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Abstract
Purpose  This study presents the outcomes of a finite element analysis (FEA) of forced vibrations by a time-harmonic load-
ing of a bi-layered piezoelectric plate with two-axially pre-stressed layers.
Methods  The investigation is conducted based on the following assumptions: (i) the resultant system is resting on a rigid 
foundation, (ii) each layer is poled along the direction perpendicular to the free surface, (iii) a complete contact state exists at 
the interface of the plane in the plate, and (iv) the initial stress state at the layers is modeled based on the three-dimensional 
linearized theory of elasticity for solids under initial stress (TLTESIS). First, we describe nonlinear governing equations 
of motion and boundary-contact conditions for the dynamical model of the current system and then apply a linearization 
and non-dimensionalization procedure to the problem under consideration. In terms of Hamilton principle, a finite element 
model (FEM) is developed based on the weak form.
Results and Conclusions  The proposed and validated FEM approach can help to address several issues in the piezoelectric 
structure of finite lengths, either pre-stressed or not. In particular, we present an investigation of the effects of changing 
problem factors on the dynamic behavior as well as the frequency response of the composite plate. The numerical results 
demonstrate that the stress transition across the interface of the layers plays a key role in the resonance mode of the system, 
in both a quantitative sense and a qualitative sense.
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Introduction

The production process of engineering structures has always 
been an important step for designers. Structural vibrations in 
a medium are now an active area of research. In particular, 
it was realized in the 1880s that some solids called piezo-
electric materials display electrical effects against changes 
from external factors. This interesting property gives a wide 
opportunity for researchers to do many potential practices 
of these materials in daily life and engineering applications, 
such as electricity generation, energy harvesting, smart sys-
tems, sensors, isolation of acoustics/radiation, and air con-
ditioning systems. Recently, there is a growing interest in 
the study of piezoelectricity, attracting more and more sci-
entists' attention to improve many engineering systems. For 

more details on the historical backgrounds and mechanical 
properties of the piezoelectric materials, one may read the 
references in [1–3].

When a solid is exposed to a force, a nonlinear wave 
distribution generally appears in the medium. Therefore, 
describing and solving perturbations in the body could math-
ematically be impossible sometimes. Many researchers have 
made some studies in the past to overcome this difficulty. 
In the early XXth century, British mathematician Sir Rich-
ard Vynne Southwell presented the first serious theoretical 
approach to the subject [4]. Hence, a theory that is so-called 
Three-Dimensional Linearized Equations (TDLE) was laid 
down. Adhering to the fundamental principle of the TDLE, 
the development process of this theory was continued by 
Biezeno and Henky [5] and was accelerated by Biot [6], 
Neuber [7], Green [8], Guz [9], Tiersten [10], Hoger [11], 
Ogden [12], and Reddy [13] due to some reasons such as 
problem geometry, deformation type, and material design.

Based on the above-stated requirements, many mechanical 
problems in various configurations and effects of respective 
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factors were explored by a great number of scientists. Here, 
some remarkable ones can be remembered. Wang and Zhao 
presented a formulation of a dynamic problem related to 
the propagation of the Love wave in a piezoelectric layer on 
the elastic substratum with interfacial defect [14]. Yu and 
Zhang analyzed the guided wave propagation in FGM plates 
under gravity and various initial stress states according to the 
mechanics of incremental deformations [15]. Rouzegar and 
Abad focused on free vibration analysis of composite plates 
integrated with piezoelectric faces within the scope of the 
four-variable refined plate theory [16]. Kurt et al. [17] investi-
gated the effect of the initial stresses on the Lamb wave propa-
gation in a pre-stressed sandwich plate with a metal elastic 
core bonded perfectly to piezoelectric faces. Daşdemir [18] 
modeled forced vibration analysis of a pre-stressed sandwich 
plate-strip consisting of elastic faces imperfectly bonded to 
a piezoelectric core. Duc et al. [19] analyzed the nonlinear 
dynamic response of higher-order shear deformable sandwich 
functionally graded circular cylindrical shells with piezoelec-
tric actuators under the influence of thermo-electro-mechan-
ical and damping loads. Kumar et al. [20] considered the 
propagation of shear waves in a composite structure with a 
piezoelectric layer resting on a micro-polar half space for an 
imperfect contact case. Kumar et al. [21] studied the dynamic 
behavior of horizontally polarized shear (SH) waves in an 
imperfectly bonded functionally graded piezoelectric material 
layer resting on a functionally graded porous piezoelectric 
material half-space. Shahdadi and Rahnama [22] presented 
an analytical solution for the free vibration behavior of func-
tionally graded (FG) annular sector plates integrated with 
piezoelectric layers using Hamilton's principle and Maxwell's 
electrostatic equation. Chan et al. [23] analyzed the free vibra-
tion problem in a functionally graded porous (FGP) truncated 
conical panel with piezoelectric actuators in thermal envi-
ronments resting on the Winkler–Pasternak foundation. Sahu 
et al. [24] reported the reflection and transmission phenom-
ena of plane waves through the interface of two piezoelectric 
semiconductor half-spaces with initial stresses. Pankov [25] 
studied the effective modulus problem of statistical mechan-
ics of a pre-stressed piezo-active composite using the Green 
function method. Othmani and Khelfa [26] investigated the 
guided wave propagation in functionally graded piezoelectric-
piezomagnetic (FGPP) plates with negative magnetic perme-
ability using a Legendre polynomial method.

