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A B S T R A C T

In this paper, we give new criteria on the oscillation of the fourth-order Emden–Fowler type
delay difference equation with oscillating coefficients of the form

𝛥𝑊𝑛 + 𝑟𝑛𝑦
𝛽
𝑛−𝜏 = 0,𝑛 ≥ 𝑛0,

where 𝑊𝑛 = 𝑝𝑛
(

𝛥3𝑣𝑛
)𝛼 and 𝑣𝑛 = 𝑦𝑛 + 𝑞𝑛𝑦𝑛−𝜎 . For this we use the Riccati transformation method

and the comparison method. Also we give some examples to illustrate our results.

. Introduction

It is known that neutral differential equations with delay and neutral difference equations with delay have wide applications.
mden–Fowler equations have a special place; see, e.g., the papers [1–3] for more details. In dynamical models, delay and oscillation
ffects are often formulated by means of external sources and/or nonlinear diffusion, perturbing the natural evolution of related
ystems; see, e.g., [4]. Therefore, we were interested in examining such an equation. We could not find difference equations regarding
he oscillatory solutions of the fourth-order Emden–Fowler equation in the literature, but there are a scarce of studies on the fourth
rder Emden–Fowler differential equation; see, e.g., the papers [5,6].

There are very few studies in the literature on the oscillation of fourth-order difference equations. Researchers can see these
n references [6–9]. In this work, we investigate the oscillatory behavior of solutions of Emden–Fowler type fourth-order neutral
ifference equation with oscillating coefficients of the form

𝛥𝑊𝑛 + 𝑟𝑛𝑦
𝛽
𝑛−𝜏 = 0, 𝑛 ∈ N, (1.1)

here 𝑊𝑛 = 𝑝𝑛
(

𝛥3𝑣𝑛
)𝛼 and 𝑣𝑛 = 𝑦𝑛 + 𝑞𝑛𝑦𝑛−𝜎 .

We will assume that the following assumptions hold throughout the study:
𝐻1 ∶ 𝑞𝑛 ∶ N → R and it is an oscillating function with lim𝑛→∞ 𝑞𝑛 = 0, and there exists 𝑞0 > 0 such that 𝑞𝑛 ≤ 𝑞0,
𝐻2 ∶ 𝜏 and 𝜎 are positive integers such that 𝜏 < 𝜎, and 𝜎 ≤ 𝑛, 𝜏 ≤ 𝑛,
𝐻3 ∶ 𝑟𝑛 > 0 and 0 < 𝑝𝑛 ≤ 𝑝0, 𝛥𝑝𝑛 ≥ 0,
𝐻4 ∶ 𝛼, 𝛽 are ratios of odd positive integers.
By a solution of Eq. (1.1), we mean any function 𝑦𝑛 ∶ Z → R, which is defined for all 𝑛 ≥ min𝑖≥0 {𝑖−𝜎, 𝑖−𝜏}, and satisfies Eq. (1.1)

or sufficiently large 𝑛. We consider only such solutions which are nontrivial, for all large 𝑛. As it is customary, a solution {𝑦𝑛} is
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said to be oscillatory if the terms 𝑦𝑛 of the sequence are not eventually positive or not eventually negative. Otherwise, the solution
is called nonoscillatory. A difference equation is called oscillatory if all of its solutions oscillate. Otherwise, it is nonoscillatory. In
this paper, we restrict our attention to real-valued solutions 𝑦𝑛.

2. Auxiliary lemmas

To obtain our main results, we need the following lemmas. The first of these is the discrete analog of the well-known Kiguradze’s
lemma.

Lemma 1 ([10]). Let 𝑥𝑛 be defined for 𝑛 ≥ 𝑛0 ∈ N, and 𝑥𝑛 > 0 with 𝛥𝑚𝑥𝑛 of constant sign for 𝑛 ≥ 𝑛0 and not identically zero. Then, there
exists an integer 𝑘, 0 ≤ 𝑘 ≤ 𝑚 with (𝑚 + 𝑘) odd for 𝛥𝑚𝑥𝑛 ≤ 0 and (𝑚 + 𝑘) even for 𝛥𝑚𝑥𝑛 ≥ 0 such that

(i) 𝑘 ≤ 𝑚 − 1 implies (−1)𝑚+𝑖𝛥𝑖𝑥𝑛 > 0 for all 𝑛 ≥ 𝑛0, 𝑘 ≤ 𝑖 ≤ 𝑚 − 1,
(ii) 𝑘 ≥ 1 implies 𝛥𝑖𝑥𝑛 > 0 for all large 𝑛 ≥ 𝑛0, 1 ≤ 𝑖 ≤ 𝑘 − 1.

