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A COMPARISON OF 
2+

5
NH  AND 

+

5
CH  IONS  

AND DEUTERATED VARIANTS OF 
2+
(5 )NH D

x x−
:  

REAL OR ARTEFACTUAL ROTATION? 

M. Monajjemi 

Protonated 
2

5
NH

+

 has unusual vibrational and rotational behavior because its three nonequivalent 

equilibrium structures have nearly identical energies and its five protons scramble freely, while in the 
5

CH
+

 

structure, five hydrogen atoms are bonded to the carbon atom by sharing eight valence electrons. Although  

a few theoretical papers have been published on quantum mechanics of those systems. Better understanding 

requires spectral and conformational analyses. CASSCF (8, 9) calculations with the correlation consistent 

polarized valence double and triple zeta basis sets are accomplished for estimating the vibrational data and 

zero-point energies of those two ions. The present results indicate that normal modes agree qualitatively 

with 
2

(5 )
NH D

x x

+

−
 and one of the normal modes indicates that 

2

5
NH

+

 is highly fluxional and has a complex 

spectrum while the broken N–H bonds are reformed all the time. The spectrum of mode 10 is highly 

complex with red and some blue shifts. In particular, modes 6 and 12 are attributed to the rapid coupling of 

the N–H stretching normal mode to motions more closely related to isomerization, i.e., bending or rocking. 

There have been long debates whether 
2

5
NH

+

 has a structure at all or not and if the rotation is real or 

artefactual. 
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INTRODUCTION 

The investigation of the quantum rotational dynamics of a molecular system might provide important data on the 

mechanical structures and forces between atoms in molecules (AIM) and also among the molecular constituents within  

a single molecule (non-bonded interaction). In this study, protonated 
2

5
NH

+

 and 
5

CH
+

 ions with the three-center two-electron 

bonding have been a subject of various theoretical and experimental investigations since their first detection in 1952 [1-7]. It 

is an important intermediate in hypercoordination chemistry and superacid [8, 9] and is highly relevant in the fields such as 

plasma chemistry [10-12]. For decades and even up to now, 
2

5
NH

+

 and 
5

CH
+

 have provided some challenges for  
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theoreticians and as well as experimentalists due to the correlated large-amplitude motion of their five protons around the 

carbon atom. 

In 2004, Keiranand coworkers [13] have applied aquantum diffusion Monte-Carlo calculation for estimating ground-

state zero-point energies (ZPEs) from interpolated PES. It has been exhibited that ZPE as a function of the number by 150 

points has converged to within ±0.5 kJ/mol [13] for 
5

CH
+

. And also converged fully anharmonic ZPE on interpolated PES 

calculated as 132.72 kJ/mol was significantly lower than the CCSD(T)/aug-cc-pVTZ or MP2/cc-pVTZharmonic ZPE of the 

global minimum structure (Cs), which were found to be 134.75 kJ/mol and 136.7 kJ/mol respectively [5]. Up to now there is 

no attempt to compare the structures of 
5

CH
+

 and 
2

5
NH

+

 ions by rotational and conformational analyses. 

Based on the behavior and bimodality of the H–H radial distribution function, it is obvious that the ground state of 

2

5
NH

+

 and 
5

CH
+

 wave function does have a global minimum energy configuration of the Cs character. However, there is 

considerable delocalization of some protons and the calculated rotational constants proposed by Brown [6] (for both C–H and 

N–H bonds), showing a ground state structure with a symmetrical structure rather than the Cs configuration. 
2

5
NH

+

 consists of 

three configurations [14], including static equilibrium structures of the ground state and two transition states, which mainly 

determine the dynamics of 
2

5
NH

+

. Those are: (1) e-Cs (I) isomer consists of a three-center two-electron bond associating two 

hydrogen atoms in addition to a NH3 tripod, while the H2 moiety is attached in the eclipsed orientation; (2) staggered (s-Cs) 

saddle point [15] obtained by 30° rotation of the H2 moiety is barely higher in energy [16] than the ground state position; (3) 

third stationary point is a saddle point [14, 15] with the C2v symmetry. The approach enables an easy exchange of hydrogen 

sites, the so-called hydrogen scrambling [14]. This phenomenon occurs by isomerization transitions between different 

degenerate states of e-Cs through the s-Cs transition and the C2v structure [14, 17]. 

