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Abstract
The novelty of this study is presenting the analytical approach to investigate the dynamic response and the forced vibration 
by a time-harmonic force of a bi-layered piezoelectric plate-strip with initial stresses, resting on a rigid foundation. Material 
properties are varied perpendicular to the free surface of the plate-strip according to a simple power-law distribution. Firstly, 
the nonlinear mechanical equations of motion are linearized within the scope of the three-dimensional linearized theory of 
elastic waves in initially stressed bodies (TLTEWISB). Furthermore, using the piezoelectricity material properties, linear 
electrical governing equations are derived. Next, the problem under consideration is solved by the finite element method 
(FEM) to determine, especially the frequency response of the body. The approach is verified by the previous results in the 
literature. In numerical results, the influences of the initial stress, the height ratio of the layers, thickness ratio, and dimen-
sionless frequency parameters on the dynamic response and the forced vibration of the bi-layered piezoelectric plate-strip 
are presented and discussed in detail.
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1  Introduction

Piezoelectricity is the appearance of electric potential or a 
voltage in the structures when subject to mechanical stress. 
Nowadays, piezoelectric materials are of great interest from 
research communities on smart materials and structures that 
play key roles in some desirable directions for various engi-
neering devices such as nano-sensors, nano-actuators, and 
nano-resonators. Therefore, the mechanical problems related 
to the piezoelectric structures are under the great attention 
of many researchers around the world. The theoretical back-
ground of the piezoelectric materials and their mechanical 
properties were given by Yang [30].

Due to certain factors, dynamic vibration problems exhibit 
nonlinear wave propagation. This makes it difficult to ana-
lyze relevant mechanical researches. Therefore, to properly 
approximate the nonlinear distributions and dynamic behav-
iors in the system under consideration, quite several theoreti-
cal approaches were developed. While beginning the twen-
tieth century, the first serious attempts (i.e., so-called Three 
Dimensional Linearized Equations (TDLE)) were introduced 
by Southwell [29] and Biezeno and Henky [8] to be able to 
examine the mentioned nonlinear wave propagation problems. 
The development process of this theory dating back to the pre-
sent day has significantly been contributed by many scientists 
such as Trefftz [34], Biot [9], Neuber [23], and Green et al. 
[15]. Due to different needs over time, the TDLE has been 
updated by some researchers such as Guz [16], Zubov [39], 
Tiersten [32], Ogden [24], Akbarov and Guz [2], and Reddy 
[26]. In this study, the three-dimensional linearized theory of 
elastic waves in initially stressed bodies (TLTEWISB) that 
were developed by Guz [17] and is one of the most popular 
theories of recent days will be considered. This theory allows 
researchers the opportunity to more easily examine the nonlin-
ear wave distribution case caused by the initial stress state in the 
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problem under consideration. Some detailed information about 
the TLTEWISB is presented by Akbarov [6].

In the framework of the TLTEWISB, many mechanical prob-
lems have been studied by a great number of scientists. The influ-
ence of the initial stress on the forced vibration caused by the 
dynamic loading of a rectangular plate with a cylindrical hole 
around the hole was analyzed by Yeşil [31]. The dynamic problem 
on the dispersion of Lamb waves in a triple-layered elastic plate with 
initial stresses was investigated by Zamanov and Agasiyev [37]. The 
finite element model of a plate-strip with initial stress subjected to 
an inclined time-harmonic force was developed by Eröz [13]. The 
dynamic problem for shear-spring-type imperfect contact conditions 
in the pre-stressed bi-layered elastic system with finite lengths was 
considered by Akbarov et al. [4]. The axisymmetric wave propaga-
tion in a pipe subjected to lateral surface pressure based on a first-
power hypo-elastic constitutive model was studied by Wen-tao et al. 
[36]. The dispersion relations of the flexural waves in the bi-layered 
hollow cylinder with imperfect contact between layers were derived 
by İpek [19]. The influence of the initial stress state on the Lamb 
wave propagation in the composite system with an elastic core 
bonded to the piezoelectric faces was investigated by Kurt et al. [22]. 
Using the finite element method, a dynamical stress field problem 
in a pre-stressed sandwich plate-strip with elastic layers and a piezo-
electric core through imperfect contact conditions in both normal 
and tangential directions was approximately solved by Daşdemir 
[10]. Based on the linearized Navier–Stokes equations for inviscid 
compressible fluids, the natural vibrations of the inhomogeneously 
pre-stressed multi-layered hollow sphere including the compressible 
barotropic inviscid fluid were analyzed by Seydimaliyev et al. [28].

