3x5 — TxSxq — 146x3x5 + 3x7 x4 + 287x3x4 — 15x3x5 — 40x3x4
+ 1252x3x5 — 186x7x4 — 30xT x5 — 1956x3 x4 + 395x3x5 + 441x35 x4
— 3859x3x5 + 1361x7 x4 + 555x7 x5 + 6546x3x4 — 1770x5x5 — 1253x3x4
+7098x3 x5 — 4394x7 x4 — 2643x7x5 — 10436x3x4 + 3872x7 x5 + 824x3x4
—4507x3x5 + 6440x1x4 + 6638x1x5 + 13307x0x4 — 1615x2x5 + 2452x3
4 16662x] + 4881x3 — 1048x4 4 7862x5 — 30365,

Bip = Zx?x4 — 7xgx5 — 146fo4 + 3)(;)(5 + 287x§xs — 15x§X4 — 40fo5
+ 12527 x4 — 186x5 x5 — 30x3 x4 — 1956x5 x5 + 395x3 x4 + 441x3 x5
— 3859x3 x4 4 1361x3x5 + 555x3 x4 + 6546x3 x5 — 1770x3x4 — 1253x7 x5
+7098x7x4 — 4394x3x5 — 2643x3x4 — 10436x3x5 4 3872x3x4 + 824x1 x5
—4507x1x4 + 6440x7x5 + 6638x2x4 + 13307x3x5 — 1615x3%4 + 2452x
+ 16662x7 + 4881x3 — 1048xs 4 7862x4 — 30365,

By = xgx4 + 77x5x5 — 86x5x4 — 22x§x5 + 56x7x5 4 x7 x4 — 802x3 x5
+ 1008x3x4 4 462x5 x5 + 5x3x4 — T91x7x5 — 120x7 x4 + 3260x3 x5
— 3235x3x4 — 2344x3x5 — 239x3 x4 + 3620x7 x5 + 1128x7 x4 — 4318x3x5
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+ 6327x3 x4 +4965x3 x5 + 1785x3x4 — 9009x7x5 — 4526x7 x4 + 4741x2x5
— 4262x2x4 — 7364x3x5 — 4400x3x4 + 111991 x5 + 843611 x4 — 40247
+5603x3 + 21268x] + 3552x5 + 7727x4 — 20230,

By = x?m + 77x15x5 — 86x]5x4 — 22x§x5 + 56x35x5 + x3SX4 — 802x?x5
4 1008x7x4 4 462x3 x5 + 5x3x4 — T91x3x5 — 120x5x4 + 3260x7 x5
— 3235x;7 x4 — 2344x5x5 — 239x3 x4 + 3620x3 x5 + 1128x3x4 — 4318x7x5
+6327x} x4 + 4965x3 x5 + 1785x3x4 — 9009x3x5 — 452633 x4 + 474 1x) x5
— 4262:x1x4 — 7364x2x5 — 4400x2x4 + 11199x3x5 + 8436x3x4 — 4024
+5603x2 + 21268x3 + 3552x5 + 7727x4 — 20230.

The following lemma was given by Kolberg.

Lemma 11 We have
()t
O™ Y™)oo

where D is the determinant of following matrix:

80 &1 0 8m—1
St S0 g (36)
81 82 - 80
We define
A= g7_13D. 37)
From Lemma 11, we have
.14
= 68)
y'P(0)

Following the same process with simplifying the components and applying Algo-
rithm 1 to Eq. (37), we obtain

A= x16x4 + x16x5 + xgx4 + xgxs + xg’x4 + x36x5 + 15x7x4 4 15x7 x5 + 15x§x4
+ 15xgx5 + 15x§x4 + 15x§x5 + 87xfx4 + 87xfx5 + 87x§x4 + 87x§x5
+ 87x3x4 + 87x3xs + 223x7 x4 + 223x3 x5 4+ 223x3 x4 + 223x3 x5 + 223x3 x4
+223x3 x5 + 12657 x4 + 126x7x5 4+ 126x3x4 + 126x3x5 + 126x7x4
+ 126x§x5 —480x1x4 — 480x1x5 — 480x3x4 — 480x2x5 — 480x3x4
— 480x3x5 +47935x1 +47935x7 4+ 47935x3 4 47543x4 + 47543x5 — 98057.
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We consider (x4 + x5 — 3)”. After expanding it and using Algorithm 1, we have
A=(x+xs—3),

and from Eq. (38), we find

c )2
X4+x5—3= . 39)
y

We can obtain Bg by using Eq. (39). Applying Algorithm 1 to (x4 + x5 — 3)%, (x4 +
X5 — 3)5, (x4 + x5 — 3)4, (x4 + x5 — 3)3 and (x4 + x5 — 3)2, it is easy to see that

B = 11(x4 + x5 — 3)® 4+ 468(x4 + x5 — 3)° 4+ 6422(x4 + x5 — 3)*
+ 43940(x4 + x5 — 3)° 4+ 171366 (x4 + x5 — 3)> + 371293 (x4 + x5 — 3)
+371293. (40)

The last equation and Eq. (32) give Eq. (6), and we have

P(0)

FO19 = 114°
v %

(mod 13).