Lemma 2 ([10]). Let 𝑥𝑛 be defined for 𝑛 ≥ 𝑛0, and 𝑥𝑛 > 0 with 𝛥𝑚𝑥𝑛 ≤ 0 for 𝑛 ≥ 𝑛0 and not identically zero. Then, there exists a large
integer 𝑛1 ≥ 𝑛0 such that

𝑥𝑛 ≥
1

(𝑚 − 1)!
(𝑛 − 𝑛1)𝑚−1𝛥𝑚−1𝑥2𝑚−𝑘−1𝑛, 𝑛 ≥ 𝑛1

where 𝑘 is defined as in Lemma 1. Further, if 𝑥𝑛 is increasing, then

𝑥𝑛 ≥
1

(𝑚 − 1)!

( 𝑛
2𝑚−1

)𝑚−1
𝛥𝑚−1𝑥𝑛, 𝑛 ≥ 2𝑚−1𝑛1.

Lemma 3 ([11, Lemmas 1 and 2]). Let 𝐴, 𝐵 ≥ 0. Then (𝐴 + 𝐵)𝜂 ≤
{

2𝜂−1(𝐴𝜂 + 𝐵𝜂) for 𝜂 ≥ 1
𝐴𝜂 + 𝐵𝜂 for 0 ≤ 𝜂 ≤ 1.

3. Main results

Theorem 1. Assume that 𝛼 is the ratio of odd integers. If the following inequalities (𝑐1) 𝛽 ≤ 1 is the ratio of odd integers and

𝛥𝜔𝑛 +

(

𝜇
6 𝑛

3
)𝛽

𝜌𝑛
(

𝑝0 + 𝑞𝛽0𝑝0
)

𝛽
𝛼

𝜔
𝛽
𝛼
𝑛−𝑘 ≤ 0,

r (𝑐2) 𝛽 > 1 is the ratio of odd integers and

𝛥𝜔𝑛 +

(

𝜇
12 𝑛

3
)𝛽

𝜌𝑛

2
(

𝑝0 + 𝑞𝛽0𝑝0
)

𝛽
𝛼

𝜔
𝛽
𝛼
𝑛−𝑘 ≤ 0

here 𝜌𝑛 = min {𝑟𝑛−𝜎+𝜏 , 𝑟𝑛+𝜏} and 𝑘 = 𝜏 − 𝜎 ≤ 𝑛 (𝑘 ∈ N), are oscillatory, then every bounded solution of Eq. (1.1) is oscillatory.

Proof. Let 𝑦𝑛 be a nonoscillatory solution of (1.1) on N. Without loss of generality, assume that 𝑦𝑛 is eventually positive (the proof
is similar when 𝑦𝑛 is eventually negative). Then there exists an 𝑛1 ≥ 𝑛0 such that 𝑦𝑛 > 0, 𝑦𝑛−𝜎 > 0, and 𝑦𝑛−𝜏 > 0 for 𝑛 ≥ 𝑛1. Further,
we assume that 𝑦𝑛 does not tend to zero as 𝑛 → ∞. From (1.1) we have

𝛥𝑊𝑛 = −𝑟𝑛𝑦𝛽𝑛−𝜏 ≤ 0. (3.1)

That is, 𝛥𝑊𝑛 ≤ 0. It follows that 𝑊𝑛 is strictly monotone and eventually of constant sign. Since 𝑞𝑛 is an oscillating sequence and
lim𝑛→∞ 𝑞𝑛 = 0, there exists an 𝑛2 ≥ 𝑛1 such that we have 𝑣𝑛 > 0 for 𝑛 ≥ 𝑛2. From (3.1) we have 𝛥(𝑝𝑛

(

𝛥3𝑣𝑛
)𝛼) ≤ 0. Hence since

𝛥𝑝𝑛 > 0, we have

𝛥𝑣𝑛 > 0, 𝛥2𝑣𝑛 > 0, 𝛥3𝑣𝑛 > 0, 𝛥4𝑣𝑛 < 0 and 𝛥
(

𝑝𝑛
(

𝛥3𝑣𝑛
)𝛼) ≤ 0 for 𝑛 ≥ 𝑛2. (3.2)