The miscellaneous ability of piezoelectric bodies to trans-
form mechanical energy into electrical energy and vice versa 
has led to the need to examine many problems of various 
configurations since their suitable for varieties of applications 
including sensors and actuators. This requirement impresses 
the theory according to which the problem will be handled, 
the assumptions under which the problem will be solved, 
which solution method will be applied, and many other issues. 
For this purpose, in the current literature, there exist many 
papers devoted to investigating the mechanical behavior of 
multi-layered piezoelectric materials today.

The reflection and refraction of quasi-longitudinal waves 
across an interface between two pre-stressed anisotropic piezo-
electric media with different properties were investigated by 
Abd-alla and Alsheikh [3]. The Lamb problem related to the 
system consisting of a piezo-electric covering layer resting on 
a piezoelectric half-plane for the case wherein both half-planes 
are polled in the perpendicular direction to the horizontal sur-
face was numerically solved by Akbarov and İlhan [5] apply-
ing the exponential Fourier transformation. Note that the paper 
of Abd-alla and Alsheikh [3] was improved to eliminate some 
drawbacks by Guo and Wei [14]. Instead of most mechani-
cal considerations in the current literature, many innovations, 
such as there are three initial stress states under the continuous 

conditions of all electrical and mechanical qualities for the 
arbitrary inclined polarization directions of quasi longitudinal 
and quasi traverse waves, were examined by Guo and Wei [14]. 
The paper by Akbarov and İlhan [5] was extended to the case 
where the system has different polarization configurations, e.g., 
the upper layer is polarized along the parallel direction of the 
interface while the lower one along the vertical direction of the 
interface, by İlhan and Koç [20]. The total electro-mechanical 
potential energy and energy release rate (ERR) caused by the 
uniformly distributed normal forces acting on the two paral-
lel open cracks in a pre-stressed plate-strip made of an elastic 
core and adjacent piezoelectric faces were explored by Akbarov 
and Yahnioğlu [7]. The spectral element method (SEM) was 
used to analyze the free vibration of a smart functionally graded 
(FG) plate sandwiched with two piezoelectric layers within the 
scope of the first-order shear deformation theory by Abad and 
Rouzegar [1]. A variable kinematics plate modeling based on the 
Sublaminate Generalized Unified Formulation (SGUF) for com-
posite plates with bonded piezoelectric plies working in exten-
sion mode was developed by D’Ottavio et al. [12]. The reflection 
and transmission of wave propagation through a piezoelectric 
semiconductor slab sandwiched by two piezoelectric half-planes 
were studied by Jiaoa et al. [21]. The influences of initial stress 
on the propagation of Lamb and SH waves in multilayer piezo-
electric composites using the Legendre polynomial method were 
reported by Othmani et al. [25]. The reflection and transmis-
sion of quasi-longitudinal plane (QP) waves in two piezoelectric 
semiconductor half-planes with two types of initial stresses, i.e., 
normal stress and shear stress, were studied by Sahu et al. [27].

The mathematical approach for investigating a forced vibra-
tion problem in a pre-stressed piezoelectric plate-strip resting on 
a rigid foundation was recommended by Daşdemir [11]. In this 
paper, the dynamical electro-elastic problem in the bi-layered 
piezoelectric plate-strip, subjected to a time-harmonic force, with 
initial stresses standing on a rigid ground is considered. In the 
plane strain–stress state, the mechanical and electrical govern-
ing equations are derived within the fundamental principle of the 
three-dimensional linearized theory of electro-elastic waves in 
initially stressed bodies (TLTEEWISB). Based on the variational 
formulation and the virtual work principle, the finite element 
model (FEM) for the problem under the suggestion is developed. 
Furthermore, some numerical results illustrating the various prob-
lem parameters such as initial stress or dimensionless frequency 
parameter of the dynamic external loading are presented. It should 
be noted that, throughout the paper, the conventional summation 
rule is applied over the repeated indices.

