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Abstract
This study aims to develop an innovative chaotic magnetic stirrer system to enhance mixture homogeneity and dissolution 
efficiency. Unlike conventional magnetic stirrers, the proposed system continuously alters the position of the magnetic stir 
bar based on the Halvorsen, Lorenz, and Sprott-A chaotic equations. This approach prevents the mixture from being confined 
to a specific region and ensures broader dispersion throughout the solution, thereby achieving a faster homogeneous mixture. 
The developed chaotic magnetic stirrer was evaluated in the experimental studies compared to a conventional magnetic stirrer. 
Dissolution efficiency, conductivity, and pH variations were measured, and it was observed that the system operating with 
the Halvorsen chaotic model achieved the highest dissolution efficiency. In short-term experiments, the Halvorsen model 
demonstrated an 11.99% improvement in conductivity compared to the conventional method, while the Sprott-A model 
exhibited a 4.21% enhancement. Specifically in long-term mixing assessments, all chaotic models reached solution saturation 
significantly earlier than the conventional stirring method. The Halvorsen model achieved saturation at the 150th minute, 
followed by the Sprott-A model at the 160th minute and the Lorenz model at the 175th minute, whereas the conventional 
method only reached saturation at approximately the 215th minute. This substantial reduction in time to saturation across 
all chaotic configurations highlights the effectiveness of chaotic stirring in enhancing mass transfer rates and accelerating 
solution homogenization. Similarly, pH measurements indicated that chaotic mixing methods, particularly the Halvorsen 
model, accelerated the dissolution process and facilitated faster attainment of chemical equilibrium. The findings reveal 
that chaotic magnetic stirrer systems provide more effective mixing and optimize the dissolution process than conventional 
methods. This study integrates chaos theory, a mathematical phenomenon, into engineering and mixing technologies.
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1  Introduction

Magnetic stirrers are widely utilized in both laboratory 
and industrial applications. Fundamentally, they ensure 
the homogeneous mixing of solutions, thereby facilitating 
chemical reactions in a uniform and efficient manner. Unlike 
mechanical stirrers, magnetic stirrers operate without the 
need for a mechanical agitator, instead they rely on a rap-
idly rotating magnetic stirring element to effectively mix 
the materials within a solution. This method significantly 
reduces the risk of contamination, making it particularly 

advantageous for experiments involving reactive chemicals 
and ensuring a safer working environment [1–5].

Literature studies examining various aspects of magnetic 
stirrers and their impact on mixing efficiency provide valu-
able insights into enhancing the performance of this tech-
nology. Magnetic stirrers have been widely acknowledged 
for their superior performance over mechanical alternatives 
in terms of vortex formation, mixing efficiency, and opera-
tional simplicity [4, 5]. These systems promote improved 
flow consistency and reduced maintenance due to their 
minimal mechanical complexity and adaptability to various 
container geometries. However, many of these studies do 
not explore the behavior of magnetic fields under dynamic 
boundary conditions or the interaction with non-Newtonian 
fluids, which limits their applicability in complex stirring 
scenarios [6, 7]. Furthermore, while improved adsorption 
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efficiency and fluid–solid interactions have been documented 
[8], there remains a gap in understanding the underlying flow 
behavior and turbulence modulation that drive these effects 
[8, 9]. Despite their reproducibility and design simplicity, 
traditional magnetic stirrers are often limited by fixed spatial 
trajectories and lack of temporal variation, leading to stagna-
tion zones, particularly in non-Newtonian or high-viscosity 
fluids [10, 11]. Variable-speed stirring has shown promise 
in mitigating these issues, improving fluid homogeneity and 
tailoring conditions to different rheological profiles [12]. 
However, long-term phase behavior, structural integrity, and 
microstructural evolution remain insufficiently studied [12, 
13]. In pharmaceutical and chemical processing, magnetic 
stirring has demonstrated benefits for enhancing mass trans-
fer and dissolution rates, yet these studies seldom evaluate 
the role of stirrer positioning, orientation, or field dynamics 
[14–16].

Dynamic flow control (particularly through chaotic 
motion) has emerged as a novel strategy to overcome these 
limitations. Chaotic actuation enables unpredictable, space-
filling trajectories that disrupt stable flow lines and improve 
mixing uniformity. Empirical studies have validated these 
methods by showing improved hydrate dissociation [17], 
accelerated mass transfer [18], and enhanced reaction kinet-
ics in both Newtonian and non-Newtonian systems [19]. 
Variable-speed chaotic strategies also hold promise in appli-
cations where constant flow fails to achieve optimal solute 
dispersion or chemical equilibrium [20, 21]. Chaotic mixing 
has further proven effective in modulating fluid behavior at 
micro- and macro-scales. Its role in eliminating dead zones 
and improving energy distribution has been substantiated 
in systems ranging from microdroplet reactors to industrial 
polymer mixers [21–25]. Experiments with double-stirrer 
setups and robotic platforms have also revealed that cha-
otic positioning of stirrers greatly enhances turbulence and 
uniformity within the medium [26, 27]. These insights have 
been extended to nanocomposites and solid–liquid mixtures, 
where chaotic dynamics have been linked to enhanced con-
ductivity, structural reinforcement, and fracture resistance 
[28, 29]. Moreover, computational studies employing cha-
otic attractors systems illustrate the effectiveness of nonlin-
ear modulation in improving material dispersion and system 
responsiveness [30, 31]. In solid–liquid processing, chaotic 
kinematics embedded in robotic arms have been shown to 
outperform traditional rotary mechanisms in terms of uni-
form dispersion [32]. Fractal impellers and chaotic porous 
geometries have similarly demonstrated an ability to gener-
ate complex flow regimes that support high reaction rates 
and low energy requirements [33, 34].