There is a noteworthy investigation factor in the above-
stated problems, i.e., the initial stress state in materials. 
The initial stress state in a mechanical system increases the 
nonlinearity degree of wave propagations. Many efforts were 
made in the past to overcome this difficulty. In this paper, 
we will utilize the three-dimensional linearized theory of 
elasticity for solids under initial stress (TLTESIS) developed 
by Ukrainian mechanical scientist Guz [27] to eliminate the 
nonlinearity caused by the initial stress state. More detailed 

information about this theory can be obtained from the 
monograph by Akbarov [28]. Within the scope of TLTESIS, 
a great number of papers paid attention to mechanical 
investigations. Ilhan focused on the dynamical behavior of 
a pre-stressed system of an infinite plate-strip and a half-
plane under a moving time-harmonic load [29]. Negin et al. 
[30] analyzed the effect of imperfect contact interaction in 
the tangential direction on the dispersion relation of the 
generalized Rayleigh waves in a pre-stressed system of a 
covering layer and a half-plane. Daşdemir and Eröz [31] 
solved numerically the forced vibration problem in an elastic 
two-layered plate-strip of initial stress with finite length. 
Yesil [32] considered forced and natural vibration problems 
in a rectangular pre-stressed orthotropic composite plate of 
two parallel cylindrical cavities with rounded-off corners. 
Glukhov [33] solved the problem of axisymmetric wave 
propagation in a composite material of two incompressible 
alternating types of layers with initial stresses. Daşdemir 
[34] presented a three-dimensional finite element model for 
studying the dynamic response of pre-stressed bi-layered 
elastic plate resting on a rigid foundation. Akbarov and 
Bagirov [35] investigated propagation of the axisymmetric 
waves in the pre-strained highly elastic plate in contact with 
a compressible inviscid fluid.

As the above brief literature review reveals, modeling 
forced vibrations of a pre-stressed bi-layered piezoelectric 
plate subjected to a time-harmonic force resting on a rigid 
ground has yet to receive attention. Hence, a key attention 
was paid to the dynamic response of the body in the 
present study. According to the fundamental principles of 
TLTESIS, the formulation of the dynamic problem under 
consideration is constructed, and the equations of motion 
and related boundary-contact conditions are derived in the 
plane-strain state. The investigation is carried out under the 
assumptions that there are rigidly clamped cases at interfaces 
between the layers and that each layer is polled in parallel 
to the external force. Next, a solution procedure related to 
governing equations of motion is designated using the finite 
element method (FEM) based on the variational calculus 
and the virtual work principle. In particular, numerical 
results related to the influence of problem parameters on 
the frequency response of the plate are presented.

The rest of the manuscript is organized as follows. 
"Statement of the Problem" section structurally introduces 
the dynamical stress field problem regarding our model 
while "Solution Procedure" section displays the three-
dimensional finite element model. "Numerical Results 
and Discussions" section is divided into two parts. In the 
first part, the accuracy and convergence of the proposed 
solution procedure is proven, and following this, some 
numerical concrete examples are given. In the last section, 
we summarize and discuss some concluding remarks for 
our numerical results.
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Statement of the Problem

Let us consider a bi-layered piezoelectric plate, resting on a 
rigid foundation, occupying the three-dimensional domain 
V  of a right rectangular prism bounded by a surface Γ of six 
planes. A Cartesian coordinate system is applied to the plate 
corner on the top surface. The system under consideration is 
of the size of length 2a1 in the x1-direction, width 2a3 in the 
x3-direction, and total thickness h in the x2-direction whose 
configurations are shown in Fig. 1. In addition, whereas the 
upper layer's thickness is h1 , the lower layer's is h2 . To dis-
tinguish the quantities of the layers, the superscript “ (m) ” 
is used.

The coupled electro-elastic constitutive relations were 
given by Tiersten [36] as

where i, j, k, l = 1, 2, 3 and m = 1, 2 . To be clear, these are 
fourth- and third-rank tensors. For the current analysis, it is 
assumed that each layer of the plate is polled perpendicular 
to the top surface. In this case, by the proper tensor 
transformation, the stress–strain relations can be given 
explicitly as follows [2]:

�
(m)

ij
= c

(m)

ijkl
S
(m)

kl
− e

(m)

ijk
E
(m)

k
, D

(m)

i
= e

(m)

ikl
S
(m)

kl
+ �

(m)

ik
E
(m)

k
,

(1)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

�11
�22
�33
�12
�23
�31

⎫⎪⎪⎪⎬⎪⎪⎪⎭

(m)

=

⎡⎢⎢⎢⎢⎢⎢⎣

c11 c13 c12 0 0 0

c13 c33 c13 0 0 0

c12 c13 c11 0 0 0

0 0 0 c44 0 0

0 0 0 0 c44 0

0 0 0 0 0 c66

⎤⎥⎥⎥⎥⎥⎥⎦

(m)⎧⎪⎪⎪⎨⎪⎪⎪⎩

S11
S22
S33
2S12
2S23
2S31

⎫⎪⎪⎪⎬⎪⎪⎪⎭

(m)

−

⎡⎢⎢⎢⎢⎢⎢⎣

0 e31 0

0 e33 0

0 e31 0

0 0 e15
0 0 0

e15 0 0

⎤⎥⎥⎥⎥⎥⎥⎦

(m)

⎧⎪⎨⎪⎩

E1

E2

E3

⎫⎪⎬⎪⎭

(m)

,

(2)
⎧⎪⎨⎪⎩

D1

D2

D3

⎫⎪⎬⎪⎭

(m)

=

⎡⎢⎢⎣

0 0 0 0 0 e15
e31 e33 e31 0 0 0

0 0 0 e15 0 0

⎤
⎥⎥⎦

(m)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

S11
S22
S33
2S12
2S23
2S31

⎫⎪⎪⎪⎬⎪⎪⎪⎭

(m)

+

⎡⎢⎢⎣

�11 0 0

0 �33 0

0 0 �11

⎤⎥⎥⎦

(m)⎧
⎪⎨⎪⎩

E1

E2

E3

⎫
⎪⎬⎪⎭

(m)

,

where �(m)

ij
 , D(m)

i
 , S(m)

ij
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i
 are the stress, electric dis-

placement, strain, and electric field components, respectively; 
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ij
 are elastic, piezoelectric, and permittivity 

coefficients, respectively. The linear strain–displacement and 
the electric field-potential relations are defined by

where u(m)
i

 and �(m) are the displacement and electrical poten-
tial components.