2 � Problem formulation

Consider a piezoelectric system of a dual plate-strip standing on 
a rigid ground. According to the scheme in Fig. 1, the layers are 
of the uniform length 2L and the heights h1 and h2 , and the total 
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height of the body to h . The superscripts "(1)" and "(2)" are used 
to specify the top and bottom layers, respectively.

Each material is to be assumed linear, homogeneous, and 
isotropic and is polled in the vertical direction to the free sur-
face. The geometrical relations can be represented by fourth- 
and third-order tensors of the material parameters. But, we 
can utilize Voigt’s reduction notation to reduce the mentioned 
representations to second-order tensors, namely, pq → i and 
rs → j , where i, j = 1, 2 . In this case, we can give the second-
order geometrical relations, in the matrix form, as follows:

where �(m)

ij
 , D(m)

i
 , �(m)

ij
 , and E(m)

i
 are the corresponding com-

ponents of the stress, electric displacement, strain, and elec-
tric field vectors, respectively. Moreover, c(m)

ij
 , e(m)

ij
 , and � (m)

ij
 

in the coefficient matrix are the mechanical, the piezoelec-
tric, and the dielectric material parameters.

A static (tension or compression) force is applied to each 
layer along the edge sides before sticking together. For the ini-
tial state of the corresponding parameters, an additional upper 
index "0" will also be used. Following, a time-harmonic force is 
applied to the midpoint of the top surface of the system being put 
on the ground. Note that the origin of the coordinate system is 
located at this point. In the initial state, the position of the points 
in the Cartesian system of coordinates xi can be determined 
by the Lagrangian coordinates x′

i
 . As a result, a pre-stressed 

dynamic-stress-field problem occurs. For the current investiga-
tion, the following assumptions are taken into account:

	 (i)	 the initial stress-state is exactly homogeneous and 
static;
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,

	 (ii)	 the magnitudes of the dynamic deformations are con-
siderably smaller than the initial state's ones; and

	 (iii)	 there is a rigidly clamped state between the layers.

Based on the above assumptions, the current investiga-
tion can be conducted according to the TLTEEWISB. In this 
case, the initial stress state in the system can be described 
as follows:

where q(m) is a constant value of the initial stress value for 
the mth layer. Besides, according to the piezoelectric effects 
of the materials, the following initial electric displacements 
also occur:

where d(m) is a known constant. In 1880, Curie brothers 
experimentally discovered that electric charges in the piezo-
electric materials are linearly proportional to the mechanical 
loading. Hence, using the constitutive equations yields the 
interrelationship

between the initial mechanical stress and the initial electric 
displacement.

According to the foregoing explanations and the fundamental 
principles of the TDLE, the nonlinear mechanical and electro-
mechanical equations of motion are

and
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Fig. 1   The geometry of the 
problem
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where u(m)
i

 is the corresponding mechanical displacement 
component and �ij is the Kronecker delta. Note that since the 
dynamic force varies harmonically with the time parameter 
t , all the problem fields can be purified as [⋅](m) = [⋅̂](m)ei𝜔t, 
where i is the complex unit and e is Euler’s famous con-
stant. For simplicity, the hats will be neglected after this. 
Moreover, Eqs. (4) and (5) hold for the initial perturbation 
state, namely

and

Considering the perturbations 𝜎(m)
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tro-dynamic equations take shape

and

where �(m) is the mass density of the mth layer. According 
to our three assumptions, the linear equilibrium equations 
are written as
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(m)

i
= 0.