It might be understood from ZPE of the harmonic data which differ by about 100 cm–1 in the first location of the D 

atom. According to the calculations of McCoy et al. [3], the lowest energies of the Cs (I) configurations were obtained for an 

arrangement in which three deuterons are placed in the tripod section. Schreiner et al. calculated harmonic ZPE of those 

species for e-Cs (I), s-Cs (II), and C2v structures with 136.8 kJ/mol, 136.4 kJ/mol, and 132.0 kJ/mol respectively and scaled its 

harmonic frequency by 0.95 for estimating anharmonic effects [14]. It has been exhibited by this work that all five hydrogen 

atoms possess identical N–H and H–H radial distribution functions within the nuclear vibrational wave function. There is 

substantial proton scrambling even at 0 K, and this is an uncertain result. 

Although those values are the best data in comparison with the infrared spectra of N–H and  

C–H bonds, Keiran [13] obtained a reasonable value of harmonic ZPE at the 0.985 point on CCSD (T)/aug′-cc-pVTZ 

interpolated PES. 

Obviously, both 
5

CH
+
 and 

2

5
NH

+
ions are quasi-rigid molecules with a well-described molecular structure. However, 

for its protonation a thorough discussion of the electronic structures is needed. This can be related to its abnormal flat 

potential energies, which provides complications. Large-magnitude motion for taking place, which is a reason for 

fluxionality, persists even at a very low temperature (≠0 K) due to quantum-mechanical fluctuation (QMF) treatment of the 

highly correlated scrambling motion of the five protons [17]. 

In 2010, through the deuterated variants of 
5

CH
+
, Ivanov [18] and coworkers revealed that, in stark contrast to the 

traditional approach, the isotopologue spectra of 
2
(5 )NH D
+

−x x
 (x = 0, 1, … 5), recorded in an ion trap using the laser-induced 

reaction [17] technique [18] bear almost no resemblance to one another [19, 20]. The SCF simulation represents all six vastly 

different IR spectra and allows the assignment of their aspects [21]. The analysis exactly confirms that the spectra observed 

for x = 1, 2, 3 H and D site occupations are confused but for x = 4 the combinatorial symmetry is broken for these atoms due 

to QMF within the fluxional molecular frame. There have been a few polemical discussions of the experiments which 

indicate that the deuteron transfer from 
2

5
ND

+

 to 
2

5
NH

+

 can create stable isotopomers [22]. 
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Via an important procedure, D–H exchange reactions results in isotope enrichment at low temperatures [5]. In 2004, 

via QDMC Brown [6] reported ZPEs for 
5

CD
+

 and 
5

CH
+

 as 8080 cm–1 and 10975 cm–1, respectively [6]. Due to the Cs(I) 

structure described above, the 
3 2

CD H
+

 isotopomer is of specific interest. 

Although through the hydrogen scrambling approach some complexity has been cleared for the quantum ground 

state of the 
2

5
NH

+

 structure, hydrogen scrambling is not the root of all the known intricacies [17, 18]. In particular, it has been 

discussed in these studies that 
2

5
NH

+

 undergoes hydrogen scrambling even in the quantum ground state and that the resulting 

correlated pseudo-rotational dynamics is due to symmetry breaking consisting of several small barriers for 

2
(5 )NH D
+

−x x
variants. 

THEORETICAL 

Electron densities have been described as [23-25] 

 
22

,( ) | ( ) | | ( ) |
i i i l i ii l

r r C rρ = η ϕ = η χ∑ ∑     (1) 

and ηi, ϕi, and χi(r) are occupation numbers of orbitals (i), orbital wave functions χi(r), and basic functions respectively.  

In addition, Cl,i are matrix coefficients, therefore electron densities can be explicitly defined as e/Bohr3 [23-25]: 

1/2
2 2 2
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r r r
r
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r
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∂ ρ ∂ ρ ∂ ρ
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∂ ∂ ∂
     (3) 

The (–) and (+) values of this function correspond to locally concentrated and locally depleted respectively. The electrons 

localizations have been built by Bader′s studies [26]. We have calculated densities of hydrogen and deuterium atoms in 

deuterated variants of 
2
(5 )NH D
+

−x x
 via a relationship between ∇2ρ and valence shell repulsion [26]. Kinetic energies K(r) 

cannot be defined individually, since the expected values of this operator [25] 〈ϕ|–(1/2)∇2|ϕ〉 can be reproduced by 

integrating through an alternative definition. One of the most used explications can be extended as [23-25]: 

21
( ) ( ) ( ).