Further validation comes from empirical studies that 
link chaotic stirring to measurable improvements in solu-
bility and dissolution behavior. Enhanced ionic interac-
tions and disrupted solute clustering mechanisms under 

chaotic conditions have enabled more efficient molecular 
dispersion [35, 36]. These outcomes align with macro-scale 
flow studies that report improved channel utilization and 
vortex deformation through non-repetitive motion profiles 
[37]. Researchers have also identified that chaotic advec-
tion improves gasoline–water blending and other immis-
cible systems by generating small-scale instabilities that 
boost mixing efficiency [38]. In high-viscosity conditions, 
chaotic geometries have been observed to prevent stagna-
tion by enabling three-dimensional stretching and folding of 
flow lines [39]. The use of biharmonic equations in extruder 
design has produced nonlinear trajectories that support more 
efficient mixing with reduced energy input [40]. Similarly, 
chaotic mixers operating in polymeric and porous environ-
ments have demonstrated significant reductions in process-
ing time while maintaining product quality [41, 42]. These 
findings are reinforced by comparative studies revealing that 
chaos-induced structures outperform traditional laminar or 
turbulent regimes across various performance metrics [43].

Recent investigations have begun evaluating chaotic 
motion-based systems directly against traditional magnetic 
stirrers. A notable study utilizing an impinging-jets microre-
actor (which inherently induces chaotic flow) demonstrated 
enhanced rheological behavior and sol formation compared 
to magnetic stirring [44]. While traditional stirrers maintain 
consistent but spatially limited shear zones, chaotic reac-
tors showed more homogeneous particle dispersion and 
improved nucleation control [39]. Despite these promising 
results, such comparative studies remain scarce. Additional 
analyses involving double-stirrer chaos-induced setups have 
shown that controlled positioning can manipulate flow fields 
for optimal chaotic advection, yet these configurations are 
rarely benchmarked against fixed-position magnetic stirrers 
[16, 45–47]. Likewise, electromagnetic stirring systems 
incorporating position, frequency, and current modulation 
have been shown to improve fluid engagement in complex 
environments, indicating that position-controlled methods 
may overcome the rigidity of traditional magnetic setups 
[45]. Experimental evidence also points to structural limi-
tations in fixed magnetic stirrers, such as the formation of 
stable vortices that trap solutes near the core further under-
scoring the importance of dynamic repositioning capabili-
ties [45]. In conclusion, while conventional magnetic stir-
rers offer simplicity and reliability, the literature increasingly 
points toward chaotic, position-controlled, and nonlinear 
stirring systems as next-generation alternatives. These 
approaches overcome spatial stagnation, enhance mixing 
uniformity, and support adaptive energy distribution mak-
ing them especially well-suited for complex, applications 
where traditional methods fall short [33–45]. Numerous 
studies have demonstrated that the choice of mixing tech-
nique and operating conditions directly impacts solubil-
ity, mixture homogeneity, processing duration, and overall 
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system efficiency. Among these, chaotic mixing approaches 
have shown notable advantages, particularly in enhancing 
dispersion quality and dissolution rates in both liquid–liquid 
and solid–liquid systems [21–27].

Despite the practical benefits of conventional magnetic 
stirrers (such as ease of use, low maintenance, and broad 
applicability) several limitations persist. These include the 
formation of localized vortices that hinder complete mixing, 
particle sizes and the inefficiency of fixed stirrer position-
ing, which can lead to incomplete dissolution and reduced 
chemical performance. Such drawbacks underscore the need 
for advanced stirring mechanisms capable of overcoming 
spatial and dynamic constraints. To overcome the limita-
tions of conventional magnetic stirring systems, this study 
proposes an innovative design that integrates chaos theory 
into stirring dynamics. In the developed system, the spa-
tial position of the magnetic stir bar is dynamically altered 
using nonlinear chaotic trajectories derived from Halvorsen, 
Lorenz, and Sprott-A attractors. Unlike the fixed-position 
magnetic stirrer bar in conventional magnetic stirrers, the 
chaotic motion continuously repositions the vortex-inducing 
region across the fluid domain, eliminating stagnant zones 
and enhancing local turbulence. This approach appears par-
ticularly promising for laboratory-scale processes involving 
low-viscosity solvents or solutes with slow dissolution kinet-
ics. The continuous modulation may strengthen convective 
transport mechanisms and promote more uniform solute dis-
persion throughout the medium. Preliminary findings sug-
gest that the proposed system can improve conductivity and 
pH uniformity, reduce homogenization time, and potentially 
enhance the overall efficiency, reliability, and reproducibility 
of physicochemical experiments. Thus, the study contrib-
utes both a technological advancement in magnetic stirring 
systems and a scientific investigation into the role of chaotic 
dynamics in process optimization.

The paper is structured as follows: Sect. 2 provides a 
detailed overview of chaos theory, mechanical components, 
and hardware aspects, followed by a summary of the experi-
mental procedure steps. Section 3 presents and discusses the 
experimental results. Finally, Sect. 4 summarizes the find-
ings and offers recommendations for future research.

2 � Theoretical background and experimental 
setup

Various studies have been conducted on the chaotic utiliza-
tion of magnetic stirrer speeds to improve mixture homoge-
neity through magnetic stirring. Accordingly, this section 
first provides a general overview of chaos theory, followed 
by a detailed examination of the design of the developed 
device and the experimental procedure.