respectively.
Here, the underlined terms in the above equations can be 

neglected. Since 𝜎̃(m),0

ik
 and D̃(m),0

i
 are of a constant value and 

ignoring the upper tilde over the quantities with the coordinate 
transformation procedure x̃i = xi∕h , the following linear elasto-
electro-dynamic equations are obtained:

Besides, the following boundary-contact conditions are valid:

where �(.) is the Dirac-delta function and � is the electrical poten-
tial. Note that there are geometrical relations 
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 . Here, the subscripts 

after the commas imply spatial coordinate differentiation.
The physical meanings of the boundary conditions may be 

summed up as follows: Eq. (15) is mechanical traction-free condi-
tions due to the external time-harmonic force; further, Eq. (16) is 
mechanically and electrically open conditions at the edges of the 
plate-strip. While Eq. (17) is complete clamped conditions between 
the layers, Eq. (18) is mechanically free and electrically open (short-
circuit) conditions caused by the interruption of mechanical and 
electrical wave propagation by the rigid foundation.

3 � Solution methodology

For an approximate solution, it is preferable to employ the 
usual finite element method (FEM) based on the virtual work 
principle [38]. For this purpose, consider the mechanical test 
functions w(m)

i
 and the electrical test function �(m) . It must be 

noted that the equations of motion and the related boundary-
contact conditions hold for these functions.
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𝜕ũ
(m),0

i

𝜕x�
n

]
= 0,

(13)�
(m)

ij,j
+ �

(m),0

11
u
(m)

i,11
+ �(m)�2h2u

(m)

i
= 0,

(14)D
(m)

i,i
+ D

(m),0

1
u
(m)

i,i1
= 0.

(15)�
(1)

12

|||x2=0 = 0, �
(1)

22

|||x2=0 = −po�
(
x1
)
,

(16)

(
q(m)u

(m)

j,1
+ �

(m)

1j

)||||x1=∓L∕h
= 0,

(
D

(m)

1
+ d(m)u

(m)

1,1

)||||x1=∓L∕h
= 0,

(17)

u
(1)

i

|||x2=−h1∕h = u
(2)

i

|||x2=−h1∕h, �
(1)

12

|||x2=−h1∕h = �
(2)

12

|||x2=−h1∕hc,

(18)

u
(2)

i

|||x2=−1 = 0, �(1)|||x2=0 = 0, and, �(2)|||x2=−1 = 0,



Journal of the Brazilian Society of Mechanical Sciences and Engineering (2022) 44:362	

1 3

Page 5 of 12  362

Using Gauss’ famous theorem following the integration 
over the problem domain by summing after the multiplica-
tion of Eqs. (13) and (14) with test functions w(m)

i
 and �(m) , 

respectively, yields

where D is the problem domain, S is the boundary of the 
plate-strip, and ni is the unit outward vector. In the above 
equation, the following notations are used:
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Equations (23) and (24) are the weak form of the problem 
under consideration.

Following, changing the functions w(m)
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 and �(m) with the 

related displacement functions �u(m)
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 and electric potential 
��(m) that satisfy the equations of motion and the correspond-
ing boundary-contact conditions to obtain the variational for-
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where �
ij
 is the mechanical part of the respective stress com-

ponent. Let us introduce the notations

where P , K , and Z are the potential, kinetic, and virtual force 
energies, respectively. Hence, based on Hamilton’s principle, 
the solution to our target problem is reduced to the form as 
follows:

Based on the virtual work principle, the usual finite ele-
ment method is used for numerical discussions. Let Bm ⊂ B 
be master finite elements that satisfy Bm ⊂ B , Bh =

⋃
m Bem , 

and Bm ∩ Bn = � for m ≠ n . In this case, we investigate a 
generalized solution of the total energy functional in Eq. (26) 
for the displacements �m =

[
u1m u2m

]
∈ Bum , the electrical 

fields �m =
[
E1m E2m

]
∈ BEm , and their virtual structures 

��m and ��m in the form

where �̃ and �̃ are the global vectors related to the 
nodal displacements and the nodal electrical fields, 
respectively, �um is the matrix of the shape functions 
for the displacements, and �Em is the row vector of the 
shape function for the electrical fields. In this paper, 
the eight-node smooth finite elements will be used, 
but this preference can be changed according to some 
requirements. Some invariants of the shape functions 
are presented by Hutton [18]. In this case, the nodal 
degrees of freedom (NDOF) can be organized, in a 
vector form, as follows:
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(26)�
(
P − �2K − Z

)
= 0.