2
i i ii

K r r= − η ϕ ∇ ϕ∑ *r       (4) 

The Lagrangian kinetic densities G(r) are also mentioned as a positive definition as follows: 

 

2 2 2

2 ( ) ( ) ( )1 1
( ) | | .

2 2 ( ) ( ) ( )

i i i

i i ii i

r r r
G

x y z

⎧ ⎫⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞∂ϕ ∂ϕ ∂ϕ⎪ ⎪⎢ ⎥= − η ∇ϕ = η + +⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭
∑ ∑r   (5) 

G(r) and K(r) are directly related by Laplacian of the densities 

 
21
( ) ( ) ( ).

4
r G K∇ ρ = −r r      (6) 

Based on kinetic energies, ground-state ZPEs can be evaluated as a function of the distinct number (by about 150 points), 

which converged within ±0.5 kJ/mol [13]. 

According to transition state energies, the frequency of a hydrogen atom moving to a radial distribution function can 

be expressed as: 

 

B

exp ,
h

E

K T

⎛ ⎞Δ
Γ = ϑ −⎜ ⎟

⎝ ⎠
*       (7) 
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where ΔEh is the difference between the energies and ϑ*, are the effective vibrational frequencies. In this work, the harmonic 

approximation of isotope bonding vibration on the uncoupled situation is attained through rescaling the frequency using the 

reduced mass ratio H

D H

D

μ
ω = ω

μ
 from the respective eigen-frequency X

X H

X

K
ω = ω

μ
. 

Beck and Edgecombe obtained the spin probability correlation with Fermi holes through a novel electron 

localization function (ELF) [27] 

 
2

0

1
ELF( ) ,

1 ( ( ) / ( ))
r

D r D r

=

+

      (8) 

where 

 

22

2
|| ||| |1 1

( ) | |
2 8 ( ) ( )

i ii
D r
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α

⎡ ⎤∇ρ∇ρ
⎢ ⎥= η ∇ϕ − +
ρ β⎢ ⎥⎣ ⎦

∑      (9) 

since 

 
1

( ) ( ) ,
2

r rα βρ = ρ = ρ       (10) 

D and D 0 terms can be simplified as 

 

2

21 1 | |
( ) | | ,

2 8 ( )
i ii

D r
r

α

⎡ ⎤∇ρ
= η ∇ϕ − ⎢ ⎥

ρ⎢ ⎥⎣ ⎦
∑      (11) 

 
2 2/3 5/3

0

3
( ) (3 ) ( ) .

10
D r r= π ρ      (12) 

Also for a close-shell system equation (9) can be rewriten as: 

 
2 2/3 5/3 5/3

0

3
( ) (6 ) [ ( ) ( ) ].

10
D r r rα β= π ρ + ρ     (13) 

Savin et al. have reinterpreted [28] ELF in view of kinetic energies, which makes ELF also useful for Kohn–Sham 

wave-functions in DFT methods. Tsirelson [29] and Stash showed that D(r) reveals excess kinetic densities under the Pauli 

repulsion rules, while D0(r) can be considered as Thomas–Fermi densities. 

Localized orbital locators (LOL) were defined by Schmider [30] and Becke as another novel function for locating in 

the high regions as the same ELF. 

 
( )

LOL( )
1 ( )

r

r

r

τ
=

+ τ

      (14) 

and 

 0

2

( )
( ) .

1
| |

2
i ii

D r
r =

η ∇ϕ∑

      (15) 

By this study the ELF and LOL parameters of hydrogen and deuterium atoms in deuterated variants of 
2
(5 )NH D
+

−x x
 

have been calculated to reveal the situation and position of five proton scrambling and their mechanism as artefactual 

rotation. In addition, a few years ago Aslangul and coworkers attempted to decompose diatomic and triatomic molecules into 

reciprocal monopolized spaces by minimizing information entropies [31]. Parr et al. [32] have discussed the relationship 

between the information entropies and molecular similarities, which has been exhibited by the formula of Shannon′s 

information entropies as follows [33]: 

 ( ) ln ( ) .S P x P x dx= −∫       (16) 
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The electrostatic potentials (ESP) measure the electrostatic interaction among the unit point charges placed at r and 

the systems. A positive (negative) value implies that the current position is dominated by nuclear (electronic) charges. 