2.1 � Chaos theory

Chaos theory constitutes a mathematical framework for 
describing the intricate, often unpredictable behavior of 
nonlinear dynamical systems. Contrary to the colloquial use 
of the term “chaos,” which suggests randomness or disor-
der, chaotic systems are inherently deterministic, governed 
by underlying mathematical laws, yet capable of produc-
ing highly complex and irregular outcomes under specific 
conditions [48–50]. These systems, while structured, exhibit 
behavior that is extremely sensitive to initial conditions, 
leading to exponentially diverging trajectories over time 
an essential characteristic often referred to as the “butterfly 
effect”, famously demonstrated by Lorenz during his early 
work on weather prediction models [50]. The scientific 
exploration of chaotic behavior dates back to Van der Pol 
and Van der Mark, who, in 1927, observed irregular oscil-
lations in neon bulb circuits, describing the phenomenon as 
“anarchy” or “noise” [51–53]. These observations later laid 
the foundation for modern chaos theory, which now plays a 
pivotal role in explaining irregular behaviors across diverse 
fields including meteorology, fluid dynamics, economics, 
and even biological systems such as heart rhythm irregulari-
ties [54, 55]. A key concept in the study of chaos is sensitiv-
ity to initial conditions, wherein infinitesimal differences in 
starting states can lead to vastly different system evolutions 
[50, 56]. This property implies that long-term prediction 
becomes virtually impossible, even though the system is 
governed by well-defined rules. Another defining feature of 
chaotic systems is their deterministic randomness they are 
not stochastic, but their behavior mimics randomness due 
to the nonlinear structure of the governing equations [57]. 
These equations, often composed of nonlinear differential 
terms, resist closed-form analytical solutions and instead 
exhibit dynamic evolution in phase space characterized by 
strange attractors and fractal geometry. A powerful math-
ematical model to conceptualize chaotic mixing behavior is 
the Baker’s Transform, which emulates the process of dough 
folding. Through iterative stretching and folding operations, 
the transform illustrates how nearby points can diverge sig-
nificantly over time, thereby promoting uniform dispersion 
and demonstrating the core mechanism of chaos-induced 
mixing [58]. This principle has significant implications in 
engineering domains such as microfluidics and industrial 
material mixing, where achieving homogeneity is critical 
[22, 59, 60]. The chaotic advection generated by such trans-
formations disrupts laminar flow patterns and eliminates 
stagnant regions, thereby enhancing transport phenomena.

One of the fundamental tools employed to diagnose 
chaotic behavior in dynamical systems is the calculation 
of Lyapunov exponents. These exponents quantitatively 
characterize the average rate at which nearby trajectories 
in the system’s phase-space diverge or converge over time. 
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A positive maximum Lyapunov exponent is a definitive 
indicator of sensitivity to initial conditions (a hallmark of 
deterministic chaos) implying that even infinitesimally close 
starting points will evolve into significantly different states 
as time progresses [55]. This metric thus serves as a rigorous 
criterion for identifying chaotic dynamics within nonlinear 
systems. In the existing literature, numerous well-established 
chaotic systems have been extensively analyzed using Lya-
punov exponents to confirm their chaotic nature. Notably, 
the Halvorsen, Lorenz, and Sprott-A systems are among the 
most frequently studied due to their rich phase-space struc-
tures and diverse nonlinear characteristics. Each of these 
systems exhibits at least one positive Lyapunov exponent, 
affirming their sensitivity to initial conditions and validat-
ing their classification as chaotic attractors. Their distinct 
dynamical behaviors (ranging from the symmetric butterfly-
shaped trajectories of the Lorenz system to the more densely 
packed and irregular trajectories of the Halvorsen system) 
highlight the wide variety of chaotic motion that can arise 
from relatively simple nonlinear equations.

In the literature, several widely studied chaotic systems, 
including the Halvorsen, Lorenz, and Sprott-A systems, are 
utilized in the positional variations of the developed device. 
The mathematical models of these chaotic systems are pro-
vided in Eqs. (1), (2), and (3), respectively.

The coefficients of the Halvorsen mathematical model 
presented in Eq.  (1) are a = − 1.27, b = − 4, c = − 4 and 
the initial conditions are defined as x(0) = -5, y(0) = 0 and 
z(0) = 0. The Halvorsen system exhibits a highly dispersive 
chaotic attractor due to the presence of quadratic nonlinear 
damping terms (e.g., − x2, − y2, − z2 ). These nonlinear terms 
introduce asymmetry and result in irregular, widespread tra-
jectories in the phase space. Such behavior is particularly 
beneficial in stirring applications, as it facilitates broad cov-
erage of the mixing domain and mitigates stagnation near 
the beaker walls or at the fluid surface.

The coefficients of the Lorenz mathematical model pre-
sented in Eq. (2) are a = 10, b = 28, c = − 8/3 with the initial 
conditions defined as x(0) = 0, y(0) = − 0.1 and z(0) = 9. 
The Lorenz system is the most well-known chaotic system 
and was originally developed to model atmospheric con-
vection. It is characterized by a symmetric double-lobed 
attractor, where trajectories alternate between two regions of 

(1)

ẋ = ax + by + cz − y2

ẏ = ay + bz + cx − z2

ż = az + bx + cy − x2

(2)

ẋ = a(y − x)

ẏ = x(b − z) − y

ż = xy + cz

attraction. Although it produces complex, bounded motion, 
its structure often results in the stirrer spending extended 
time in either lobe before transitioning leading to periods of 
localized motion and reduced global coverage compared to 
the Halvorsen model.

The initial conditions of the Sprott-A mathematical model 
presented in Eq. 3 are defined as x(0) = 0,y(0) = 0.5 and 
z(0) = 0. The Sprott-A system belongs to a family of sim-
ple chaotic systems introduced by Sprott with minimalistic 
nonlinear terms. Despite its simplicity, it generates a robust 
chaotic attractor and is particularly attractive for real-time 
implementation due to its low computational complexity. 
The absence of squared or cubic nonlinearities in the core 
equations reduces the integration load, making it well-
suited for embedded systems or applications requiring fast 
feedback.

The Halvorsen chaotic model exhibits a higher degree of 
dynamical complexity compared to the Lorenz and Sprott-A 
models. This enhanced complexity stems from the inher-
ent structure of the Halvorsen equations, where nonlinear 
interactions and coupling mechanisms are more intricate 
than those observed in the comparatively simpler Lorenz 
system characterized by its classical double-wing attractor or 
in the lower-dimensional dynamics of the Sprott-A system. 
Moreover, the complexity of the Halvorsen attractor is fur-
ther evidenced by the relatively high sensitivity of its global 
dynamics to simple parameter modifications. This results in 
a broader and more diverse set of possible trajectories and 
bifurcation pathways. Such richness in the dynamical behav-
ior of the Halvorsen attractor results in greater complexity 
compared to the Lorenz and Sprott-A systems, thereby pos-
ing more substantial challenges for synchronization, predic-
tion, and control. These findings emphasize the importance 
of model selection and parameter tuning in the analysis and 
application of chaotic systems, and they highlight the crucial 
role of nonlinear coupling structures in shaping the complex-
ity of dynamical behaviors [61].