The production process of the plate is encapsulated 
as follows. First, the lateral surfaces of each layer are 
individually exposed to a static normal (tension or 
compression) force, in both horizontal directions. This also 
yields initial electrical displacements in the layers linearly 
in proportional to mechanical impact. From Eqs. (1) and (2), 
the following relations are directly obtained [37]:
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where the additional subscript “0” denotes the initial state. 
Here, initial quantities that are not entered are zero. Next, the 
layers are perfectly bonded so that there are no jumps between 
the quantities. The resultant plate is deposited on the rigid 
foundation and is applied to the action of normal force at the 
midpoint of the upper surface. Accordingly, in the presence of 
a body force and a charge, the nonlinear governing equations 
of motion are

(4)
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Fig. 1   Geometry of the problem
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where �(m) is the mass density of mth layer, � (m) is internal 
charge density, t  is the time parameter, and the subscript 
after a comma is a space derivative. In the initial state, we 
have

Since a time-harmonic force yields compressive stress in 
the plate, two infinitely close states of equilibrium occur. Let 
ũ
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i
 and 𝜑̃(m),0 be the displacement and electric potential field 

of the initial stress. As a result, we can write 
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state and � is dimensionless infinitely small parameter. In 
addition, based on this idea, stress and electric displacement 
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and

According to the fundamental principles of TLTESIS 
[27], the amplitudes of dynamic perturbation are relatively 
smaller than the initial stress state’s ones and there is a static 
and homogeneous initial stress state. In this case, the deriva-
tives of all the initial fields are zero. Since � is infinitely 
small, the term including �2 is infinitely small of second-
order too. So these terms can be neglected. On the other 
hand, the electric problem can be treated as quasi-static. 
This is because we can assume that the variability of the 
electric field over time is relatively slow, so we can neglect 
the dynamic electrical state. Accordingly, the right-hand side 
of Eq. (7) can be neglected. Further, since dynamic force is 
time-harmonic, all the problem field is too. Further, since 
dynamic force is time-harmonic with frequency � , all the 
problem field is too, and the time parameter can be discre-
tized such as (m) = ̂
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ei�t , where e is exponential constant 

and i is complex unit. After the coordinate simplification rule 
x̂i = xi∕h , the coupled equations of motion are given as
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ũ
(m),0

i,j
+ 𝛼𝜎̃

(m)

kj
ũ
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Here, hats, overbars, and tildes were neglected for 
simplicity, as will be in the future.

The boundary-contact conditions of the problem under 
consideration can be summarized as follows:

where � = 1, 3 , p0 is the intensity of the force, and �∗ is the 
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cal complete clamped conditions, Eq. (12) is electrical com-
plete clamped conditions, Eq. (13) is mechanically and elec-
trically open conditions, and Eq. (14) is mechanically free 
and electrically open conditions. This completes the presen-
tation of the formulation of the problem.

Solution Procedure

This section derives a three-dimensional finite element model 
for the current problem. Here, the first aim is to obtain the 
variational formulation of the problem. In this part of the 
paper, we shall make symbolic computations due to wide 
statements. The coupled equations of motion in Eqs. (8) and 
(9) can be organized, in a vector form, as follows:
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where “ ⊙ ” is the Hadamard product, “ ⊗ ” is the Kronecker 
product, “.” is the dot product, and I =

{
1 1 1

}T  . In 
Eq. (16), other notations are as follows:

According to the general scheme of calculus of variation, 
if the derivative is transferred to the admissible terms by 
considering the boundary-contact conditions, we get
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�2
+
�
u2,1

�2
+
�
u3,1

�2�

+𝜂3

��
u1,3

�2
+
�
u2,3

�2
+
�
u3,3

�2�
− Ω2

��
u1
�2

+
�
u2
�2

+
�
u3
�2�

+2
�
ẽ5
�
u1,2 + u2,1

�
+ 𝜅1u1,1 + 𝜅3u3,1

�
𝜑,1 + 2

�
ẽ1u1,1 + ẽ3u2,2 + ẽ1u3,3 + 𝜅1u1,2 + 𝜅3u3,2

�
𝜑,2

+2
�
ẽ5
�
u2,3 + u3,2

�
+ 𝜅1u1,3 + 𝜅3u3,3

�
𝜑,3 − 𝛾̃1

�
𝜑,1

�2
− 𝛾̃3

�
𝜑,2

�2
− 𝛾̃1

�
𝜑,3

�2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

dV

−∫Γ

po

c44
𝛿∗u2dΓ2 = 0

(19)
c̃1 =

c11

c44
, c̃2 =

c13

c44
, c̃3 =

c33

c44
, c̃4 =

c12

c44
, c̃5 =

c66

c44
, 𝜂1 =

q11

c44
, 𝜂3 =

q33

c44
, Ω = 𝜔h

√
𝜌

c44
,

ẽ1 =
e31

c44
, ẽ3 =

e33

c44
, ẽ5 =

e15

c44
, 𝛾̃1 =

𝛾11
c44

, 𝛾̃3 =
𝛾33
c44

, 𝜅1 =
D0

1

2c44
, and 𝜅3 =

D0

3

2c44
,

where �1 and �3 are initial stress parameters; �1 and �3 are 
electrical initial stress parameters; and Ω is dimensionless 
frequency parameter.

The volume of the piezoelectric plate is discretized using np 

rectangular prisms including M nodes. For the current prob-
lem, there are four degrees of freedom over a typical master 
prism; namely, three displacements and one electric poten-

tial. In this case, the approximated displacement and electrical 
potential vectors at the ith node of the master element are

where the letter "e" represents the related component of the 
master element. So the approximated displacement and elec-
trical potential vectors, which are denoted by u and � , at an 

arbitrary point in the sub-volumes Ve ⊂ V  are stated as

ue =
[
ue
1i
ue
2i
ue
3i

]T
and �

e =
[
�e
i

]
,
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where Ne
uj

 and Ne
�j

 are Lagrange interpolation functions; ue 
and �e are displacement and electrical potential vectors. In 
Eq. (20), the following notations are used:

It should be noted that all the computations over a master 
element depend on many variables. Thus, we can eliminate 
the problem of calculating separately for each element 
by transporting the master finite element to unit volume 
[−1, 1] × [−1, 1] × [−1, 1] . To aim this, the transformation 
rule from the spatial coordinates 

(
x̂1, x̂2, x̂3

)
 to the natural 

coordinates (r, s, t) can be achieved as shown below:

where |J| is the Jacobian factor defined by

Here, we prefer eight-noded isoparametric brick volume 
to use. The interpolation functions used herein can be listed 
as follows Petyt [38]:

with the Jacobian factor |J| = ��� . Here, � , � , and � are the 
lengths of the master finite element.