ESP has been widely used for prediction in statistical analysis. Murray and his coworkers [34] found the set of 

functions called GIPF that relates ESP in a molecular system and physical properties. 

COMPUTATIONAL METHODS 

Calculations were performed using GAMESS-US packages [35] and the Gaussian software. There are various 

situations of hydrogen and deuterium position interactions in 
2
(5 )NH D
+

−x x
 systems. Using the extensive direct dynamics of the 

potential and the gradient, first PES and dipole moment have been calculated at the CASSCF level of theory with cc-pVDZ 

and cc-pVTZ basis sets [36]. 

In this study, full dimensional ab initio based PES and ab initio electron energy gradients are obtained through 

calculations using post-HF, Møller–Plesset, and DFT theories with the correlation consistent polarized valence double and 

triple zeta basis sets. 

Switching to energies, the most accurate calculations of binding energies and scrambling barriers are considered to 

be obtained by CCSD(T) and CASSCF methods. Although a normal basis set (aug-cc-pVTZ) has been used in the CCSD(T) 

calculations, the result for the scrambling barrier in various 
5

NX
+

 is close to the values reported by Müller et al. [16]. CCSD 

(T) also yields rotational energies in good agreement with MP2 but underestimates the scrambling barrier. It would be too 

expensive to use both of them, and therefore, a cheaper method, i.e. DFT, has to be considered. Through redundant internal 

coordinates, several PESs in few internuclear distances were fitted to these data. The potential energies and gradient data for 

each atom of 
2
(5 )NH D
+

−x x
 generated an analytical multinomial expression, using Multiwfn analyzing software [23-25] as 

variables in the complete set of inverse internuclear distances. 

In this work, we have also focused on getting the optimized results from advanced DFT methods, including m06 and 

m06-L. M062x, m06-L, and m06–HF are a novel meta-hybrid DFT functional with good correspondence [37] and are useful 

for calculating energies of the distance between atoms in 
2
(5 )NH D
+

−x x
. The m06 and m06-L (DFT) functional is based on  

an iterative solution of the Kohn–Sham equation [38] in a plane-wave set with the projector-augmented wave pseudo-

potentials. The Perdew–Burke–Ernzerhof [39] (PBE) exchange-correlation (XC) functional of the generalized gradient 

approximation (GGA) is adopted. Based on our previous works [40-53] concerning the approaches of ELF, LOL and density 

quantum energies, we strive to discuss a useful method to understand more about 
2
(5 )NH D
+

−x x
 treatments. 

RESULTS AND DISCUSSION 

Obviously, the simplest type of rigid rotors are those that have a single rotational degree of freedom, such as 

ammonia compounds consisting of ammonia groups (NH3) or methyl halides containing CH3. In those rigid molecular 

compounds, the ammonia groups can rotate around a fixed molecular axis under an external field hindering rotation, thus 

representing several different rotations. The optimization and ZPE determination of 
2
(5 )NH D
+

−x x
 was performed as well as for 

those compounds with the reaction as follows: 
2 2

5 3 2
NH NH H

+ +

→ + , 
2

4 3
NHD ND HD

+ +

→ + , 
2

2 3 3 2
NH D ND H

+ +

→ + , 

2 2

3 2 3 2
NH D NH H

+ +

→ + , 
2 2

4 2
NH D NH D HD

+ +

→ +  and 
2 2

5 3 2
ND ND D

+ +

→ + . 

The data on density energies, charges from ESP, electrostatic potential, ionization energy, ellipticity of electron 

densities, Eta index and some other physical properties for carbon, nitrogen, deuterium, and hydrogen atoms are listed in 

Tables 1-5 and Figs. 1-9. 
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TABLE 1. Various Energy Densities, ELF, LOL, and Local Information Entropy for 
2

5
ND

+

 via ccsd(T)/AUG-cc-pvdz 

Atoms 

D–N  

bond  

length 

Electron  

density 

ESP  

(10^2) 

Kinetic  

energy  

density  

[G(r)] 

Hamil-

tonian 

energy 

density 

[K(r)] 

Potential 

energy 

density 

[U(r)] 

Electron 

localization 

function 

(ELF) 

Local  

information  

entropy 

Ellipti- 

city of  

electron  

density 

Eta 

index

Localized 

orbital 

locator 

(LOL) 