The phase portraits of the chaotic system equations pre-
sented above are shown in Fig. 1 for Halvorsen, Fig. 2 for 
Lorenz, and Fig. 3 for Sprott-A.

2.2 � System design

This section presents a comprehensive analysis of the 
mechanical design and motion mechanism of the developed 
magnetic stirrer device. It elaborates on the fundamental 
working principle of the system, detailing the motion control 

(3)

ẋ = y

ẏ = −x + y ⋅ z

ż = 1 − y2
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Fig. 1   Phase portraits of the 
Halvorsen chaotic system

Fig. 2   Phase portraits of the 
Lorenz chaotic system

Fig. 3   Phase portraits of the 
sprott-A chaotic system
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mechanisms and the integration of the chaotic motion algo-
rithm to enhance its functionality and efficiency.

The proposed device in this study consists of a gantry 
platform positioned on linear guide rails, enabling linear 
motion. A direct current (DC) motor is mounted on the gan-
try platform, with a magnet attached to its shaft. When the 
DC motor rotates at a specific angular velocity, the magnet 
rotates at the same speed, inducing rotation of the magnetic 
stir bar inside the beaker. This mechanism facilitates effec-
tive mixing of the liquid solution. The Cartesian platform 
design of the mechanism is illustrated in Fig. 4.

The device enables movement along the X and Y  axes 
of the beaker. The linear motion of the beaker along these 
two axes is achieved via two stepper motors integrated 
into the system. Motion transmission is facilitated through 
a single belt mechanism, ensuring smooth and vibration-
free operation via pulleys and roller bearings incorporated 
within the system. The operational workspace of the device 
is constrained by the physical limits of the X and Y  axes, 
which are defined by the boundaries of the beaker. Since 
the motion dynamics of the device exhibit a chaotic nature, 
the movement constraints are represented as Xc and Yc . By 
leveraging chaotic motion, the stir bar effectively rotates at 
various points within the beaker, thereby increasing mix-
ture homogeneity. To ensure that the system operates safely 
and precisely, limit switches are installed at the endpoints 

of the X and Y  axes. These switches prevent the device from 
exceeding its designated workspace, thereby improving posi-
tioning accuracy and minimizing potential mechanical wear. 
The solid model and components of the developed device 
are illustrated in Fig. 5.

The designed system allows the magnetic stir bar to per-
form the mixing process not only from a fixed point but 
also at various positions by adjusting the beaker’s location. 
The ability of the stir bar to change position ensures that 
the mixing process is not confined to a specific region but 
is instead evenly distributed throughout the entire mixture. 
As a result, higher mixing efficiency is expected than that of 
conventional fixed-point stirrers. Significant improvements 
in parameters such as homogeneity, pH balance, conductiv-
ity, and dissolution rate are anticipated.

The motion of the Cartesian platform is determined by the 
angular velocities ( �s1 and �s2 ) and rotational directions of 
the stepper motors. The mechanical design employed in this 
study enables independent control of the two stepper motors, 
allowing movement along the X and Y  axes. The stepper 
motors operate in two rotational directions: CW (clockwise) 
and CCW (counterclockwise), with the platform’s move-
ment direction determined accordingly. Table 1 presents 
the relationship between the motor rotation directions and 
the corresponding motion of the platform in the Cartesian 
coordinate system.

Fig. 4   Cartesian platform 
design
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The flowchart presented in Fig. 6 illustrates the opera-
tional sequence of the magnetic stirrer device, which inte-
grates the chaotic positional changes of the magnetic stir 
bar. The process begins with the “start” step after the ini-
tial system parameters have been set. Following this, in the 
“determining the home position” phase, the stepper motors 
move the Cartesian platform via the belt mechanism until 
they reach the limit switches, thereby resetting the position 
data. This step ensures that the device precisely establishes 
its initial reference position, eliminating potential position-
ing errors. Once the platform reaches the designated posi-
tion for the mixing process, the system proceeds to the next 
step. In the “start mixing” phase, the DC motor is activated, 
causing rotation of the magnet, which generates a magnetic 
field. This magnetic field induces the movement of the mag-
netic stir bar inside the beaker, thereby initiating the mixing 
process.

In the “Update Position Chaotically” phase, which con-
stitutes a core innovation of the developed system, position 
data are generated by numerically solving well-known cha-
otic differential equations (Halvorsen, Sprott-A, and Lor-
enz systems) under predetermined initial conditions. The 

resulting time-dependent outputs for the x and y coordi-
nates are scaled to ensure they remain within the geometric 
boundaries of the beaker’s base area. These scaled values 
are then embedded into the memory of a single-board com-
puter, which functions as the central control unit for real-
time motion execution. The position data along the x and y 
axes, obtained from the numerical solutions of the selected 
chaotic system, are individually transmitted to two stepper 
motors that govern the movement of the Cartesian platform. 
Specifically, the x axis values control the first motor, while 
the y axis values are assigned to the second. This coordi-
nated actuation enables the platform to reproduce the two-
dimensional projection of the chaotic attractor in real physi-
cal space. As the stepper motors respond to these temporally 
evolving inputs, the beaker affixed to the platform undergoes 
continuous displacement governed by the nonlinear dynam-
ics of the chaotic trajectory. Beneath the platform, a fixed 
magnet (mechanically coupled to a DC motor) remains 
stationary. However, as the beaker's position continuously 
changes in response to the chaotic motion model, the loca-
tion of the magnetic stir bar within the solution also shifts. 
The stir bar remains magnetically coupled to the rotating 
magnet, and as its position within the beaker varies, it gener-
ates vortices that extend into previously stagnant or poorly 
mixed regions, particularly those along the beaker walls. 
This dynamic repositioning of the vortex source leads to 
more effective disruption of boundary-layer dead zones and 
improved suspension of undissolved particles. As a result, 
the system significantly enhances mixing efficiency and 