(27)
�m ≈ �um�̃,�m ≈ �Em�̃, 𝛿�m ≈ �um𝛿�̃, and 𝛿�m ≈ �Em𝛿�̃,

um =
[
um1 um2

]T
=
[
u11 u12 … u18 | u21 u22 … u28

]T

Em =
[
Em1 Em2

]T
=
[
E11 E12 … E18 | E21 E22 … E28

]T
.

On the substitution of Eq. (27) into the total energy func-
tional (26) and according to the general application principle 
of the FEM technique with very extensive operations and 
manipulations, the following matrix system of equations is 
obtained:

where �uu , �uE , and �EE are the mechanical, electro-
elastic, and electrical global stiffness matrices, respec-
tively, and �uu are the global mass matrix. Moreover, 
�u and �E are the mechanical and electrical global force 
vectors, respectively. It should be noted that, while the 
vector �E is null, �u has only a unique nonzero compo-
nent according to the boundary-contact conditions. As 
a result, the matrix equations in Eqs. (28) and (29) can 
be amalgamated as follows:

where

It should be noted that due to the variational for-
mulation in Eq.  (26), the global matrices � and � 
are symmetric, real, and positive definite. This means 
that the matrix system in Eq. (30) is solvable and has 
a unique solution. Thus, the solution of this system 
gives the related displacement values and thus, accord-
ing to Hooke's law, the required stress values can be 
obtained, and the desired numerical investigations can 
be made.

4 � Numerical examples and discussions

This section presents a numerical investigation of the 
dynamic behavior of wave propagation under different cases. 
For this purpose, the following representations are firstly 
introduced:

(28)
{
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�uu

}
�̃ +�uE�̃ = �u,

(29)�uE�̃ +�EE�̃ = �E,

(30)
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� − �2

�
)
� = �,

(31)
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�
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�
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]
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�
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]
,

� =
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}
, and � =
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E

}
.

(32)
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where Ω(m) is the dimensionless frequency parameter, �(m) 
is the initial stress parameter, �(m) is the initial electric dis-
placement parameter, h∗ is the thickness ratio,  is the lay-
ers’ thickness ratio,  is the layer-to-thickness ratio for ith 
layer, and c is the effective modulus ratio. Throughout the 
paper, all the numerical results will be governed at the inter-
face plane between the plate-strip and rigid ground under 
the case wherein Ω = Ω(1) = Ω(2) , Ω = 0 , � = �(1) = �(2) , 
� = 0 , h∗ = 0.2 , and  except for specified otherwise. 
To consider concrete numerical results, Oxide Nanobelts-1 
( NBS - 1 ) in the upper layer, with c(1)

44
= 34.5 GPa , e(1)

15
= 7.7 

C/m
2 , and � (1)

11
= 0.9 nF/m and Barium Titanate ( BaTiO3 ) in 

the lower layer, with c(2)
44

= 44 GPa , e(2)
15

= 11.4 C/m2 , and 
�
(2)

11
= 1.115 nF/m are chosen, as investigated by Daşdemir 

[11].
For validation of the numerical results, the case wherein 

each layer material is chosen as BaTiO3 is considered. There-
fore, the geometrical sketch of the plate-strip is exactly 
becoming similar form considered by Daşdemir [11]. Our 
numerical values must, therefore, approach those of the 
mentioned author under the same assumptions as NDOF 
increases. This foresight is proved by the graphs given in 
Fig. 2. Note that the starred graph was received from the 
paper of Daşdemir [11, pp. 426, Fig. 4.d-2], which is con-
sidered for the case wherein NDOF is equal to 15,075 was 
taken into account. As a result, the PC algorithm constructed 
for the current paper was validated.