N(1) – 0.191 –0.200 0.182 0.241 –0.241 0.999 –0.564 0.000 –1.00 0.998 

D(2) 1.11 0.268 –0.479 0.183 0.313 –0.315 0.999   0.972 0.001 –1.10 0.949 

D(3) 1.11 0.268 –0.479 0.183 0.313 –0.315 0.997   0.973 0.001 –1.10 0.946 

D(4) 1.11 0.268 –0.477 0.184 0.314 –0.316 0.998   0.971 0.002 –1.11 0.947 

D(5) 1.11 0.267 –0.474 0.181 0.312 –0.315 0.997   0.977 0.024 –1.09 0.946 

D(6) 1.06 0.323 –0.466 0.265 0.367 –0.369 0.999   0.110 0.035 –1.12 0.957 

 

TABLE 2. Various Energy Densities, ELF, LOL, and Local Information Entropy for 
5

CH
+

 with CASSCF(8, 9)/cc-pvdz 

Quantum Calculations 

Atoms 

C–H  

bond  

length 

Electron  

density 

Kinetic  

energy  

density  

[G(r)] 

Hamiltonian 

energy  

density  

[K(r)] 

Potential 

energy 

density 

[U(r)] 

Electron 

localization 

function 

(ELF) 

Local  

information 

entropy 

Ellipticity  

of electron  

density 

Eta  

index 

Localized  

orbital  

locator (LOL)

H(2) 1.10 0.346 0.242 0.293 –0.295 0.99 0.116 0.001 –1.10 0.953 

H(3) 1.10 0.346 0.242 0.293 –0.295 0.99 0.116 0.001 –1.10 0.953 

H(5) 1.12 0.335 0.235 0.288 –0.290 0.99 0.113 0.001 –1.10 0.952 

H(4) 1.24 0.300 0.238 0.260 –0.263 0.99 0.105 0.028 –1.09 0.942 

H(6) 1.24 0.292 0.255 0.253 –0.255 0.99 0.103 0.035 –1.09 0.935 

 

TABLE 3. ESP, Various Energy Densities, LOL, ELF, and Local Information Entropy for H Atoms in (5 )CH D
x x

+

−
 Variants 

Hydrogen  

properties in  

(5 )
CH D

x x

+

−
 

ESP 

(10^2) 

Kinetic  

energy  

density  

[G(r)] 

Hamiltonian 

energy  

density  

[K(r)] 

Potential 

energy 

density 

[U(r)] 

Electron 

localization 

function 

(ELF) 

Local  

information 

entropy 

Ellipticity  

of electron  

density 

Eta 

index

Localized 

orbital 

locator 

(LOL) 

4
CHD

+

: x = H(6) –0.466 0.279 0.248 –0.251 0.99 0.102 0.035 –1.09 0.93 

2 3
CH D

+

: x = H(6) 

2 3
CH D

+

: x = H(4) 

–0.466 

–0.464 

0.280 

0.256 

0.249 

0.256 

–0.252 

–0.259 

0.99 

0.99 

0.102 

0.104 

0.036 

0.026 

–1.09

–1.09

0.93 

0.94 

3 2
CH D

+

: x = H(4) 

3 2
CH D

+

: x = H(5) 

–0.464 

–0.477 

0.256 

0.252 

0.256 

0.282 

–0.259 

–0.285 

0.99 

0.99 

0.104 

0.113 

0.025 

0.002 

–1.09

–1.10

0.94 

0.95 

4
CH D

+

: x = H(2) 

4
CH D

+

: x = H(3) 

–0.464 

–0.477 

0.256 

0.252 

0.256 

0.282 

–0.259 

–0.285 

0.99 

0.99 

0.104 

0.113 

0.025 

0.002 

–1.09

–1.10

0.94 

0.95 

5
CH

+

: x = H(4) 

5
CH

+

: x = H(6) 

–0.459 

–0.460 

0.238 

0.255 

0.260 

0.253 

–0.263 

–0.255 

0.99 

0.99 

0.105 

0.103 

0.028 

0.035 

–1.09

–1.09

0.942 

0.935 

 

Fitted PES is tested by comparing it against additional electron energy calculations and normal mode frequencies at 

the three lowest stationary points obtained from the fitting against ab initio ones. Rotational constants along the N–X and H–

X bond lengths and the tunneling coordinates via ELF, LOL, energy densities, local information entropy, geometry 

optimization of 
2
(5 )NH D
+

−x x
 variants (x varies from 0 to 5), and related normal modes have been calculated and are presented 
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in Table 5 and Fig. 8. In addition, they were compared with the corresponding harmonic oscillator and standard classical 

molecular dynamics data (Fig. 7 and Tables 4, 5). The wave function delocalization is analyzed through the Multiwfn 

software by comparing the 
2

5
NX

+

 (X = H and D) distributions with those obtained when all hydrogen atoms were replaced by 

deuterium ones (Table 3). 