Fig. 5   Solid model of the developed device and components

Table 1   Axial motion 
configuration of the cartesian 
platform

ω
s1

ω
s2

CW CCW​

CW  ←  ↓
CCW​ ↑  → 
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accelerates the transition to a homogeneous solution com-
pared to conventional stirring devices, in which the stir bar 
remains fixed relative to the fluid container. When the pro-
cess reaches the “time criterion satisfied?” decision point, 
the system checks whether the predefined mixing duration 
has elapsed. If the condition is not met (“N”), the chaotic 
position update loop continues, maintaining the active stir-
ring process. Conversely, once the time limit is reached 
(“Y”), the system exits the loop and proceeds to the “Finish” 
step, thereby concluding the operational cycle of the device.

This approach leverages the inherent unpredictability and 
spatial complexity of chaotic motion to enhance mixing uni-
formity. Particularly effective in laboratory-scale processes 
involving low-viscosity solvents or solutes with intrinsically 
slow dissolution kinetics conditions that pose significant 
challenges to achieving rapid and homogeneous mixing. In 
such contexts, the dynamic and non-repetitive reposition-
ing of the vortex-inducing region enables frequent disrup-
tion of peripheral zones and areas with limited fluid motion. 
This continuous spatial modulation strengthens convective 
transport mechanisms within the medium, facilitating more 
uniform solute dispersion across the entire fluid volume. As 
a result, the system not only accelerates the homogenization 
process but also ensures more complete and consistent dis-
solution, ultimately improving the efficiency, reliability, and 
reproducibility of physicochemical experiments.

In this study, the Mathematical Particle Tracing module 
of COMSOL Multiphysics was utilized to investigate the 
mixing effectiveness of the Halvorsen, Sprott-A, and Lorenz 
chaotic systems. Each system was appropriately scaled to 
fit the computational domain, and massless particles were 
released at t = 0 to track their trajectories over time. For each 
system, the initial positions of a fixed number of particles 
were set within specific intervals based on the system's ini-
tial conditions. The velocities of these particles were deter-
mined by the variables of the corresponding chaotic system 
in each simulations. These particles formed the phase space 
for each system, enabling a visual examination of vortex 
formation, development, and trajectories.

The results presented in Fig. 7 demonstrate that the parti-
cles follow irregular and complex trajectories for each cha-
otic system at t = 50 s. Among the systems analyzed, the 
Halvorsen system exhibits the densest and most uniform 
phase-space coverage. This superior performance can be 
attributed to the continuous, highly variable, and non-repet-
itive spatial motion generated by the Halvorsen attractor. 
Such dynamic behavior promotes the formation of vortex 
structures at varying locations within the beaker, effectively 
disrupting stagnant regions and enhancing overall fluid mix-
ing. In comparison, the pseudo-symmetric Sprott-A system 
and the Lorenz system also generate chaotic trajectories; 
however, their spatial coverage is relatively less dense and 
exhibits more localized clustering. These differences high-
light the particular advantage of the Halvorsen system in 
achieving widespread and uniform mixing dynamics, which 
is critical for reducing mixing time and increasing homog-
enization efficiency.

The analysis conducted in this study highlights the 
inf luence of chaotic dynamics on mixing behavior 
through particle trajectory evaluation. It should be empha-
sized that the structure of phase portraits is inherently 

Fig. 6   Hardware flowchart
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dependent on the selection of variables plotted along the 
x and y axes for each chaotic system. Varying these vari-
able pairings can lead to different trajectory topologies, 
which may influence the spatial distribution and transport 
of particles within the fluid domain. In conclusion, the 
particle tracking analysis conducted in this study clearly 
demonstrates the effective mixing behavior of chaotic sys-
tems and supports the validity of the proposed modeling 
approach.

This f lowchart outlines an optimized method that 
improves the mixing time by dynamically changing the 
position of the magnetic stir bar based on chaotic motion 
principles. Algorithm 1 shows the pseudo-code of the 
system.

(a) (b)

(c)

Fig. 7   Particle Tracing results for a Halvorsen, b Sprott-A and c Lorenz chaotic systems
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Algorithm 1   Pseudo-code of the system

2.3 � Experimental setup

In this study, the dissolution performance of a custom-
designed prototype magnetic stirrer incorporating three 
distinct chaotic models (Halvorsen, Lorenz, and Sprott-
A) was experimentally evaluated and compared with that 
of a conventional magnetic stirrer (Witeg, Germany). All 
experiments were conducted at room temperature (23 °C) 
using a 100  mL glass beaker with a base diameter of 
50 mm. The allowable displacement range for the mag-
netic stir bar was constrained to ± 20 mm along both the 
X and Y axes within the beaker base. The DC motor speed 
was maintained at a constant 800 RPM in both the devel-
oped device and the conventional system. Chaotic motion 
trajectories were generated by numerically solving the cha-
otically equations corresponding to each chaotic system 
(Eqs. 1–3). The resulting X and Y axis position data were 
scaled to fit within the physical constraints of the beaker 
and transmitted to two independent stepper motors, allow-
ing the Cartesian platform to reposition the beaker in real 
time according to the chaotic attractor dynamics. As the 
beaker moved along the chaotic orbit, the magnetic stir bar 
inside the solution produced a vortex that changed posi-
tion over time. This dynamic repositioning enabled the stir 
bar to actively disturb fluid regions near the beaker walls, 
thus enhancing convective transport and accelerating the 
dissolution process. Each test involved preparing a solu-
tion of 80 mL deionized (DI) water and 0.25 g benzoic 
acid (Merck). Conductivity and pH values were recorded 
at predefined time intervals using an Isolab pH meter to 
monitor the dissolution progress. All measurements were 
repeated five times, and average values were used to ensure 
accuracy and reproducibility. The collected data were ana-
lyzed to assess and compare the efficiency of the chaotic 

stirring models with the conventional stirring method. The 
device used in the experimental process is shown in Fig. 8.