According to the Gauss-Ostrogradsky theorem, if group-
ing by computing the derivative with respect to the displace-
ments and electric potential coefficients after substituting 
Eq. (20) with the Jacobian transformation (21) into the total 

(20)u
e
=

M∑
j=1

Nuju
e
j
= Nuu

e and �
e
=

M∑
j=1

N�j�
e
j
= N��

e,

ue =
�
ue
u11

… ue
u1M

ue
u21

… ue
u2M

ue
u31

… ue
u3M

�T
, �e =

�
�e
1
�e
2
… �e

M

�T
,

Nu =

⎡
⎢⎢⎣

N1 0 0 N2 0 0 … NM 0 0

0 N1 0 0 N2 0 0 … NM 0

0 0 N1 0 0 N2 0 0 … NM

⎤
⎥⎥⎦
, and N� =

�
N1 N2 … NM

�
.

(21)
{

�

�x1

�

�x2

�

�x3

}T

= |J|−1
{

�

�r

�

�s

�

�t

}T

,

J =

⎡⎢⎢⎢⎣

�x1
�r

�x2
�r

�x3
�r

�x1
�s

�x2
�s

�x3
�s

�x1
�t

�x2
�t

�x3
�t

⎤⎥⎥⎥⎦
.

N1 =
1

8
(1 − r)(1 − s)(1 + t), N2 =

1

8
(1 + r)(1 − s)(1 + t), N3 =

1

8
(1 + r)(1 + s)(1 + t),

N4 =
1

8
(1 − r)(1 + s)(1 + t), N5 =

1

8
(1 − r)(1 − s)(1 − t), N6 =

1

8
(1 + r)(1 − s)(1 − t),

N7 =
1

8
(1 + r)(1 + s)(1 − t), and N8 =

1

8
(1 − r)(1 + s)(1 − t),

energy functional in Eq. (18), we obtain the following set 
of local equations:

(22)
(
Ke

uu
− Ω2Me

uu

)
ue + Ke

u�
�
e = f e

u

(23)Ke
�u
ue + Ke

��
�
e = 0

Ke
uu

=

⎡
⎢⎢⎣

Kuu
11

Kuu
12

Kuu
13

Kuu
22

Kuu
23

sym. Kuu
33

⎤
⎥⎥⎦
,

Me
uu

=

⎡⎢⎢⎣

Muu
11

Muu
12

Muu
13

Muu
22

Muu
23

sym. Muu
33

⎤⎥⎥⎦
,

Ke
u�

=

⎧
⎪⎨⎪⎩

K
u�

1

K
u�

2

K
u�

3

⎫
⎪⎬⎪⎭
, f e

u
=

⎧
⎪⎨⎪⎩

f u
1

f u
2

f u
3

⎫
⎪⎬⎪⎭
,

where Ke
uu

 is the local stiffness matrix, Me
uu

 is the local mass 
matrix, Ke

u�
 is the local coupled electro-elastic matrix, Ke

��
 

is the local electric matrix, and f e
u
 is the local force vector. 

According to the general scheme of our method, the explicit 
forms of the matrices and vectors are given as follows:

�
e =

[
�
e
]
, Ke

�u
=
[
Ke

u�

]T
, and Ke

��
=
[
K��

]
,

Kuu
11

= ∫
1

−1 ∫
1

−1 ∫
1

−1

[(
c̃1 + 𝜂1

)𝛽𝛾
𝛼

𝜕Ni

𝜕r

𝜕Nj

𝜕r
+

𝛼𝛾

𝛽

𝜕Ni

𝜕s

𝜕Nj

𝜕s
+
(
c̃5 + 𝜂3

)𝛽𝛼
𝛾

𝜕Ni

𝜕t

𝜕Nj

𝜕t

]
drdsdt
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Here, the matrices and vectors that is not entered 
are zero. It is seen that there is only non-zero one entry 
of the vector f e