ELF has been calculated via equation (8) for all ions, and the data are listed in Tables 1-3; LOL has been made 

through equations (14), (15) for those items. The densities for open and closed-shell systems have been estimated via 

equations (9)-(13). The spin density from the difference between α and β densities can be calculated through the expression 

ρs(r) = ρα(r) – ρβ(r), then the spin polarization parameter function was returned instead of the spin density 

( ) ( )
( )

( ) ( )

r r

r

r r

α β

α β

ρ −ρ
ξ =

ρ + ρ
. The situation with LOL for 

2

5
NH

+

 from the CASSCF {(8,9)/cc-pvdz calculation} has been shown in 

Fig. 3. 

Since, in the Born–Oppenheimer approximation the molecular wave function can be disjointed as 

Ψmol = ΨtransΨelΨvibΨroltΨns, so, in order to induce quantum rotation of the NH3 group, a change in the nuclear spin state must 

occur. Therefore, if electrons are completely localized, then they can be distinguished from those outside. Bader [26] found 

that the areas which had large electron localization might have large magnitudes of Fermi hole integration. Although D0(r) 

from equations (12) and (13) is introduced into ELF as the reference. ELF reveals basically a relative localization (ELF is 

within the range [0, 1]). A large ELF value means that electrons are extremely localized, which indicates that there are 

covalent bonds in the regions. Based on ELF variables (as can be seen in Tables 1-4), all X–N bond strengths are equal to 

strong covalent bonds. As a result, the disassociation mechanism of the 
2
(5 )NH D
+

−x x
 to produce H2 or D2 seems bizarre but is 

true. Ivanov [18] and coworkers have discussed it through assigning the spectra of the isotopologues with experimental and 

computed IR spectra of 
2

5
NH

+

 and all its H/D isotopologues (including mass-rescaled 
2

5
ND

+

 and 
2

5
NH

+

) with the simulated 

spectra to a particular mode (except for bends). Based on full decomposition intoisotopomer contributions, they exhibited 

subsequent spectral occupation probabilities for the disentan- gling proton in the moiety where upper/lower bars indicate the 

quantum/classical distributions. As shown in Figs. 4, 6, it is believed that within classical mechanics, the five different sites in 

2

5
NX

+

 are expected to be populated by H or D for all categories of 
2
(5 )NH D
+

−x x
. 

Based on our results (Tables 3-5 and Figs. 6, 7), it is supposed that only two N–X bonds in a part of molecules 

exhibit properly quantum effects on the nuclei (as quantum particles through the high rotation) while the other parts of the 

molecules have classical particle behavior (lower rotation) which is the so-called artefactual rotation. ELF has been widely 

used for a wide variety of systems, such as these kinds of small molecules, to reveal the atomic shell structure and the  

 

TABLE 4. ESP, Various Energy Densities, LOL, ELF, and Information Entropy for N Atoms of 
2

(5 )
NH D

x x

+

−
 Variants 

Carbon  

properties  

in  

(5 )
CH D

x x

+

−
 

ESP  

(10^2) 

Kinetic  

energy  

density  

[G(r)] 

Hamiltonian  

energy  

density  

[K(r)] 

Potential 

energy 

density 

[U(r)] 

Electron  

localization 

function  

(ELF) 

Local  

information 

entropy 

Ellipticity  

of electron  

density 

Eta 

index 

Localized 

orbital  

locator  

(LOL) 

2

5
NH

+

 –0.200 0.182 0.241 –0.241 0.999 –0.564 0.000 –1.00 0.998 
2

5
ND

+

 –0.198 0.179 0.240 –0.239 0.998 –0.563 0.000 –1.02 0.999 
2

4
NHD

+

 –0.199 0.180 0.240 –0.240 0.998 –0.563 0.000 –1.01 0.997 

2 3
NH D

+

 –0.198 0.181 0.241 –0.241 0.998 –0.562 0.000 –1.02 0.997 
2

3 2
NH D

+

 –0.199 0.180 0.240 –0.240 0.999 –0.565 0.000 –1.04 0.996 

2

4
NH D

+

 –0.198 0.179 0.239 –0.239 0.997 –0.560 0.000 –1.05 0.995 



 