For more validation, in the absence of an initial stress 
state, we consider the case where the thickness and length 
of the plate-strip are extending to infinity against the fixed 
certain values of thickness of the upper layer, i.e., L → ∞ 
and h → ∞ . In this case, the geometry of our problem under 
consideration will evolve into the study of the dynamic 
response of a system consisting of a covering piezoelec-
tric strip resting on a piezoelectric half-plane, which is the 
well-known Lamb's problem in mechanical investigations. 
It should be noted that a problem similar to the mentioned 
situation was investigated by Akbarov and İlhan [5] before. 
Figure 3 displays the graphs of the distributions of the stress 
�22h∕p0 versus x1∕h at the interface between the layers for 
certain values of the ratio . It follows from the graphs in 
Fig. 3 that, as , the numerical results from our PC pro-
grams and algorithm converge to those of Akbarov and İlhan 
[5], further validating the present mathematical modeling. 
It should be kept in mind that, in the graphs of Fig. 3, the 
bottom layer material is PZT-5H while the upper's is PZT-
5A. Here, the double starred line is taken from the paper of 
Akbarov and İlhan [5].

Uflyand [35] reported an analysis of a dynamic stress field 
problem corresponding to a plate with infinite length resting 
on a rigid foundation by using the Fourier integral transfor-
mation method. Our problem under consideration is reduced 

to elastic media one by taking c(m)
11

= c
(m)

33
= �(m) + 2�(m) , 

c
(m)

13
= �(m) , and c(m)

44
= �(m) , where �(m) and �(m) are the Lamé 

constants. In particular, for the case where E(1)∕E(2) = 1 , 
�(1) = �(2) = 0.33 , and �(1)∕�(2) = 1 , oscillations of the 
graphs of Fig. 4 must approach the ones of Uflyand [35] as 
the thickness ratio h∗ → 0 . Here, E(m) is the Young modulus, 
�(m) is the Poisson's ratio, and the piezoelectric and dielec-
tric constants of the layer materials were taken to be zero. 
Figure 4 approves that this is indeed the case. Note that the 
triple asterisk indicates the results given by Uflyand [35]. 
In addition, when h∗ → 0 and Ω → 0 , the problem turns 
into the famous Boussinesq problem, which was solved 
by Timoshenko and Godier [33, p. 85] and therefore, the 
numerical values of the normal stress �22h∕p0 must converge 
the corresponding analytical solution. Figure 4 proves that 
this prediction is valid. As a result, the validity and reliabil-
ity of the computer program used in the present investigation 
were also checked by the agreement of the numerical results 
with the foregoing mechanical considerations.

In Fig. 5, the variations of the normal stress �22h∕p0 
and the shear stress �21h∕p0 along the Ox1-axis for certain 
values of the initial stress (both compression and tension) 
parameter � are shown. It should be noted that the negative 
and positive signs of the initial stress parameter � denote 
initial compression and tension, respectively. It seems that 
the absolute values of the stress �22h∕p0 increase with � , 
but the ones of �21h∕p0 decrease. The common result from 
Fig. 5 is that the influence character of the initial compres-
sion force is the opposite of that of the initial tension force. 
However, it follows from the distributions of the graphs that 
there are some regions wherein the absolute values of the 
stress �21h∕p0 decrease as the values of initial stress param-
eter � increase, such as −x∗

1
∕h < x1∕h < x∗

1
∕h . Besides, the 

Fig. 2   Comparison of the numerical results for various values of 
NDOF with that of Daşdemir [11]
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absolute values of �21h∕p0 decrease with the initial stress 
parameter � over the ranges −x∗∗

1
∕h < x1∕h < −x∗

1
∕h and 

x∗
1
∕h < x1∕h < x∗∗

1
∕h . One can identify the values of x∗

1
∕h 

and x∗∗
1
∕h from Fig. 5b. In addition, the subsequent graphs 

of the stress �22h∕p0 versus the line x1∕h are more closely for 
two consecutive values of � , i.e., the initial stress parameter 
damps down the normal stress in the plate-strip. In particu-
lar, this damping is quite quick near the point (0,−1).