u
 . By assembling the set of the local 

Kuu
12

= ∫
1

−1 ∫
1

−1 ∫
1

−1

[
𝜕Ni

𝜕r

𝜕Nj

𝜕s
+ c̃2

𝜕Ni

𝜕s

𝜕Nj

𝜕r

]
𝛾drdsdt

Kuu
13

= ∫
1

−1 ∫
1

−1 ∫
1

−1

[
c̃5
𝜕Ni

𝜕r

𝜕Nj

𝜕t
+ c̃4

𝜕Ni

𝜕t

𝜕Nj

𝜕r

]
𝛽drdsdt

Kuu
22

= ∫
1

−1 ∫
1

−1 ∫
1

−1

[(
𝜂1 + 1

)𝛽𝛾
𝛼

𝜕Ni

𝜕r

𝜕Nj

𝜕r
+ c̃3

𝛼𝛾

𝛽

𝜕Ni

𝜕s

𝜕Nj

𝜕s
+
(
𝜂3 + 1

)𝛽𝛼
𝛾

𝜕Ni

𝜕t

𝜕Nj

𝜕t

]
drdsdt

Kuu
23

= ∫
1

−1 ∫
1

−1 ∫
1

−1

[
𝜕Ni

𝜕s

𝜕Nj

𝜕t
+ c̃2

𝜕Ni

𝜕t

𝜕Nj

𝜕s

]
𝛼drdsdt

Kuu
33

= ∫
1

−1 ∫
1

−1 ∫
1

−1

[(
c̃5 + 𝜂1

)𝛽𝛾
𝛼

𝜕Ni

𝜕r

𝜕Nj

𝜕r
+

𝛼𝛾

𝛽

𝜕Ni

𝜕s

𝜕Nj

𝜕s
+
(
c̃1 + 𝜂3

)𝛼𝛽
𝛾

𝜕Ni

𝜕t

𝜕Nj

𝜕t

]
drdsdt

Muu
11

= ∫
1

−1 ∫
1

−1 ∫
1

−1

���NiNjdrdsdt

Muu
22

= ∫
1

−1 ∫
1

−1 ∫
1

−1

���NiNjdrdsdt

Muu
33

= ∫
1

−1 ∫
1

−1 ∫
1

−1

���NiNjdrdsdt

Kue
1
= ∫

1

−1 ∫
1

−1 ∫
1

−1

[
𝜅1

(
𝛽𝛾

𝛼

𝜕Ni

𝜕r

𝜕Nj

𝜕r
+

𝛼𝛾

𝛽

𝜕Ni

𝜕s

𝜕Nj

𝜕s
+

𝛽𝛼

𝛾

𝜕Ni

𝜕t

𝜕Nj

𝜕t

)
+ ẽ5𝛾

𝜕Ni

𝜕r

𝜕Nj

𝜕s
+ ẽ1𝛾

𝜕Ni

𝜕s

𝜕Nj

𝜕r

]
drdsdt

Kue
2
= ∫

1

−1 ∫
1

−1 ∫
1

−1

[
ẽ5
𝛽𝛾

𝛼

𝜕Ni

𝜕r

𝜕Nj

𝜕r
+ ẽ3

𝛼𝛾

𝛽

𝜕Ni

𝜕s

𝜕Nj

𝜕s
+ ẽ5

𝛽𝛼

𝛾

𝜕Ni

𝜕t

𝜕Nj

𝜕t

]
drdsdt

Kue
3
= ∫

1

−1 ∫
1

−1 ∫
1

−1

[
𝜅3

(
𝛽𝛾

𝛼

𝜕Ni

𝜕r

𝜕Nj

𝜕r
+

𝛼𝛾

𝛽

𝜕Ni

𝜕s

𝜕Nj

𝜕s
+

𝛼𝛽

𝛾

𝜕Ni

𝜕t

𝜕Nj

𝜕t

)
+ ẽ1𝛼

𝜕Ni

𝜕s

𝜕Nj

𝜕t
+ ẽ5𝛼

𝜕Ni

𝜕t

𝜕Nj

𝜕s

]
drdsdt

K𝜑𝜑 = ∫
1

−1 ∫
1

−1 ∫
1

−1

[
−𝛾̃1

𝛽𝛾

𝛼

𝜕Ni

𝜕r

𝜕Nj

𝜕r
− 𝛾̃3

𝛼𝛾

𝛽

𝜕Ni

𝜕s

𝜕Nj

𝜕s
− 𝛾̃1

𝛼𝛽

𝛾

𝜕Ni

𝜕t

𝜕Nj

𝜕t

]
drdsdt

f u
2
= −

po

c44
Nhq

||||x1=a1∕h,x2=0,x3=a3∕h

element-vector equations, the global dynamic equilibrium 
equations can be obtained as follows:

where Kuu is the global stiffness matrix, Muu is the global 
mass matrix, Ku� is the global coupled electro-elastic matrix, 
K�� is the global electric matrix, and f u is the global force 

vector.
To obtain the solution to the problem, we, first, trash 

the corresponding rows/columns of the last globalized 
equations of motion by imposing the boundary-contact 
conditions. So, we eliminate the singularity of the 
globalized system. As a result, we obtain the values of 
the displacement and electric potential at the nodes, so 
that these values can be transformed to stress values using 
Hooke’s law.

Numerical Results and Discussions

In this section, numerical results on forced vibration of the 
bi-layered piezoelectric plates with initial stress are given 
and discussed. Let us define the geometrical factors

(24)
(
Kuu − Ω2Muu

)
u + Ku�� = f u

(25)K�uu + K��� = 0,
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where a is the aspect ratio, hP is the plate’s thickness ratio, 
and hL is the layer’s thickness ratio.

For the current investigation, while Lead Zirconium 
Titanate ( PZT - 4 ) with c44 = 25.6 GPa , e15 = 12.7 C∕m2 , 
and �11 = 7.625 nF∕m , is chosen for the upper layer, Barium 
Titanate ( BaTiO3 ) with c44 = 44 GPa , e15 = 11.4 C∕m2 , and 
�11 = 1.115 nF∕m is used for the bottom layer [39]. In par-
ticular, we consider the case where a = 1 , hP = 0.2 , hL = 1 , 
Ω = Ω(1) = Ω(2) , � = �

(m)

1
= �

(m)

3
 , Ω = 0 , and � = 0 unless 

otherwise specified.

(26)a =
a1

a3
, hP =

h

2a1
, and hL =

h1

h2
,

Numerical Model Validation

Herein, the numerical model is validated by doing relative 
error analysis and comparing our results with available 
literature.

According to the general principles of the finite element 
method, when the mesh number increases, the numerical 
results must become better. Because improving the number 
yields a smaller mesh size and the data is better interpolated 
across the physical domains. This motivates us to present an 
error analysis for our algorithm. In this scope, let us consider 
the following norm functions:

Fig. 2   Convergence rates in error norms for the number of meshes in the directions of horizontal and vertical axes at interface (a, b) and on bot-
tom surface (c, d.)
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which are the maximum norm, L1-norm, and the Euclidean 
norm, respectively. Figure 2 sheds light on how the relative 
error functions behave for increasing mesh numbers both 
in perpendicular and horizontal directions at the interface 
(Fig. 2a, b) and on the bottom surface (Fig. 2c, d). The dis-
tributions of the graphs prove that the values of the relative 
error converge to zero as the mesh number increases. This 
means that the calculations for a reasonable number of finite 
elements have high accuracy. By the way, the converge has a 
quadratic character. It should be noted that these graphs were 
plotted by varying the mesh number in one direction while 
the one in the other direction was kept fixed.

‖x‖∞ = max
i

��xi��∞, ‖x‖1 =
�
i

��xi��1, and ‖x‖0 =
��

i

��xi��20, Above, a convergence analysis was submitted via certain 
error norms. But, the results from our algorithm must be 
supported well with ones in the available literature. First, 
our problem turns into an elastic medium one for the fol-
lowing case:

But, while doing this reduction, we must trash rows and 
columns of the system related to electrical parts in Eqs. (24) 
and (25). Otherwise, the PC algorithm does not run due to 
singularity. Further, some geometrical configurations can 
also be obtained by changing certain parameters. Based 
on these ideas, we can check the validity of the numerical 
results.

c
(m)

11
= c

(m)

33
= �(m) + 2�(m), c

(m)

12
= c

(m)

13
= �(m),

c
(m)

44
= c

(m)

66
= �(m), e

(m)

ij
= �

(m)

ij
= 0.