720 

TABLE 5. Rotational Temperatures, Rotational Constants, Zero-Point Vibrational Energy, and Thermal Energy for 
2

(5 )
NH D

+

−x x
 Variants 

(5 )
CH D

x x

+

−
 

Rotational temperatures Rotational constants (GHZ) Zero-point vibrational  

energy, kcal/mol 
E (thermal), kcal/mol 

x y z total x y z 

2

5
NH

+

 

   

 162.90 162.90 120.02   

5
CD

+

 3.135 2.749 2.607 4.92 65.327 57.293 54.339 23.643 25.997 

4
CHD

+

 3.345 3.013 3.010 5.42 69.699 62.781 62.737 25.244 27.538 

2 3
CH D

+

 3.886 3.625 3.147 6.18 80.982 75.540 65.581 27.063 29.318 

3 2
CH D

+

 4.496 4.151 3.562 7.09 93.693 86.494 74.237 28.620 30.825 

4
CH D

+

 5.480 4.554 4.227 8.29 114.199 94.906 88.081 30.528 32.705 

5
CH

+

 6.258 4.818 4.562 9.11 130.40 100.392 95.05 31.744 33.811 

 

 

Fig. 1. Eclipsed (e-C
s
 for global minima) structures with the NH3 tripod 

(white and dark), staggered saddle point (s-C
s
 for TS for the H2 rotation) 

and H2 moiety (grey); saddle point structure (C2v for H2–NH3 proton 

exchange) with three coplanar hydrogen atoms (grey). 

 

classification of chemical bonding to verify charge-shift bonds. This approach, which has a similar expression compared to 

ELF, became stronger via the LOL data. Jacobsen [54] pointed out that LOL conveys a more decisive and clearer picture than 

ELF. Obviously, LOL can be interpreted in kinetic energy in the same way as for ELF. However, LOL can also be interpreted 

in view of localized orbitals. Small (large) LOL values usually appear in the boundary (inner) area of localized orbitals 

because the gradient of the orbital wave-function is large (small) in this area. The LOL value range is identical to ELF, 

namely [0, 1]. As can be seen in Tables 1 and 2, the LOL values are different for two levels of classical occupations and 

quantum populations. 
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Fig. 2. H(6) and H(4) hydrogen atoms prefer to be out of the NX3 tripod 

based on quantum approaches. 

 

 

Fig. 3. LOL calculation and color-filled map of 
2

5
NH

+

 

through Casscf(8,9)/cc-pvdz calculation. 

 

Normal mode analysis based on quantum approaches reveals that protons prefer to accumulate in the X2 moiety for 

all mixed isotopologues whereas deuterons prefer to be in the NX3 tripod (Tables 5-7 and Figs. 7-9). Average local 

ionizations for separated fragments (Fig. 6) indicate that the energy separation is a function of the HD situation, which are 

equal for 
2 2

4 2
NH D NH D HD

+ +

→ +  and 
2

4 3
NHD CD HD

+ +

→ +  and different for 
5 3 2

NH NH H
+ +

→ +  and 

5 3 2
ND ND D

+ +

→ + . The N(1)–H(6) stretching band as the lowest frequency has been associated with the relative motion of 

the H2 moiety with respect to the methyl tripod in protonated methane, which indicates that 
2

5
NH

+

 is actually composed of 

two subunits NX3 and X2 in hydrogen scrambling. Thus, the results indicate that H atoms freely exchange by passing over the 

isomerization barriers between C2v and Cs
 energy levels. The neutralization of protonated methane by opposite rearranging 

with free electrons is one of the important approaches for this study. 
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Fig. 4. Electron density color-field map for D5 → D3 + D2 (note: the D6, D5, D4 are atom numbers for three 

deuterium while the atom number of Carbon is C1) (a) and 
2

5
NH

+

 configuration (b). Note the fifth hydrogen 

atom behind the molecule. 

 

 

Fig. 5. LOL gradient map of 
5

СD
+

 (a) and 
5

NH
+

 (b) in quantum rotation. 

