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ARTICLE INFO ABSTRACT

MSC: In this paper, we give new criteria on the oscillation of the fourth-order Emden-Fowler type
39A10 delay difference equation with oscillating coefficients of the form

34C10

39A21 AW, +r, Y0 =0,n2n,

Keywords:

where W, = p, (4° vn)a and v, =y, +4,¥,_,. For this we use the Riccati transformation method

Oscillation . . .
and the comparison method. Also we give some examples to illustrate our results.

Emden-Fowler type difference equation
Neutral difference equation

1. Introduction

It is known that neutral differential equations with delay and neutral difference equations with delay have wide applications.
Emden-Fowler equations have a special place; see, e.g., the papers [1-3] for more details. In dynamical models, delay and oscillation
effects are often formulated by means of external sources and/or nonlinear diffusion, perturbing the natural evolution of related
systems; see, e.g., [4]. Therefore, we were interested in examining such an equation. We could not find difference equations regarding
the oscillatory solutions of the fourth-order Emden-Fowler equation in the literature, but there are a scarce of studies on the fourth
order Emden-Fowler differential equation; see, e.g., the papers [5,6].

There are very few studies in the literature on the oscillation of fourth-order difference equations. Researchers can see these
in references [6-9]. In this work, we investigate the oscillatory behavior of solutions of Emden-Fowler type fourth-order neutral
difference equation with oscillating coefficients of the form

AW, +ryf__=0,n€N, (1.1)

where W, = p, (4%v,)" and v, = y, + ¢,V

We will assume that the following assumptions hold throughout the study:

H, : g, : N> R and it is an oscillating function with lim,_, ¢, = 0, and there exists g, > 0 such that ¢, < g,

H, : 7 and o are positive integers such that r < ¢, and 6 <n, 7 <n,

H; :r,>0and0<p, <py 4p, =0,

H, : a, p are ratios of odd positive integers.

By a solution of Eq. (1.1), we mean any function y, : Z — R, which is defined for all » > min,,, {i—o, i—7}, and satisfies Eq. (1.1)
for sufficiently large n. We consider only such solutions which are nontrivial, for all large n. As it is customary, a solution {y,} is
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said to be oscillatory if the terms y, of the sequence are not eventually positive or not eventually negative. Otherwise, the solution
is called nonoscillatory. A difference equation is called oscillatory if all of its solutions oscillate. Otherwise, it is nonoscillatory. In
this paper, we restrict our attention to real-valued solutions y,,.

2. Auxiliary lemmas

To obtain our main results, we need the following lemmas. The first of these is the discrete analog of the well-known Kiguradze’s
lemma.

Lemma 1 ([10]). Let x,, be defined for n > ny € N, and x,, > 0 with A™x,, of constant sign for n > n, and not identically zero. Then, there
exists an integer k, 0 < k < m with (m + k) odd for A"x, <0 and (m + k) even for A"x, > 0 such that

() k <m—1 implies (1) A'x,, > 0 forall n > ny, k <i <m-1,
(ii) k > 1 implies A'x, > O for all large n > ny, 1 <i <k—1.

Lemma 2 ([10]). Let x,, be defined for n > ny, and x, > 0 with A"x, < 0 for n > n; and not identically zero. Then, there exists a large
integer n, > n, such that

1 1 am—
Xy 2 m(" = )" A" gty n 2y
where k is defined as in Lemma 1. Further, if x,, is increasing, then
m—1
x”2;<L) A"y, nx2m "y
(m— D! \om-1
21-1(A" + By forn>1

. > 0. <
Lemma 3 ([11, Lemmas 1 and 2]). Let A, B > 0. Then (A + B) _{ AT 4 B for0<n<l.

3. Main results

Theorem 1. Assume that « is the ratio of odd integers. If the following inequalities (c,) f < 1 is the ratio of odd integers and

p
(%,13) Pu
Aw,,+—ﬁ ok
(po+quo)"

or (¢;) B > 1 is the ratio of odd integers and

p
3
(%" ) Pn b
Aw,,+—ﬁ ok

2 (po + quo) ‘

where p, = min{r,_;, ., r,..} and k =t — o < n (k € N), are oscillatory, then every bounded solution of Eq. (1.1) is oscillatory.

Proof. Let y, be a nonoscillatory solution of (1.1) on N. Without loss of generality, assume that y, is eventually positive (the proof
is similar when y, is eventually negative). Then there exists an n; > n, such that y, > 0, y,_, >0, and y,_, > 0 for n > n,. Further,
we assume that y, does not tend to zero as n - oo. From (1.1) we have

AW, =-r,yb__<o0. (3.1)

n—-t —

That is, AW, < 0. It follows that W, is strictly monotone and eventually of constant sign. Since g, is an oscillating sequence and
lim,,_,o, g, = 0, there exists an n, > n, such that we have v, > 0 for n > n,. From (3.1) we have A(p, (4°0,)") < 0. Hence since
Ap, > 0, we have

40, >0, £0,> 0, 840, > 0, 4'v, <0 and 4 (p, (40,)") <O for n > m, (3.2)
We will make the proofs for both cases separately. From(1.1) we get

4 (pn+r (ABUVHT)H) + rn+‘ry£ =0. (3.1
(c;) By Lemma 3 and the definition of v we obtain

= (3t dudns)

Pralyl . 3.3)
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From (3.1*) and (3.3) we obtain

a
0 =4 (pn-H’ (A3Un+r) ) + rn+ryg + qg ( (pn o+T (Agvn O‘+T) ) + rn—5+ryg_g)