Some general outcomes from the numerical findings in 
Figs. 2, 3, 4 and 5 may also be inferred. Besides, it follows 
that the Robin boundary conditions in Eq. (16) are validated 
by our numerical results since the values of the stresses 
converge to zero as � → 0 at the side surfaces of the body. 
Since the dynamic force applied to the plate strip is perpen-
dicular to the free surface, it is concluded that the distribu-
tions of the graphs are symmetric about the line x1∕h = 0 
but the ones of the shear stress are anti-symmetric about 
that point, as expected. According to all the distributions, 
while �22h∕p0 reaches the unique absolute value at the point 
x1∕h = 0 , �21h∕p0 attains two absolute values near the points 
x1∕h = ∓0.52 . These results agree well with the well-known 
mechanical considerations and confirm the proposed algo-
rithm and PC programs once again.

To be able to consider the influence of certain problem 
parameters on the frequency response of the piezoelectric 
plate-strip, all the next numerical investigations will be con-
ducted at the point (0,−1).

In Fig. 6, the variations of �22h∕p0 versus the dimension-
less frequency parameter Ω for various values of the initial 
stress parameter � are displayed. Further, graphs are also 
presented in the case wherein h∗ = 0.1 (Fig. 6a), h∗ = 0.2 
(Fig. 6b), h∗ = 0.3 (Fig. 6c), and h∗ = 0.4 (Fig. 6d). The 
graphs prove that the absolute values of �22h∕p0 increase 
with Ω and the dependency between �22h∕p0 and Ω is 

non-monotonous. An increase in the value of the ratio h∗ 
causes a decrease in the absolute values of �22h∕p0 . The 
results coincide well with the preceding mechanical find-
ings in the current literature. It seems that �22h∕p0 reaches 
a maximal value for certain values of Ω . These values are 
termed resonance values and are denoted by Ω ∗ . To be 
clear, the values of Ω ∗ decrease as h∗ increases. Further, 
the mentioned resonance values also increase with the initial 
stress parameter � . In particular, while the initial compres-
sion parameter exceeds the resonance mode of the stress 
�22h∕p0 , the initial tension parameter blocks the mentioned 
mode. It is concluded from these numerical results that, 
increasing the initial tension applied to the layers reduces 
the stability of the system under consideration. On the con-
trary to this, the system becomes more stable as the initial 
compression increases. The initial stress parameter � has a 
great influence on the resonance mode of �22h∕p0 . Note that 
the resonance values for each case can be observed from the 
graphs in Fig. 6. Furthermore, an increase in the values of 
h∗ prevents the effect of the parameter � on the dispersion 
behavior of �22h∕p0 . The influence the ratio h∗ has on the fre-
quency response of the plate-strip is not only quantitatively, 
but also qualitatively.

Figure 7 displays how the stress �22h∕p0 varies versus 
Ω for various values of the layers’ thickness ratio . It is 
seen from the distributions of the graphs that the results 
presented above are identically valid here. For Ω < 1.2 , the 
absolute values of �22h∕p0 decrease as the ratio  increases. 
Besides, the resonance values also increase with the ratio . 
An increase in the values of the ratio  leads to damping the 
stress �22h∕p0 . This means that the ratio  has a consider-
able effect on frequency response of the plate-strip, not only 
quantitatively, but also qualitatively. This result agrees well 
with our previous mechanical evaluations. Consequently, 

Fig. 3   Comparison of the results of the PC algorithm with the ones 
by Akbarov and İlhan [5]

Fig .4   Cross-compare of the numerical results from the PC algorithm 
and the ones by Uflyand [35]
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we again validate the reliability and trustworthiness of our 
algorithm and implemented programs.