We will make the proofs for both cases separately. From(1.1) we get

𝛥
(

𝑝𝑛+𝜏
(

𝛥3𝑣𝑛+𝜏
)𝛼) + 𝑟𝑛+𝜏𝑦

𝛽
𝑛 = 0. (3.1*)

(𝑐1) By Lemma 3 and the definition of 𝑣 we obtain

𝑣𝛽𝑛 =
(

𝑦𝑛 + 𝑞𝑛𝑦𝑛−𝜎
)𝛽

≤ 𝑦𝛽 + 𝑞𝛽𝑦𝛽 . (3.3)
𝑛 0 𝑛−𝜎

2 
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From (3.1*) and (3.3) we obtain

0 = 𝛥
(

𝑝𝑛+𝜏
(

𝛥3𝑣𝑛+𝜏
)𝛼) + 𝑟𝑛+𝜏𝑦

𝛽
𝑛 + 𝑞𝛽0

(

𝛥
(

𝑝𝑛−𝜎+𝜏
(

𝛥3𝑣𝑛−𝜎+𝜏
)𝛼) + 𝑟𝑛−𝜎+𝜏𝑦

𝛽
𝑛−𝜎

)

= 𝛥
(

𝑝𝑛+𝜏
(

𝛥3𝑣𝑛+𝜏
)𝛼) + 𝑞𝛽0𝛥

(

𝑝𝑛−𝜎+𝜏
(

𝛥3𝑣𝑛−𝜎+𝜏
)𝛼) + 𝑞𝛽0 𝑟𝑛−𝜎+𝜏𝑦

𝛽
𝑛−𝜎 + 𝑟𝑛+𝜏𝑦

𝛽
𝑛

≥ 𝛥
(

𝑝𝑛+𝜏
(

𝛥3𝑣𝑛+𝜏
)𝛼) + 𝑞𝛽0𝛥

(

𝑝𝑛−𝜎+𝜏
(

𝛥3𝑣𝑛−𝜎+𝜏
)𝛼) + 𝜌𝑛𝑣

𝛽
𝑛

hich gives

𝛥
(

𝑝𝑛+𝜏
(

𝛥3𝑣𝑛+𝜏
)𝛼) + 𝑞𝛽0𝛥

(

𝑝𝑛−𝜎+𝜏
(

𝛥3𝑣𝑛−𝜎+𝜏
)𝛼) + 𝜌𝑛𝑣

𝛽
𝑛 ≤ 0. (3.4)

ince 𝛥𝑣𝑛 > 0, we find lim𝑛→∞ 𝑣𝑛 ≠ 0, and by Lemma 2 we obtain

𝑣𝑛 ≥
𝜇
3!
𝑛3𝛥3𝑣𝑛, (3.5)

here 𝜇 ∈ (0, 1). Combining (3.4) and (3.5), we see that

𝛥
(

𝑝𝑛+𝜏
(

𝛥3𝑣𝑛+𝜏
)𝛼) + 𝑞𝛽0𝛥

(

𝑝𝑛−𝜎+𝜏
(

𝛥3𝑣𝑛−𝜎+𝜏
)𝛼) + 𝜌𝑛

(𝜇
6
𝑛3
)𝛽

(

𝛥3𝑣𝑛
)𝛽 ≤ 0. (3.6)

etting

𝜔𝑛 = 𝑝𝑛+𝜏
(

𝛥3𝑣𝑛+𝜏
)𝛼 + 𝑞𝛽0𝑝𝑛−𝜎+𝜏

(

𝛥3𝑣𝑛−𝜎+𝜏
)𝛼 ,

e easily see that

𝜔𝑛−𝜏+𝜎 ≤
(

𝑝0 + 𝑞𝛽0𝑝0
)

(

𝛥3𝑣𝑛
)𝛼 .

rom (3.6) we find

𝛥𝜔𝑛 +

(

𝜇
6 𝑛

3
)𝛽

𝜌𝑛
(

𝑝0 + 𝑞𝛽0𝑝0
)

𝛽
𝛼

𝜔
𝛽
𝛼
𝑛−𝑘 ≤ 0,

hich has positive solutions. This contradicts (𝑐1).
(𝑐2) By Lemma 3 and the definition of 𝑣 we obtain