3 a
A (pn+r (A Un+r) ) + qu (pn—n-JrT n o+T ) + qo n—i o'+ryn o + rn+‘ryﬁ

\%

3 a
A (pn+‘r (A Un+r) ) + qu (pn—ngT n o+1 ) + pn

which gives

3 « 3 ®
4 (pn+‘r (A Un+1:) ) + qu (pn—a-H: (A Un—o'+r) ) + Pn”ﬁ S 0

Since 4v, > 0, we find lim v, # 0, and by Lemma 2 we obtain

n—oo
v, > %n3A3v

ns

where u € (0,1). Combining (3.4) and (3.5), we see that

s p
4 <pn+r (A3un+‘r) ) + qu (Pnfo%‘r (A3Un70'+1)a> + pn (%nB) (A3Un) S O

Setting

a

@y = Ppyr (A3Un+r)a + qunfnJrr (A3vn7¢7+r) 5

we easily see that
o
Op_rre < (po + qu()) (A3un) .
From (3.6) we find

s
<§n3) Py 8
dw, + ———— 0", <0,

<Po +q) Po) !
which has positive solutions. This contradicts (c;).
(c;) By Lemma 3 and the definition of v we obtain

p
Uf = (y" +qnyn o')
Zﬂ_l( ﬂ+qﬁyﬁ )
We get with similar operations (3.3)—(3.6) the following result
p
G
Aw, + 7 Pui S
2 (po + quo) !

which has positive solutions. This contradicts (c,).

IA

Corollary 1. Assume that a = 1. If
(c;) p < 1 is the ratio of odd integers and

el 5 Kk <P0+qu0)
[E, ] " v 0 (+)
6

B
a

or

(cé) B > 1 is the ratio of odd integers and

]I

lim inf
n—oo

n-1 2(p +qlp )
k 0 00
[l E i3p,] > k

ki (k + D+t (l,l_z)ﬂ

then, according to Theorem 2 [4, Section 3], every bounded solution of Eq. (1.1) is oscillatory.

Theorem 2. Let gy < 1 and a > . If for some u € (0, 1),
3 / s
un—o) «
Ap, + (1 - qo)ﬁ | "% <0

6pi_o
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(3.4

(3.5)

(3.6)

3.7)

(03)
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is oscillatory, then (1.1) is oscillatory.

Proof. By the definition of v we find

Yn > Up = 490Vn—o b Uy = 4olp— = (1 - QO)U

which, consider together with (1.1), gives

A(py (#0,)") +r,(1 = qp)V'el_, <0. 3.8)
From Lemma 2 we obtain
v, > §n3A3un. (3.9)
Combining (3.8) and (3.9), we get
—_ s \*
4(py (4%,)") +r,(1 = <¥) (#v,.,)" <o0. (3.10)

If we set @, = p, (A3v,,)a in (3.10), from (3.10) we obtain

u(n - o) L
A, + (1 = qp) | =————| r,e, <0,
605

which has positive solutions. This contradicts (c3).

Corollary 2. Let gy <1 and a = p. If

—5)3F c )
lim inf E (s=09) rg > d 6 ,
n—co g 5T (o4 1)oHl pb(1 — qy)P

then, according to Theorem 2 [4, Section 3], every bounded solution of Eq. (1.1) is oscillatory.
Example 1. Consider the difference equation
Apy (8 (9 + @u¥uss)) D+ 1ud_ =0 (3.11)

n
wherepn=3—i,qn=(—%),T=3,U=1,a=1,ﬂ=%a40=31:P0=3:
1 n—1 (1 n+3 n—1 n+4 ey . e
:(3—;) 8+ (-1) <5) ( ——) -8+ (-1) ( ) . All conditions of Theorem 1 are satisfied.

Ik ( Po +qo Po

(k+1)k+l ( 2 )

Moreover, ~ 2.798 8 and

n—1 n—1
L. 1 3 T 3
tim fnf [; 2 m] = lim fnf [ /’]
1

i=n—k

o 32 _
llmnlilgo [(n 1) (3 _n—l)] =
oo > 2.798 8.

Hence conditions of Corollary 1 are satisfied. Therefore all solutions of (3.11) are oscillatory. One of these solutions is y, = (-1)".

Example 2. Consider the difference equation

APy (8 (9p+ @u¥nes)) )+ =0 (3.12)

n
wherep,,:Z—i,qn:(—%) ,r=3,a=1,a=3,ﬂ=3,q0=i

3 3
_ _l e l n+3 ~_ _L B e l n+4\ -
(=2 (s (5)7) - (- i) (e (3)7)

All conditions of Theoﬁrem 1 are sagisfied.

Moreover —Z o =1_06 = 1024,

(o+1)ot1 pb(1-q)P 4 (1)3@)3




Y. Bolat et al. Results in Applied Mathematics 23 (2024) 100472

(n-2y°
P

-2

= lim inf
n—c o _

oo > 1024.
Hence conditions of Corollary 1 are satisfied. Therefore all solutions of (3.12) are oscillatory. One of these solutions is y, = (-1)".

4. Conclusion

In this paper, we consider the oscillation and asymptotic behavior of a class of fourth-order Emden-Fowler type neutral difference
equations. Using the Riccati transformation and comparison method, we establish new oscillation conditions for the solutions of
fourth-order neutral type difference equations. Our results unify and extend some known results for difference equations. In a future
work, we will discuss the oscillatory behavior of these equations by using comparison technique with second-order equations.
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