Fig. 3   Comparison of our results with the ones of a Uflyand [40], b Akbarov and Ilhan [41], c Daşdemir and Eröz [42], and d Daşdemir [43]
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Let us consider four different cases for comparison 
analysis now. For the case where a → ∞ , i.e. a1 → ∞ and 
a3 → 0 in an elastic medium, the skeleton of the bi-layered 
plate takes shape the one considered by Uflyand [40] for 
� = 0.33 (Case I), where � is Poisson ratio. Clearly, while 
one length of the plate grows up, the other is selected as 
small as possible. As hL → ∞ , i.e., hP → 0 , for a fixed 
height of the upper layer, the geometry of our piezoelectric 
problem becomes similar to Lamb’s problem in the paper 
of Akbarov and Ilhan [41] (Case II). For both cases, our 
numerical results must approach the ones in the mentioned 
studies.

Selecting the same material in each layer for an elastic 
(non-electrical) medium, our problem turns exactly into 
the one that was considered by Daşdemir and Eröz [42] 
(Case III). Further, selecting the same piezoelectric 
material for each layer leads to obtaining a particular case 
that was considered by Daşdemir [39] (Case IV). For the 
last two cases, our graphs must coincide perfectly with the 
related ones under the same assumptions.

Figure 3a, b show that the numerical results (starred and 
double-starred graphs) under Case I and Case II converge to 
the one of Uflyand [40] and Akabrov and Ilhan [41, Fig. 3a, 
P-P, Ω = 1 ]. Besides, Fig. 3c, d also prove that our graphs 
are exactly the same with the ones of Daşdemir and Eröz 
[42, pp. 336, Fig. 3a] and Daşdemir [43, pp. 76, Fig. 2a]. 
Note that �∗

22
h∕p0 = −�22h∕p0 and the graphs in Fig. 3c, d 

were plotted by using our PC algorithm. These inferences 
validate the above prediction, confirming the validity of our 
results.

In addition to the above, it is clear that as hP → 0 and 
Ω → 0 , the problem under consideration is the well-known 
Boussinesq problem, which was considered by Timoshenko 
and Godier [44, p. 85], and thereby, the numerical results 
must imply the analytical solution of the mentioned author. 
Besides, according to Robin type boundary condition 
in Eq.  (13) must converge to zero as � → 0 . These are 
indeed the cases in Fig. 3. Consequently, the validity and 
reliability of the PC algorithm are proven by the agreement 
of the numerical results well with the foregoing mechanical 
considerations.

Evaluation of Results

Herein, to get more insight into various aspects of the 
problem and to highlight the influence of certain system 
parameters on the dynamic behavior of the bi-layered 
piezoelectric plates, a numerical evaluation of the solution 
is conducted for a wide variety of cases.

First, let us investigate three-dimensional graphs of the 
normal stress �22h∕p0 on the plane x2∕h = −1 for various 
values of geometric and problem parameters. This allows 
us to understand the dynamic behavior of the plate. Figure 4 

provides three-dimensional distributions of �22h∕p0 for 
the case where hL = 4 (Fig. 4a), hL = 2 (Fig. 4b), hL = 1 
(Fig.  4c), hL = 0.5 (Fig.  4d), hL = 0.25 (Fig.  4e), and 
hL = 0.2 (Fig. 4f). While Fig. 5 shows the variations of 
�22h∕p0 for hP = 0.05 (Fig. 5a), hP = 0.1 (Fig. 5b), hP = 0.2 
(Fig. 5c), hP = 0.3 (Fig. 5d), hP = 0.4 (Fig. 5e), and hP = 0.5 
(Fig. 5f), Fig. 6 indicates how to effect the mentioned behav-
ior for a = 10 (Fig. 6a), a = 5 (Fig. 6b), a = 2 (Fig. 6c), 
a = 0.5 (Fig. 6d), a = 0.2 (Fig. 6e), and a = 0.1 (Fig. 6f). 
Further, Fig. 7 displays the three-dimensional oscillations 
of �22h∕p0 for � = −0.06 (Fig. 6a), � = −0.04 (Fig. 6b), 
� = −0.02 (Fig. 6c), � = 0.02 (Fig. 6d), � = 0.04 (Fig. 6e), 
and � = 0.06 (Fig. 6f).

The graphs indicate that the stress distributions occur in 
five main circular regions, i.e., central (brown colored), mod-
erate (red colored), minor (yellow colored), transition (blue 
colored), and free (purple colored) regions. The first three of 
these are very important. The greatest effect of the dynamic 
force on the piezoelectric plate intensifies over the central 
(brown-colored) region near the point P = (2.5, 2.5) . To be 
clear, the central, moderate, and minor regions can be repre-
sented geometrically as 

(
x1∕h − 2.5

)2
+
(
x2∕h − 2.5

)2
< r2

1
 , 

r2
1
<
(
x1∕h − 2.5

)2
+
(
x2∕h − 2.5

)2
< r2

2
  ,  a n d 

r2
2
<
(
x1∕h − 2.5

)2
+
(
x2∕h − 2.5

)2
< r2

3
 , respectively. The 

values of r1 , r2 , and r3 can be detected from the graphs and 
are almost constant (despite quite small changes). In other 
regions, the stress �22h∕p0 damps almost. According to the 
graphs of Figs. 4, 5, 6 and 7, while the ratio hL and the 
parameter � have an indirect relation on the distributions of 
the stress �22h∕p0 , the ratios a and hP have a direct link on 
the behavior of the plate.

It is concluded from Fig. 4 that, as hL decreases, the 
stress �22h∕p0 increases and the central region grows up 
despite its limited effect. This means that PZT - 4 has a 
greater capability of stress isolation than BaTiO3 . From 
this, we can say that the constituent particles of BaTiO3 
are closer to each other than PZT - 4 and thus its medium 
allows strain energy transfer easier from one particle 
to another, increasing total stress in medium. Further, 
since each layer is poled in the direction of the axis Ox2 , 
PZT - 4 shows a bigger reaction in response to the dynamic 
response of the plate than BaTiO3.