𝑣𝛽𝑛 =
(

𝑦𝑛 + 𝑞𝑛𝑦𝑛−𝜎
)𝛽

≤ 2𝛽−1
(

𝑦𝛽𝑛 + 𝑞𝛽0𝑦
𝛽
𝑛−𝜎

)

. (3.7)

We get with similar operations (3.3)–(3.6) the following result

𝛥𝜔𝑛 +

(

𝜇
12 𝑛

3
)𝛽

𝜌𝑛

2
(

𝑝0 + 𝑞𝛽0𝑝0
)

𝛽
𝛼

𝜔
𝛽
𝛼
𝑛−𝑘 ≤ 0

hich has positive solutions. This contradicts (𝑐2).

Corollary 1. Assume that 𝛼 = 1. If
(𝑐′1) 𝛽 ≤ 1 is the ratio of odd integers and

lim inf
𝑛→∞

[

1
𝑘

𝑛−1
∑

𝑖=𝑛−𝑘
𝑖3𝜌𝑖

]

> 𝑘𝑘

(𝑘 + 1)𝑘+1

(

𝑝0 + 𝑞𝛽0𝑝0
)

𝛽
𝛼

(

𝜇
6

)𝛽

r

(𝑐′2) 𝛽 ≥ 1 is the ratio of odd integers and

lim inf
𝑛→∞

[

1
𝑘

𝑛−1
∑

𝑖=𝑛−𝑘
𝑖3𝜌𝑖

]

> 𝑘𝑘

(𝑘 + 1)𝑘+1

2
(

𝑝0 + 𝑞𝛽0𝑝0
)

𝛽
𝛼

(

𝜇
12

)𝛽

then, according to Theorem 2 [4, Section 3], every bounded solution of Eq. (1.1) is oscillatory.

Theorem 2. Let 𝑞0 < 1 and 𝛼 > 𝛽. If for some 𝜇 ∈ (0, 1),

𝛥𝜑𝑛 + (1 − 𝑞0)𝛽
⎛

⎜

⎜

𝜇(𝑛 − 𝜎)3
1

⎞

⎟

⎟

𝛽

𝑟𝑛𝜑
𝛽
𝛼
𝑛−𝜎 ≤ 0 (𝑐3)
⎝ 6𝑝 𝛼
𝑛−𝜎 ⎠

3 
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is oscillatory, then (1.1) is oscillatory.

roof. By the definition of 𝑣 we find

𝑦𝑛 ≥ 𝑣𝑛 − 𝑞0𝑦𝑛−𝜎 ≥ 𝑣𝑛 − 𝑞0𝑣𝑛−𝜎 ≥ (1 − 𝑞0)𝑣𝑛

which, consider together with (1.1), gives

𝛥
(

𝑝𝑛
(

𝛥3𝑣𝑛
)𝛼) + 𝑟𝑛(1 − 𝑞0)𝛽𝑣𝛽𝑛−𝜎 ≤ 0. (3.8)

rom Lemma 2 we obtain

𝑣𝑛 ≥
𝜇
6
𝑛3𝛥3𝑣𝑛. (3.9)

ombining (3.8) and (3.9), we get

𝛥
(

𝑝𝑛
(

𝛥3𝑣𝑛
)𝛼) + 𝑟𝑛(1 − 𝑞0)𝛽

(

𝜇(𝑛 − 𝜎)3

6

)𝛽
(

𝛥3𝑣𝑛−𝜎
)𝛽 ≤ 0. (3.10)

f we set 𝜑𝑛 = 𝑝𝑛
(

𝛥3𝑣𝑛
)𝛼 in (3.10), from (3.10) we obtain

𝛥𝜑𝑛 + (1 − 𝑞0)𝛽
⎛

⎜

⎜

⎝

𝜇(𝑛 − 𝜎)3

6𝑝
1
𝛼
𝑛−𝜎

⎞

⎟

⎟

⎠

𝛽

𝑟𝑛𝜑
𝛽
𝛼
𝑛−𝜎 ≤ 0,

which has positive solutions. This contradicts (𝑐3).

Corollary 2. Let 𝑞0 < 1 and 𝛼 = 𝛽. If

lim inf
𝑛→∞

𝑛−1
∑

𝑠=𝑛−𝜎

(𝑠 − 𝜎)3𝛽

𝑝
𝛽
𝛼
𝑠−𝜎

𝑟𝑠 >
𝜎𝜎

(𝜎 + 1)𝜎+1
6𝛽

𝜇𝛽 (1 − 𝑞0)𝛽
,

hen, according to Theorem 2 [4, Section 3], every bounded solution of Eq. (1.1) is oscillatory.