We now consider the influence of the effective modulus 
ratio c on the dynamic response of the bi-layered plate-strip. 
For this purpose, a case wherein each layer is selected as 
BaTiO3 is taken into account but c(1)

44
 is changing manually 

while c(2)
44

 is fixed. As known, the mechanical material param-
eter c(m)

44
 is an elastic modulus for a piezoelectric medium; 

namely, it is a resistance to being deformed elastically of a 
body subjected to a force. The numerical results given in 
Fig. 8 allow observing the influence of the ratio c on the 
relationship between �22h∕p0 and Ω for the mentioned case. 
The graphs show that an increase in the values of the ratio 
c yields the absolute values of the normal stress �22h∕p0 to 
decrease. It is evident that the oscillating character of the 
distribution of the stress �22h∕p0 becomes more sensitive 
as the values of the ratio c decrease. This result appears 
since the effective modulus of the lower plate is greater than 
that of the upper plate. This agrees well with the previous 
mechanical findings, again proving the validity and the reli-
ability of the PC algorithm. The resonance values Ω ∗ of the 
stress �22h∕p0 decrease as the ratio c increases. This means 
that increasing the values of the ratio c prevents the reso-
nance mode of the plate-strip. According to the graphs in 
Fig. 8, the numbers of the local extrema (maximums and 
minimums) of �22h∕p0 versus Ω decrease gradually with the 
ratio c . As a result, the system under consideration becomes 
more stable as the values of c decrease. These results prove 
that the configuration of the body has a great role in the fre-
quency response of the plate-strip. Hence, when investigat-
ing the frequency response of such a system, it is extremely 
important to identify the physical properties of the layers 
with high accuracy.

Figure 9 shows the dependency between �22h∕p0 and � 
for various values of the ratios h∗ (Fig. 9a) and  (Fig. 9b). 
It can be said that the oscillations of the graphs depend lin-
early on the initial stress parameter (both the initial tension 
and compression) � . An increase in the values of h∗ decreases 
the slopes of the graphs, namely, the influence of � on the 
dynamic response of �22h∕p0 decreases as h∗ increases. A 
different situation exists for the ratio . To be clear, the influ-
ence of � on the stress distributions increases with the ratio . 
Besides, the effect of h on the dependency between �22h∕p0 
and � is bigger than that of h∗ . The results from the graphs 
indicate that an increase in the thickness dimensions of the 
plate-strip reduces the influence of the initial stress param-
eter � on the stress �22h∕p0 . Further, it can be said that both 
thickness ratios have a great role in the influence of � on the 
stress distributions. When the thickness of the upper layer is 
relatively greater than that of the bottom layer, the influence 
of the initial stress parameter � on the dynamic response of the 
normal stress �22h∕p0 is also greater. Note that while plotting 
the graphs, the thickness of the upper layer is constant.

5 � Conclusions

In this paper, we insured a mathematical overview for a bi-
layered piezoelectric plate-strip with initial stresses resting 
on a rigid foundation, subjected to a time-harmonic force. 
On the basis of the three-dimensional linearized theory of 
electro-elastic waves in initially stressed bodies (TLTEE-
WISB), the equations of motion were developed and the 
resultant forced vibration problem was solved using the 
finite element model (FEM). The following are some of the 
conclusions derived from our detailed numerical study:

Fig. 5   Variations of a �22h∕p0 and b �21h∕p0 versus x1∕h for various values of �
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Fig. 6   Variations of �22h∕p0 versus Ω for various values of � under a h∗ = 0.1 , b h∗ = 0.2 , ch∗ = 0.3 , and d h∗ = 0.4

Fig. 7   Variations of �22h∕p0 versus Ω for various values of  Fig. 8   Variations of �22h∕p0 versus Ω for various values of c
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•	 an increase in the values of the ratio h∗ under fixed ini-
tial stress parameter � causes the resonance value Ω ∗ to 
decrease;

•	 an increase in the values of h∗ leads to decrease the effect 
of the parameter � on the dynamic response of �22h∕p0;

•	 an increase in the values of � causes the resonance values 
of the stress �22h∕p0 to prevent;

•	 and the influence the parameter � has on the frequency 
response of the plate-strip damps as the values of the 
ratio  increases;

•	 the number of local extrema of �22h∕p0 with respect to Ω 
increases with the ratio c.
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