To quantitatively evaluate the performance enhancement 
offered by chaotic stirring systems over conventional mag-
netic stirrers, this study employed a comparative analysis 
based on the Area Under the Curve (AUC) methodology. 
Specifically, AUC values were computed for the conductiv-
ity-time and pH-time response curves obtained during the 
mixing processes of both stirring systems. The AUC repre-
sents a numerical approximation of the definite integral of 
a function over a specified time interval and is frequently 
utilized to evaluate cumulative effects or total responses 
in dynamic systems, including chemical mixing, pharma-
cokinetics, and environmental monitoring [62, 63]. In this 
context, the trapezoidal rule (a widely adopted numerical 
integration method) was applied to estimate the AUC for 
each curve. This method segments the curve into a series of 
adjacent trapezoids and sums their areas to yield an accurate 
approximation of the integral. The use of AUC allows for a 
holistic comparison of time-dependent behaviors by captur-
ing the total conductivity or pH change throughout the entire 
mixing duration, rather than relying solely on instantaneous 
or peak values.

The percentage improvement of each chaotic model over 
the conventional stirrer was computed via Eq. (4).

Here, AUC​chao and AUC​conv denote the cumulative inte-
grals for the chaotic and conventional stirrers, respectively, 
based on the measured parameters. This formulation pro-
vides a normalized efficiency metric, facilitating direct com-
parison across different mixing trials and conditions.

The AUC approach has been extensively applied in prior 
studies to assess mixing efficiency and system dynamics. 
For instance, in biochemical engineering, it has been used 
to evaluate substrate conversion rates and enzyme activ-
ity over time [64]; in environmental systems, AUC aids in 
monitoring pollutant dispersion or nutrient mixing [65]. The 
incorporation of AUC in this study enables a robust and 
interpretable framework for benchmarking chaotic mixing 
against traditional stirring techniques.

3 � Results and discussion

Conductivity-time and pH-time data were first analyzed to 
assess the mixing efficiency of the chaotic stirrers in com-
parison with the conventional method. The detailed meas-
urement results supporting this analysis are provided in the 
supplementary materials (Supplementary Tables S1–S4), 

(4)% Efficiency =
AUCchao − AUCconv

AUCconv

× 100
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which include both short- and long-term values across all 
stirring models.

In this study, two distinct experimental protocols were 
employed to assess the mixing performance of various 
stirring strategies. The first set of experiments focused on 
short-term mixing behavior, evaluating conductivity and 
pH responses over a 15 min period to determine the rate 
and extent of solute incorporation at early stages of mixed. 
The second set of experiments was designed to investigate 
long-term mixing dynamics, where in the time required for 
each method to reach solution saturation was systematically 
recorded. This approach enabled a comparative evaluation 
of each stirring method’s effectiveness in achieving com-
plete solute dissolution over extended durations. Short-term 
experiments, the Halvorsen chaotic model attained the high-
est conductivity and the lowest pH value at the 15 min time. 
This outcome is not coincidental but rather a direct conse-
quence of the mathematical structure of the Halvorsen sys-
tem, which incorporates exponential terms that induce high 
sensitivity to initial conditions and promote broader, non-
repetitive phase-space traversal. This continuous and non-
repeating motion translates into more dynamic repositioning 

of the magnetic stirrer (magnetic stir bar), leading to the 
formation of transient, shifting vortices throughout the fluid 
domain. This behavior has a profound effect on the mixing 
process. As the position of the magnetic stir bar varies, so 
too does the location of vortex formation, minimizing the 
likelihood of persistent dead zones (particularly near the 
beaker walls) where undissolved materials often accumu-
late in conventional systems. In contrast to traditional setups, 
where the vortex is fixed and dissolution occurs slowly due 
to limited convective transport, the Halvorsen model con-
tinuously disrupts these stagnant regions, pulling insoluble 
particles from the surface and periphery into the active flow 
field, thereby accelerating solute incorporation.

As shown in Fig. 9a and detailed in Table 2, the Hal-
vorsen model achieved the highest short-term conductiv-
ity with an AUC value of 3068.43 μS·min, corresponding 
to an improvement of 11.99% over the conventional stirrer 
(2739.83 μS·min). This result indicates that the Halvorsen 
model facilitates faster solute dissolution and more effi-
cient mixing dynamics. The Sprott-A model also exhibited 
improved performance, with a 4.21% higher AUC than the 
conventional method. In contrast, the Lorenz model showed 

Fig. 8   Experimental test (DI 
water and benzoic acid mixture)
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a slight underperformance with an AUC 1.63% lower than 
that of the conventional approach.

The long-term conductivity behavior, presented in 
Fig.  9b and Table  2, reveals how each method per-
forms over extended mixing durations. While all models 

eventually reached a conductivity plateau, the Halvorsen 
model again proved most effective, achieving a long-
term AUC of 1239.66 μS·min. This represents a 7.70% 
improvement compared to the conventional stirrer’s 
AUC of 1151.09 μS·min. The Sprott-A model followed 
with a 6.48% increase, and the Lorenz model reached 
1197.66 μS·min, corresponding to a 4.05% improvement. 
These results confirm that the superior performance of the 
Halvorsen model is sustained over time, highlighting its 
robustness in enhancing dissolution efficiency.