Example 1. Consider the difference equation

𝛥(𝑝𝑛
(

𝛥3 (𝑦𝑛 + 𝑞𝑛𝑦𝑛−𝜎
))𝛼) + 𝑟𝑛𝑦

𝛽
𝑛−𝜏 = 0 (3.11)

where 𝑝𝑛 = 3 − 1
𝑛 , 𝑞𝑛 =

(

− 1
2

)𝑛
, 𝜏 = 3, 𝜎 = 1, 𝛼 = 1, 𝛽 = 1

3 , 𝑞0 =
1
4 , 𝑝0 = 3,

𝑟𝑛 =
(

3 − 1
𝑛

)

(

8 + (−1)𝑛−1
(

1
2

)𝑛+3
)

−
(

3 − 1
𝑛+1

)

(

−8 + (−1)𝑛−1
(

1
2

)𝑛+4
)

. All conditions of Theorem 1 are satisfied.

Moreover, 𝑘𝑘

(𝑘+1)𝑘+1

(

𝑝0+𝑞
𝛽
0 𝑝0

)
1
𝛼

(

𝜇
6

)𝛽 = 1
4

(

3+
(

1
4

)
1
3 3

)

(

1
12

)
1
3

≈ 2. 798 8 and

lim inf
𝑛→∞

[

1
𝑘

𝑛−1
∑

𝑖=𝑛−𝑘
𝑖3𝜌𝑖

]

= lim inf
𝑛→∞

[ 𝑛−1
∑

𝑖=𝑛−1
𝑖3𝜌𝑖

]

= lim inf
𝑛→∞

[

(𝑛 − 1)3
(

3 − 1
𝑛 − 1

)]

= ∞

> 2. 798 8.
Hence conditions of Corollary 1 are satisfied. Therefore all solutions of (3.11) are oscillatory. One of these solutions is 𝑦𝑛 = (−1)𝑛.

Example 2. Consider the difference equation

𝛥(𝑝𝑛
(

𝛥3 (𝑦𝑛 + 𝑞𝑛𝑦𝑛−𝜎
))𝛼) + 𝑟𝑛𝑦

𝛽
𝑛−𝜏 = 0 (3.12)

where 𝑝𝑛 = 2 − 1
𝑛 , 𝑞𝑛 =

(

− 1
2

)𝑛
, 𝜏 = 3, 𝜎 = 1, 𝛼 = 3, 𝛽 = 3, 𝑞0 =

1
4

𝑟𝑛 =
(

2 − 1
𝑛

)

(

8 + (−1)𝑛−1
(1
2

)𝑛+3)3
−
(

2 − 1
𝑛 + 1

)

(

−8 + (−1)𝑛−1
( 1
2

)𝑛+4)3
.

All conditions of Theorem 1 are satisfied.
Moreover 𝜎𝜎

(𝜎+1)𝜎+1
6𝛽

𝜇𝛽 (1−𝑞0)𝛽
= 1

4
63

(

1
2

)3( 3
4

)3 = 1024,

lim inf
𝑛→∞

𝑛−1
∑

𝑠=𝑛−𝜎

(𝑠 − 𝜎)3𝛽
𝛽 𝑟𝑠 = lim inf

𝑛→∞

𝑛−1
∑ (𝑠 − 1)9

2 − 1
𝑟𝑠
𝑝 𝛼
𝑠−𝜎

𝑠=𝑛−1 𝑠−1

4 
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= lim inf
𝑛→∞

(𝑛 − 2)9

2 − 1
𝑛−2

𝑟𝑛−1 = ∞

∞ > 1024.
Hence conditions of Corollary 1 are satisfied. Therefore all solutions of (3.12) are oscillatory. One of these solutions is 𝑦𝑛 = (−1)𝑛.

4. Conclusion

In this paper, we consider the oscillation and asymptotic behavior of a class of fourth-order Emden–Fowler type neutral difference
equations. Using the Riccati transformation and comparison method, we establish new oscillation conditions for the solutions of
fourth-order neutral type difference equations. Our results unify and extend some known results for difference equations. In a future
work, we will discuss the oscillatory behavior of these equations by using comparison technique with second-order equations.
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