Multiplying the right-hand side of Eq. (41) by Eq. (13), we obtain the following
well-known result:

FO19 = 1145(y; )L (mod 13). (41)

Now we can obtain the other components in congruence form for modulus 13. For
m =13, Lemma 7 gives

P(6) +8yPP(5) +5y* PP @) + 6y P1(3) + 9y P 2) + 2y 0P (1)
= P2 PP PB)PO@POS)PO©6) (mod 13). (42)

Now we define
E| = 2x36x4 + Sxfx4 + 7x§x4 + 2x§x4 + 3x§x5 + lefx4 + xfx5 + 7x§x4
+ 4x§)C5 + xé‘m + 8x§‘xs + 6xfx4 + 8xfxs + 10)(;)64 + 2x§xs + 7x§X4
+ 10x§x5 + dxixg + Txixs + 5x3xg + 9x3xs5 + x3x4 + Sx3xs + 10x2x4

+ 11xpx5 4+ 3x3x4 + 4x3x5 + 4x1 +4x0 + 3x3 + Sx4 + x5 + 9,

E, = 7x§x4 + 5xfx4 + 7x§)C4 + 4x§X5 + 1 1x§x4 + Sxfx4 + fo5 + 10x§x4
+ 2x§x5 + 9x§‘x4 + 10x§X5 + 9x?)C4 + 7xfxs + 5)6;)64 + 9x§)C5 + 8x§X4
+ 2x§x5 + 1lxfxg 4+ 12x3x5 4+ 10x3x4 + 11x3x5 + x3x4 + 5x3x5 + 9x1x4

+ 6x1x5 + 4xpx4 + x2x5 + 11x1 + xp + 11x3 + 8x4 + 7x5 + 5,
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E; = 10x36x5 + 12x]5x5 + 9x§x5 + 2X§X4 + 10x35x5 + Sxfx4 + llx‘fxs
+ 7x§x4 + 9x§x5 + x§x4 + 5x§‘x5 + xfx4 + 4xfx5 + 10xgx4 + 1])6;)65
+ 11x§x4 + 9x§’x5 + 9x12X4 + 7x12x5 + 6x§X4 + IZX%X5 + 12x32x4 + 5x§x5
+ 3xx4 + 11xpx5 + 7x3x4 + 2x3Xx5 + 6x1 + 6x2 + X3
+4x4 + 11x5 + 8, (43)
E4:= 8)616)64 + 8fo4 + 12fo5 + 7X§X4 + 2x§X4 + 4fo4 + 6xfxs + x?)m
+ 4x§x5 + 2x§x4 + 3x§xs + 2x13x4 + x13x5 + 11x§x4 + 6x;’x5 + x33x4
+ 8x§’x5 + 4x12x4 + 7x12x5 + 3x%x4 + 2x§x5 + 7x32x4 + 10x32x5 + 12x1x4
+ 3x1x5 + x3x4 + Sx3x5 + 9x1 + 4x4 + X5 + 3,
Es5 = 9x§’x5 + 12xfx5 + 7x§x4 + 9x§x5 + 3x§x5 + 5xfx4 + 12xfx5
+ 10x§x4 + 11x§)C5 + 11)(;1)64 + 6x§X5 + 9fo4 + 6fo5 + 6x§)C4 + 12x§x5
+ 10x33x4 + x§x5 + 8x%x4 + 3x%x5 + 3X§X4 + llx%xs + 12x§X4 + 5x§xS
4+ 4x1x4 + 6x1x5 4+ Sx0x4 + Tx2X5 + 2x0 4+ 6x4 + 11x5 + 5,
Eg = x?xs + Sxfx4 + fo5 + 9x§x5 + 10x§x5 + 4xfx4 + 7xfx5 + 7x§x4
+ 5x§x5 + 2x§x4 + 10x§x5 + 5x13x4 + 10x13x5 + 4x;x4 + 3x;x5 + x§x4
+ 5x33x5 + 9x12x4 + 7x12x5 + 10x§x4 + 2x%x5 + 11x32x4 + 9x%x5 + 2x1x4
+ 8x1x5 + 12x3x4 + S5x3x5 + 6X1 + Sx4 + TX5 + 2. (44)