In long-term conductivity evaluations, the Halvorsen 
model demonstrated superior performance by reaching the 
saturation point at the 150th minute, indicating that the 
solution had attained its maximum solute concentration. 
This outcome further substantiates the effectiveness of the 
Halvorsen system’s intricate flow dynamics and broad spa-
tial influence in accelerating mass transfer and promoting 
comprehensive solute dissolution.
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Table 2   AUC values and percentage differences in short- and long-
term conductivity for different stirring methods

Model Short-term Long-term

AUC 
(μS⋅min)

%Difference 
in conduc-
tivity

AUC​
(μS ⋅min)

%Difference 
in conduc-
tivity

Halvorsen 3068.43 11.99 1239.66 7.70
Lorenz 2695.15 − 1.63 1197.66 4.05
Sprott-A 2855.23 4.21 1225.71 6.48
Conven-

tional
2739.83 – 1151.09 –



Journal of the Brazilian Society of Mechanical Sciences and Engineering (2025) 47:580	 Page 13 of 17  580

The Sprott-A model reached the saturation point at 
approximately the 160th minute, thereby ranking as the sec-
ond most effective chaotic configuration in long-term mixing 
performance. Although its phase-space representation exhib-
its considerable spatial coverage, it lacks the high-density, 
multidirectional divergence observed in the Halvorsen sys-
tem. As a result, although the Sprott-A attractor exhibits 
slightly lower trajectory traversal density and frequency 
compared to the Halvorsen system, it nonetheless achieves 
effective mixing across the fluid domain, with only a modest 
delay in reaching solution saturation thereby demonstrating 
its competence as a viable chaotic mixing strategy.

The Lorenz model, on the other hand, reached satura-
tion at around the 175th minute. Its phase portrait exhibits 
symmetrical, butterfly-shaped attractors that offer more pre-
dictable and repetitive trajectories. This symmetry inher-
ently limits the spatial variability of the magnetic stir bar's 
movement, resulting in lower frequency interaction with 
stagnant boundary layers. Consequently, undissolved mate-
rial in beaker dead zones remains unperturbed for longer 
durations compared to the Halvorsen and Sprott-A models.

The conventional magnetic stirring method exhibited 
markedly inferior performance compared to all chaotic con-
figurations, with solution saturation only occurring around 
the 215th minute. This deficiency is primarily attributed to 
the fixed, centrally rotating magnetic stir bar, which gener-
ates a limited vortex confined to the center of the beaker. 
Consequently, insolutes located along the beaker walls or 
floating at the surface remain largely unaffected by the cen-
tral vortex and are inefficiently incorporated into the bulk 
mixture. The absence of spatial modulation in conventional 
stirring significantly hinder the disruption of dead zones, 
especially in low-viscosity media with inherently slow dis-
solution kinetics. These findings indicate that conventional 
magnetic stirrers prolong the time it takes to achieve mixture 
homogeneity under these conditions. The graph showing the 
time-dependent saturation of the solutions according to dif-
ferent mixing methods in the long-term mixing experiment 
is shown in Fig. 10.

In terms of pH behavior, Fig. 9c and Table 3 illustrate 
the short-term process. A lower AUC in the pH-time curve 
indicates a quicker transition to equilibrium. The Halvorsen 
stirrer reached the lowest short-term pH AUC value of 
384.72 pH·min, reflecting a 1.40% improvement over the 
conventional method (390.18 pH·min). The Sprott-A model 
also showed improvement with a 0.70% reduction, while the 
Lorenz model remained nearly identical to the conventional 
stirrer, with a marginal 0.06% decrease. These results dem-
onstrate that chaotic stirring enhances not only conductivity 
but also the speed of reaching pH stability, particularly with 
the Halvorsen configuration.

The long-term pH stabilization is presented in Fig. 9d and 
summarized in Table 3. Over extended mixing periods, the 

Halvorsen model continued to provide the fastest stabiliza-
tion with a pH AUC of 56.176 pH·min, which is 1.98% lower 
than the conventional stirrer’s AUC of 57.308 pH·min. The 
Sprott-A and Lorenz models recorded reductions of 1.68% 
and 0.98%, respectively. This consistent reduction in AUC 
across both short- and long-term measurements empha-
sizes the effectiveness of chaotic stirring, particularly the 
Halvorsen model, in promoting rapid chemical equilibrium 
during dissolution.

The overall performance comparison of all stirring 
methods is visually summarized in Fig. 11, which presents 
both short-term and long-term percentage differences in 
conductivity and pH. The Halvorsen model consistently 
demonstrates the highest performance gains across both 
parameters and time scales, confirming its superior stirring 
dynamics. The Sprott-A model exhibits moderate yet sta-
ble improvements, while the Lorenz model provides more 
modest benefits compared to the conventional stirrer. These 
findings clearly show that among the tested chaotic models, 
Halvorsen delivers the most balanced and effective perfor-
mance in enhancing both dissolution rate and chemical sta-
bility. This superior performance of the Halvorsen model can 
be attributed to its strongly dissipative but bounded chaotic 
attractor, which provides multi-dimensional phase-space 
coverage with minimal periodicity. Unlike Lorenz, which 
exhibits symmetry and saddle-type instabilities, or Sprott-A, 
which has a simpler structure, the Halvorsen system continu-
ously generates new, non-repeating trajectories that allow for 
better fluid particle dispersion over time.

The findings of this study reinforce the growing consensus 
that chaotic mixing strategies, particularly those governed by 

Fig. 10   Time for solution to reach saturation (long-term)
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the dynamics of nonlinear attractors, offer significant advan-
tages over conventional mixing techniques especially in low-
viscosity environments with slow dissolution kinetics. Among 
the systems evaluated, the Halvorsen model demonstrated the 
highest spatial coverage and temporal variability, leading to 
effective disruption of stagnation zones near the vessel walls 
and the solution surface. These regions, often inaccessible to tra-
ditional magnetic stirrers with fixed central axes, were efficiently 
engaged through the reorienting and volumetrically extensive 
vortex structures induced by chaotic motion. This observation 
is supported by literature indicating that irregular, non-repetitive 
motion patterns (whether in the form of chaotic spatial trajec-
tories or speed variations) prevent the formation of consistent 
flow paths, thus minimizing unmixed regions within the medium 
[21, 23, 66–68]. Experimental comparisons further reveal that 
chaotic trajectories at constant speed outperform fixed-position 
mixing at the same speed in terms of homogeneity [66]. Moreo-
ver, the introduction of chaos into the rotational speed of DC 
motors, as explored using various attractor systems (e.g., Chua, 
Newton–Leipnik, Lorenz, Rössler), not only improves mixing 
uniformity but also reduces energy consumption. Specifically, 
studies identified the Chua and Hadley systems as yielding lower 
average power and energy usage compared to other chaotic 

signals, highlighting their potential for energy-efficient mixing 
operations [66, 68].