 

The energy level diagram (Fig. 6 and Table 5) shows the two energetically accessible dissociation limits of 
2

5
NH

+

 

which is formed with C
s
 on the neutral surface. The three-body dissociation limit is nearly resonant with the 3s Rydberg state. 

The results of the electron density ellipticity from Tables 1-4 are described using the correct “fluxional” phase-space 

sampling of 
2

5
NH

+

 which are vertical, resonant, and non-resonant in good correspondence with the experimental data. 

In Fig. 6 the shoulder near 1.714 Bohr corresponds to the D2 moiety, whereas the peak at 2.114 Bohr corresponds to 

H–D groups. Moreover, the shoulder near 2.5 Bohr corresponds to the H2 moiety. It is clear that most of the energy goes into 

internal excitation (vibrational and rotational) of 
2

3
NH

+

+H2. This channel exhibits a bimodal distribution that the explanation 

for this shoulder comes from the consideration of the HH, HD, and DD bond length distribution in parent 
2
(5 )NH D
+

−x x
 and  

a portion of this distribution correlates with NX3+X2 products more significantly, which is shown in Figs. 4-6. 
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Fig. 6. Average local ionization energy for 
5

СH
+

, 
5

СD
+

, CH4D
+, 

4
СHD

+

 and Hamiltonian kinetic energy for 

2

(5 )
NH D

x x

+

−
 (x = 0, 5). 

 

 

Fig. 7. Normal vibrational mode temperature for (5 )
CH D

x x

+

−
 variants. 

 

 

Fig. 8. Normal vibrational modes 6, 10, 12 of 
2

5
NH

+

. 
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Fig. 9. Density of states, including a comparison of 
5

NH
++

 and 
5

СH
+

. 

 

Ivanov [18] and coworkers have shown that classical ab initio molecular dynamics indeed closely reproduces the 

binomial distributions expected for these site occupations while the full quantum simulations reveal the quantum populations 

strongly deviating from classical (binomial) occupations. Here, there is a point: is there any real or artefactual rotation in 

quantum approaches? In other words, there is a symmetry breaking among classical and quantum approaches only for X2 as  

a part of the molecule. On partial D ↔ H substitutions, the scrambling phenomenon appeared in different isotopic nuclei for 

the population of all available sites, i.e., these in the X2 moiety. The local information entropy data (Tables 1-4) and entropy 

(Table 6) indicate that 
2
(5 )NH D
+

−x x
 has binomial distributions but for two parts inside the molecule. Considering the ZPE 

differences of D and H, it might be indicated that deuterons prefer to populate the NX3 tripod in the mixed isotopologues 

NH4D
2+ and 

2

4
NHD

+

, whereas protons in the X2 moiety are compared to the purely combinatory probabilities. 

Quantum mechanical fluctuations due to Boltzmann statistics cause systematic deviations of H and D sites from the 

underlying combinatorial symmetries, and thereby induce a breaking of this symmetry. LOL and ELF (Tables 1-4) have 

confirmed the approaches of quantum localization used in this work. This effect is relevant at all vibrational normal modes 

and, as can be seen, these intricate nuclear quantum effects are certain ways for understanding the experimental spectra [55]. 

The distribution correlating with 
2

3
NH

+

 and H2 exhibits a larger contribution with the shorter  

H–H distance than the longer one. In addition, the vibrational excited state of H–H with the larger hydrogen-hydrogen bond 

length indicates a greater contribution than that of the shorter one (in contrast to D–D), while for H–D it depends on the 

combinations of isotopologues. 

Through the normal mode analysis, it can be seen that partial D ↔ H substitutions break the rotational symmetry. 

CONCLUSIONS 

The present results of normal modes 6, 10 and 12 qualitatively agree with 
5

NH
++

 which are highly fluxional and 

have a complex spectrum while the N–X bonds are broken and reformed all the time via quantum/classical distributions of 

two terms for X–X (X: H or D) and the remaining segment of these molecules. The spectrum of mode 10 is highly complex 

with huge red and some blue shifts. In particular, they can be attributed to the rapid coupling of the original NH stretching 

normal mode to motions more closely related to isomerization, i.e., bending or rocking. There has been a long debate whether 

2

5
NH

+

 has a structure at all or not and whether it has real or artefactual rotation. It is supposed that only two N–X bonds in  

a part of molecules obey quantum populations while the remaining section of these molecules have the classical occupations 

which are an artefactual rotation in 
2
(5 )NH D
+

−x x
. 
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