After dividing both sides of Eq. (42) by y> P(1)P3(2) P2(3) P2(4) P%(5) P3(6),
y>P2(1)P*(2) P(3) P2 (4) P3(5)P*(6), yOP2(1)P2(2) P*(3) P3(4) P(5) P(6),
yOP2(1)P3(Q)P2(3)P(4)P3(5)P%(6), yOP3(1)P(2)P%(3)P3(4)P%(5)P%(6) and
y' P3(1)P2(2) P3(3) P2(4) P%(5) P(6), respectively, using Eqgs. (16), (20), and Al-
gorithm 1, we obtain

E; =y P*O)PP(MPPPH3) P @ P (5)PP(©6) (mod 13),
E, =y P2O) P4 )P ) PBB)P4 @) PP (B5)PB(6)  (mod 13),
E3=y~°P*O)P* (PP 3)PP@PP(5)P'*(6) (mod 13),

Es=y P20 P4 )PBQPHBR)PP@)PR(B)P*@6) (mod 13), @
Es=y *P20)PBMPP QPR3 PR PHG)P*6) (mod 13),
Es=y 'P2O) PP PBB)P*@)P(5)P(6) (mod 13).
From Egs. (33), (35), and (44) we can see that
E¢+2Bs=aBy (mod 13). (46)
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Egs. (41) and (45) give
Bo=y P20 PR PHQPBB)PH PGP 6) +9(y; )L (mod 13).
Finally, from the definition of « in Eqs. (18) and Eq. (32), we have

FO.13) _ P(2) { PO)P(©6)
P(4)

11
yP(1)P(3) 4(W)oo} (mod 13).

Similarly, we have

B =3Es+2Bs (mod 13),
By =3E; +2Es+4Bs (mod 13),
Bi=E| +5Es+4Bs (mod 13),
By =4E3+2Bs (mod 13),
Bs =4E, + 6E¢+4Bs (mod 13),
B; =4E4+6Es+4Bs (mod 13),
Bs=—6E, +2B¢ (mod 13),
Bo=—E>—5E3+4Bs (mod 13),
Bio=—2E3 —3E4+4B¢ (mod 13),
B =2E;+2Bs (mod 13),
Bi»=5E4+2Bs (mod 13),

and obtain Theorem 1.

4 Proof of Theorem 1

In this section we give a direct proof of Theorem 1. To do this, it is sufficient to prove
that

!fi@-qﬁ}{filj }zl (mod 13). @7

;
r=1 r=1 q
Lemma 2 gives the expression in the first curly bracket as a polynomial, namely

o0

[T -a")=g0+81+g +85+87+g0 +g12

r=1
P@  P6) L,PQ)  sPG)
P TPe T Pa) T P@

o, P _ 12@}_

=P(0){

+q7y

P(6) P(5) @9
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If we consider the congruences F*-13) given in Theorem 1, we have the expression
in the second curly bracket in Eq. (47) as a polynomial, namely

12

= 1
]‘[1_ -=> F&g" (mod 13).
4 k=0

r=1
We need the following for the proof. Lemma 1 gives

[]0- qr)3 = P(0){P(6) —3P(5)q — 11P(1)yq* +5P(4)q’> — TP(3)¢°

r=1

+9P(2)¢"’}  (mod 13), (49)

and Eqgs. (20) and (39) give

(50)

P(HP(B)P4 PQ)P(5)P(6
(y;y)go=p2(0){—y2 (DPG)P(A)  PQPG)P6) }

P@2)PGS)P6)  P(HPB)PA)

We have

[]0- q")"" = P20){—12PQ2) P P(5) P (6) — 10P>(3)P(4) P(6)q

r=1
—4P(1)P(5)P(6)*q” —4P(2)P(3)P(5)P(6)q”
+12P)P3)P*(5)g* + [-2P(2)PB3)P(4)P(6)
+6P()P(4)P(5)P(6) —8yP()P(2Q)P3)P(5)]q°
— 12y*P>(1)P(2)P(3)g° —4P(1)PQ)P(3) P(4)q’
+4P(1)P>(4)P(5)q® +10P>(2) P(4) P (6)q°
—12P(1)PB)P (A P(6)q'" + 10P(1) P(3) P4 P(5)g"!
—10P(HPQR)P(5)P(6)g'?} (mod 13). (51)

We obtain Eq. (51) by taking the same steps with Hirschhorn in [5]. These steps are
very elementary and simple. Now, we consider the following congruence:

{ITa-a)"HIT -7} =TT =) " =]t -»")
=PO)P(HPQ)PB)P@)P(5)P(6) (mod 13).
This congruence gives
P3(0){—6y*P*(1)P(3)P(4) P(5) + 3y P*(2) P(3) P (5) P(6)
+2y?P2(3)P(1)P(2)P(4) + 5y P2 (4)P(1) P(3) P(6)

+4yP?(5)P(1)P(2)P(6) + P2 (6)P(Q)P(4) P(5)}
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=PO)P(H)PRQ)PB)PA)P(5)P(6) (mod 13). (52)

The congruence (52) can be written in the following form:

) , P PQ) , PG P@)

i (0){_6y ror® T ror® TP Pere T P@PG
PO PO _|_, d13 53
YPGP@) P(I)P<3)}: (mod 13). 43

Finally, we are ready to prove Theorem 1. The coefficient of ¢° on the left-hand side
of Eq. (47) is

P2(0){—6y*P2(1)P(3)P(4) P(5) +3yP*(2)P(3)P(5) P(6)
+2y2P23)P(1)P(2Q)P(4) +5yP2(4)P(1)P(3)P(6) + 4y P> (5)P(1) P(2) P(6)
+ P26 PQ)PHPS)}/P(HPQRIPB)P@AP(S)P(6) (mod 13).

From Eq. (52), this coefficient is congruent to 1 modulo 13. It remains to show that the
other coefficients of ¢* on the left-hand side of Eq. (47) are congruent to 0 modulo 13.
These 12 coefficients fall into two equal classes, one being given by the coefficients
of g, ¢, ¢*, q°, ¢'° and ¢'?, and the other by those of ¢, ¢°, 4%, ¢, ¢® and ¢''.
We shall prove that the coefficient of ¢ is congruent to 0 modulo 13, the proofs of
the other ones being exactly similar.

The coefficients of g2 on the left-hand side of Eq. (47) is

C1+ Cy,
where
2
C1=P2(0){—3 P=(2)P(6) POPEO) 5 PQPGIPEO)
PX(H)PB)P#)  “P(HPQB)P(GB)  ~PX3)P(HP#)
5,2 POP@) P(2) 5 P2(5)
TP P@QPGPEG  PMPG) | PE@PO)
P(3)
and
_ Y PR C) P*2) PP
_sPOPO) yzp(l)} (mod 13).
P(HP4) P(6)

Equation (13) gives

P2OoyPRBMHPBQPBR)PR@WPEG)PER6G)=1 (mod 13).  (54)
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After multiplying C; by the expression on the left-hand side of (54) and C, by the
expression on the left-hand side of (53), the coefficients of ¢? becomes

P2(2)P(6) , P@PE©)

N -2 | =
(y,y)oo{P(O)(ysy)oo[ P OPe PG TTPHPGPG)

PQPOPO) ,, POPE PO P2(5)
P2BP()P@ PQPGIPG)  CPMPG) | PAAP()
P@3) s [ 2 P PQ) , PG
+3P<1>P<2>}+P (O)[ Y rore T Phr® 2 Po)PG)
2
b5y PO PO PO P PO)

P2)P(5) P3)P@4)  P(HPQ) P(5) P(1)P(4)

_4P(5;P(6) _5sPOPG) _2y2&“ (mod 13).
P=(3) P(HP@A) P(6)

Using Eq. (50) and the definitions in Egs. (18) and (20), we have

10 .11

2 p3 11
P>(0)(y;
M{—mez&l x5! = 3xresagg”

3305 210 1
P(3)

4 X5 T X X3Xy X5
— 2x)‘1x59 —xioxg — xzxioxsll —|—4x4x5 — 5x3x4x5 Sx)tlxslz 6x1xiox510

+ 3x2x3xiox5 —2x xioxslo + 4x1x x5 + 4x2x3x4x5 + 6x2xi1x510

— lexgxgxg x3xi0x5 5x2x3xi0x510 — xzxisz — 4x2x3xj0x59

— 2x1x2xiox59 + a202§ [3x5x4 Xy — 2x x4xz + 5x5x4xz]
+ 93a[2x59xi0x2 + 3x59x40x§ + 2xzxi0x51 1— inoxzxslo]} (mod 13). (55)

After substituting Eqgs. (24) and (25) into (55), and using Algorithm 1, the ex-
pression between the curly brackets in (55), therefore, the coefficient of g2 on the
left-hand side of Eq. (47) is congruent to O modulo 13. Similarly, it can be shown that
the other coefficients of g are congruent to 0 modulo 13. So, the proof is completed.
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