These results align with broader literature demonstrating that 
chaotic strategies (especially those utilizing variable position-
ing, nonlinear trajectories, and frequency modulation) consist-
ently outperform laminar or turbulent approaches across diverse 
domains, from microfluidics to polymer blending [20–25, 
28–34, 39, 41–44]. Advanced implementations such as robotic 
stirrer platforms and fractal impellers have also been shown to 
enhance dispersion and shorten processing durations through 
vortex modulation and adaptive flow reorientation [26, 33, 44]. 
Nevertheless, the effectiveness of chaotic stirring is not universal 
and must be contextualized within the specific fluidic and geo-
metric parameters of the system. Factors such as solute particle 
size, mixer tip design, container dimensions, and the rheological 
properties of the medium significantly influence outcomes [21, 
38–40].

The superior performance of the Halvorsen chaotic system in 
enhancing mixing efficiency can be theoretically explained by 
examining the geometric and dynamic properties of its system. 
Unlike the Lorenz and Sprott-A systems, which often exhibit 
more structured and symmetric trajectories, the Halvorsen 
system displays a more diffused, three-dimensional swirl-like 
structure that covers a broader area in phase space. This allows 

Table 3   AUC values and 
percentage differences in short- 
and long-term pH for different 
stirring methods

Model Short-term Long-term

AUC (pH⋅min) %Difference in pH AUC​
(pH⋅min)

%Difference in pH

Halvorsen 384.715 − 1.40 56.176 − 1.98
Lorenz 389.925 − 0.06 56.749 − 0.98
Sprott-A 387.435 − 0.70 56.346 − 1.68
Conventional 390.178 – 57.308 –
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for greater spatial variability and randomness in the stir bar’s 
trajectory, effectively increasing the turbulence intensity and 
minimizing the formation of stagnation zones during mixing. 
Such widespread chaotic systems induce stronger sensitivity to 
initial conditions and non-repetitive orbital transitions, which are 
beneficial for maximizing contact between solute and solvent. 
Furthermore, the Halvorsen system includes nonlinear damp-
ing terms (e.g., − y2, − z2) in its state equations, which generate 
more abrupt trajectory shifts and lead to localized high-gradient 
zones in the position field. This contributes to a higher degree 
of mixing randomness compared to the smoother flow fields of 
Lorenz or Sprott-A systems. As chaotic mixing relies heavily 
on Lagrangian particle stretching and folding, the geometrical 
complexity and temporal irregularity of Halvorsen dynamics 
make it particularly suitable for enhanced dispersion in fluid sys-
tems. This theoretical rationale is consistent with the observed 
increase in conductivity and faster pH stabilization in the experi-
mental results.

4 � Conclusion

This study conducted a comparative analysis of the dissolution 
efficiency of three chaotic stirring models (Halvorsen, Sprott-A, 
and Lorenz) against a conventional magnetic stirring system. In 
contrast to the fixed, circular motion of conventional stir bars, 
the chaotic configurations employed non-repetitive trajectories 
derived from deterministic chaotic attractors, enabling continu-
ous spatial repositioning of the stir bar. This dynamic move-
ment generated time-varying vortex patterns within the fluid, 
actively disturbing low-flow regions and enhancing solute 
transport throughout the medium. Among the chaotic models, 
the Halvorsen system demonstrated the highest performance, 
achieving superior conductivity values and the most rapid pH 
stabilization. Its spatially unpredictable and temporally continu-
ous motion facilitated more effective mixing by improving vor-
tex coverage and minimizing dead zones. The Sprott-A model 
also outperformed the conventional approach, confirming the 
general benefit of chaotic motion for solute dispersion. In con-
trast, the Lorenz model exhibited slightly lower efficiency, likely 
due to its symmetrical phase portrait and more limited spatial 
excitation. pH data supported these findings, as Halvorsen and 
Sprott-A models both showed lower AUC values, reflecting 
quicker stabilization. Complementary to these dissolution and 
pH measurements, a particle tracing analysis was conducted to 
further investigate the influence of chaotic dynamics on mixing 
behavior. The results presented in the particles follow irregular 
and complex trajectories for each chaotic system at. Among the 
systems analyzed, the Halvorsen system exhibited the densest 
and most uniform phase-space coverage. This superior perfor-
mance can be attributed to the continuous, highly variable, and 
non-repetitive spatial motion generated by the Halvorsen attrac-
tor. Such dynamic behavior promotes the formation of vortex 
structures at varying locations within the beaker, effectively 

disrupting stagnant regions and enhancing overall fluid mix-
ing. In comparison, the pseudo-symmetric Sprott-A system and 
the Lorenz system also generated chaotic trajectories; however, 
their spatial coverage was relatively less dense and exhibited 
more localized clustering. These differences further highlight 
the particular advantage of the Halvorsen system in achieving 
widespread and uniform mixing dynamics, which is critical for 
reducing mixing time and increasing homogenization efficiency. 
Based on the experimental findings and particle tracking analy-
ses, it can be concluded that the Halvorsen model provides the 
most effective approach for achieving fast and uniform mixing. 
Its position-based control of the magnetic stir bar offers both 
precision and energy efficiency, making it particularly suitable 
for applications in chemical processing, biological systems, and 
pharmaceutical production.

Future studies will focus on regulating the speed variations 
of the DC motor chaotically to investigate its impact on mixture 
homogeneity. Additionally, the conventional open-loop heating 
process in traditional stirrers is replaced with a feedback-based 
closed-loop system to increase the mixing efficiency. Finally, 
an Internet of Things (IoT)-based application is developed for 
remote data collection and analysis, enabling real-time monitor-
ing and optimization.
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