According to the graphs in Fig. 5, an increase in the 
value of the ratio hP leads to a decrease in the stress �22h∕p0 
and damps the stress. It is clearly seen that as hP increases, 
central and moderate regions vanish. This causes more stress 
transfer between the particles of the plate, giving rise to 
a decrease in the stress on the bottom surface. However, 
it should be reasonable since this increase will cause an 
increase in the material cost. The ratio hP is a great actor in 
the dynamic behavior of the piezoelectric plate.
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Fig. 4   Distributions of �
22
h∕p

0
 on the plane x

2
∕h = −1 under a hL = 4 , b hL = 2 , c hL = 1 , d hL = 0.5 , e hL = 0.25 , f hL = 0.2 , and g color scale
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Fig. 5   Distributions of �
22
h∕p

0
 on the plane x

2
∕h = −1 under a hP = 0.05 , b hP = 0.1 , c hP = 0.2 , d hP = 0.3 , e hP = 0.4 , f hP = 0.5 , and g color 

scale
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Fig. 6   Distributions of �
22
h∕p

0
 on the plane x

2
∕h = −1 under a a = 10 , b a = 5 , c a = 2 , d a = 0.5 , e a = 0.2 , f a = 0.1 , and g color scale
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Fig. 7   Distributions of �
22
h∕p

0
 on the plane x

2
∕h = −1 under a � = −0.06 , b � = −0.04 , c � = −0.02 , d � = 0.02 , e � = 0.04 , f � = 0.06 , and g 

color scale
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It can be observed from Fig. 6 with Fig. 4c ( hL = 1 , 
a = 1 ) that the aspect ratio a has a considerable effect on the 
dynamic behavior of the plate, in both a quantitative sense 
and a qualitative sense. When the horizontal lengths of the 
plate are equal, the stress distributions take a circular shape 
but otherwise, they are not. To be clear, for a ≠ 1 , the stress 
regions run along the short side. Even, from Fig. 6a, the 
central region occurs on both long sides. The normal stress 
�22h∕p0 decreases with the ratio a . For the body with greater 
lengths, the stress �22h∕p0 tends to spread more homogene-
ously. This shows that the central and moderate regions are 
combined by reducing them to the minor region. The graphs 
indicate that if ratio a is chosen less than the value of r1 , r2 , 
and r3 , respectively, the stress waves hit the related lateral 
surface of the plate and scatter along this surface. In par-
ticular, Fig. 6a shows that there exist two central regions at 
two lateral sides of the plate. Similarly, in Fig. 6b, two minor 
regions occur also. Accordingly, for the body of quite small 
dimensions, our investigation must be done carefully since 
the system can crash.

Figure 7 together with Fig. 4c ( hL = 1 , � = 0 ) helps us 
for detecting the effect of the initial stress (compression 
and tensile) parameter � on the dynamic response of the 
piezoelectric plate. The graphs were plotted for both initial 
compression �− (negative signed values) and initial tensile 
�+ (positive signed values). The absolute values of the 
stress �22h∕p0 increase as � decreases. Accordingly, when 
the initial compression �− is applied to each layer, the 
constituent particles of the plate become closer together, 
increasing the density of the medium. As a result, this 
facilitates the stress transfer along the particles of the plate, 
giving rise to increasing the total stress. Unlike this, the 
initial tensile �+ further removes the particles of the plate, 

preventing the stress transfer as much as possible. All the 
graphs show that increasing initial static force diminishes 
the sizes of the central and moderate regions. The It is shown 
that the initial stress state changes dynamic behavior of the 
system related to resist of stress waves.

Up to now, we have investigated three-dimensional 
stress distributions in the bi-layered piezoelectric plate on 
the bottom surface for certain problem parameters. But, our 
main purpose is to investigate the frequency response of the 
plate in response to the external dynamic force at the point 
(2.5,−1, 2.5) . The next ones do this.

Figure 8 provides certain results to explain the relation-
ships between �22h∕p0 and Ω for various values of the ratio 
hL . The numerical results coincide with the ones in Fig. 4. 
It can be seen that the graphs have peak points for certain 
values of Ω . These are called resonance values and repre-
sented by Ω ∗ . For example, Ω ∗≈ 1.0 for hL = 0.5 . The 
absolute values of the stress �22h∕p0 increase routinely with 
Ω before Ω ∗ , but the oscillation number of the stress waves 
increases after the resonance value. This means that the 
system is stable before this value but after it, the influence 
of the responsible parameter can crash the system, making 
unstable case up. As the ratio hL decreases, the resonance 
values of the plate decrease also. One can say that increas-
ing the layer’s thickness ratio contributes significantly to 
the stability of the system. Further, it is concluded that the 
number of maximal values of the stress �22h∕p0 increases as 
the ratio hL decreases. In addition to the differences in the 
characteristics of the resonance values, it is observed that 
there is a qualitative effect of their spectrum caused by the 
applied force. Thus, it turns out that the smaller the ratio hL , 
that is, the closer the interface to the upper surface, the more 
irregular transition of stress waves between the particles of 

Fig. 8   Effect of the ratio hL on the dependency between �
22
h∕p

0
 and 

Ω

Fig. 9   Effect of the ratio hP on the dependency between �
22
h∕p

0
 and 

Ω
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the upper layer and the lower layer. In particular, PZT - 4 
has more capability of stress isolation than BaTiO3 and in 
this context, PZT - 4 might be a better choice for a material 
designation.

Figure 9 shows the interaction between �22h∕p0 and Ω for 
various values of the ratio hP . Here, the changing parameter 
is the height of the plate for fixed values of other dimen-
sions. It is seen that increasing the plate’s thickness causes 
a decrease in the absolute values of the stress �22h∕p0 . 
Besides, the ratio hP shifts the resonance value Ω ∗ to the 
right-hand side. This means that the ratio hP exceeds the 
resonance mode of �22h∕p0 . This is explained by the fact 
that when the ratio hP increases, the stresses in the medium 
come into contact with more material particles, raising 
vibrations in the medium. As Ω → Ω ∗ , the oscillations of 
the graphs become more frequent. It is concluded from the 
graphs that the number of local peak points of the stress 
�22h∕p0 decreases cordially with hP . It is evaluated from 
both Figs. 8 and 9 that the relationship between �22h∕p0 
and Ω is non-monotonous. Considering both the consecu-
tive stress values and all the given results here, it can be 
said that there is a direct link between �22h∕p0 and hP has 
a direct link for Ω < Ω ∗ . This is in good agreement with 
the one in Fig. 5. But, after Ω > Ω ∗ , the mentioned link 
becomes unstable. So the ratio hP has a great effect on the 
frequency response of the plate, in both qualitative and quan-
titative senses. Although the system has become more stable 
as hP decreases, the total intrinsic stress in the system also 
increases. It is therefore useful to set a reasonable ratio hP 
when designing the system under consideration.

Figure 10 illustrates the influence of the aspect ratio a on 
the dependency between �22h∕p0 and Ω . Herein, while a1 is 
kept fixed, a3 is changed. The values of Ω ∗ decrease as the 

ratio a increases. This means that there is a destabilizing 
effect of increasing the ratio a . The influence of the external 
dynamic force on the frequency response of the piezoelec-
tric plate increases in coordination with the ratio a . Further, 
the amplitudes of the resonance Ω ∗ decrease considerably 
with the ratio a . In a nutshell, all the results prove that the 
resonance mode of the plate in response to the dynamic force 
depends quantitatively and qualitatively on the influence of 
the ratio a . It is a common result from Figs. 9 and 10 that 
increasing the dimensions of the piezoelectric plate prevents 
the resonance mode of the system, but the absolute values 
of the stress �22h∕p0 decrease. Compared to Figs. 9 and 10, 
it is seen that the effect of hP on the resonance value Ω ∗ 
is greater than that of a . When the vertical dimension of 
the plate increases (remember that the plate is polarized in 
the vertical direction), the electrical response of the plate in 
response to the dynamic force increases. This yields more 
vibrations in the medium. For more favorable values of these 
parameters, the piezoelectric plate can develop a more stable 
resonance case in any of the lower spatial vibrational modes.

The frequency response of the piezoelectric system sub-
jected to the time-harmonic force is investigated in Fig. 11 
by giving attention to the effect of the initial stress parameter 
� . Similar to Fig. 7, increasing the initial tension �+ causes 
a decrease in the value of the stress �22h∕p0 but increasing 
initial compression �− conversely increases the values of 
�22h∕p0 . According to the oscillations of the graphs, static 
initial tension shifts the resonance domain forward while 
static initial compression encourages this domain. This 
means that the initial stress prevents the resonance values 
of the stress �22h∕p0 . From this, it can be said that higher 
initial compression �− could crash the system but higher 
initial tension �+ becomes a more stable system. This is 

Fig. 10   Effect of the ratio a on the dependency between �
22
h∕p

0
 and 

Ω
Fig. 11   Effect of the parameter � on the dependency between �

22
h∕p

0
 

and Ω
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explained in such that initial tension �+ moves the particles 
of the object away from each other, absorbing the stress flow 
between them as much as possible while initial compression 
�− brings the particles closer to each other, contributing to 
the stress flow between them. Frankly, the initial tension �+ 
and initial compression �− have opposite effects regarding 
the frequency response of the plate. All the results show that 
an initial stress case is a powerful tool for designing the bi-
layered plate. In addition, it is noteworthy that there are local 
parametric resonance domains produced by the parameter � . 

This is marked as a blue-dashed ellipse. It is evaluated that 
there is an indirect link between the initial stress state and 
the resonance mode of the plate. As a result, the initial stress 
parameter � is of significant influence, in both the quantita-
tive sense and the qualitative sense.

Now, let us focus on the dependency between �22h∕p0 
and � for certain values of various geometrical factors. In 
Fig. 12, the relationships between �22h∕p0 and � for certain 
values of the ratio hL . Further, Fig. 13 displays the influence 
of the ratio hP on the dependency between �22h∕p0 and � 
while Fig. 14 provides the influence of the ratio a on the 
mentioned dependency.

It is a common result from Figs. 12, 13 and 14 that the 
stress �22h∕p0 changes linearly versus the parameter � . The 
slope of each graph increases cordially with the ratio hL . This 
means that the influence of the static initial stress state on the 
dynamic response of the plate increases with hL . The result is 
explained by the fact that the particles of BaTiO3 have more 
talent mirroring the mentioned effect on the dynamic response 
by the external force of the plate than the ones of PZT - 4 . 
Unlike other geometrical parameters, the ratio hP has a lower 
influence on the dependency between �22h∕p0 and � . As hP 
increases, the influence of the initial stress parameter � on the 
stress �22h∕p0 decreases. Accordingly, as the height of the 
plate increases, although the surface where is applied to initial 
stress grows up, the stress �22h∕p0 converges asymptotically 
to a particular value, the influence of the parameter � on 
the dynamic response of the plate decreases. In addition, 
the influence of the parameter � on the mentioned dynamic 
response increases with the ratio a . Increasing the plate sizes in 
the directions in which the normal initial stress force is applied 
leads more particles to resist the stress wave caused by the 
dynamic force.

Fig. 12   Effect of the ratio hP on the dependency between �
22
h∕p

0
 and 

�

Fig. 13   Effect of the ratio hP on the dependency between �
22
h∕p

0
 and 

�

Fig. 14   Effect of the ratio a on the dependency between �
22
h∕p

0
 and �
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Conclusions

In this work, the dynamic response of the bi-layered 
piezoelectric plate with initial stresses subjected to a 
time-harmonic force, standing on a rigid foundation was 
investigated using the finite element method (FEM). 
According to the three-dimensional linearized theory of 
elasticity for solids under initial stress (TLTESIS), the 
equations of motion and the related boundary-contact 
conditions were derived within the scope of the piecewise 
homogeneous body model. The FEM formulation was 
derived using the fundamental principle of total potential 
energy in view of the variational calculus and the linear 
coupled constitutive equations of the piezoelectric 
medium. Next, a PC algorithm was created to observe 
the plate's dynamic behavior. Next, the validity and 
trustiness of the numerical results were proven beyond any 
doubt and some numerical discussion and findings were 
presented. The following are some of the main numerical 
observations:

•	 While the ratio hL and the parameter � have a limited 
effect on the dynamic response of the system, the ratios 
a and hP have a direct effect;

•	 while the initial compression state encourages the 
resonance mode of the system, the initial tensile 
prevents that mode;

•	 when the system is designed, the selection of materials 
is an important issue since the stress transition across 
the interface is quite sensitive with the reason for the 
electrical response in addition to the mechanical one;

•	 and an increase in the values of the geometrical 
parameters of the problem prevents the effect of the 
initial stress state on the dynamic response of the plate.
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