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where (pn) and (qn) are complex sequences for n = 1,2, . . . and λ is a spectral
parameter. The spectral analysis of the BVP (1.1)–(1.2) with principal func-
tions has been studied in [5]. In this article it is proved that the spectrum
of the BVP (1.1)–(1.2) consists of the continuous spectrum, the eigenvalues
and the spectral singularities and they are finite in number of them with
finite multiplicities. Moreover the authors in [5] found the integral repre-
sentation for the Weyl function and the spectral expansion of (1.1)–(1.2) in
terms of the principal functions.

The effect of the spectral singularities in the spectral expansion in terms
of the principal vectors was investigated in [9] and [1]. In [6] and [3,4,10]
some problems related to the spectral analysis of difference equations with
spectral singularities were discussed. Also, the spectral analysis of eigenpa-
rameter dependent non-selfadjoint difference equation was studied in [2] and
the spectral analysis of quadratic eigenparameter dependent nonselfadjoint
discrete Sturm–Liouville equation has been studied in [8]. Let us consider
the non-selfadjoint BVP for the discrete Dirac equations
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Abstract. Let L denote the operator generated in ℓ2(N,C
2) by

{

an+1y
(2)
n+1 + bny

(2)
n + pny

(1)
n = λy

(1)
n

an−1y
(1)
n−1 + bny

(1)
n + qny

(2)
n = λy

(2)
n ,

n ∈ N

and the boundary condition
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where (an), (bn), (pn) and (qn), n ∈ N are complex sequences, γi, βi ∈ C, i = 0,1,2
and λ is a eigenparameter. With respect to the spectral properties of L, we inves-
tigate the properties of the principal functions corresponding to the eigenvalues
and the spectral singularities of L, if
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Note that
∏∞

k=−∞(−1)−kbkak−1 is absolutely convergent by (1.5). There-

fore, αij
n and Aij

nm (i, j = 1, 2) are uniquely expressed in terms of (an), (bn),

(pn) and (qn), n ∈ N. Moreover
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,

holds, where [|m/2|] is the integer part of m/2 and C > 0 is a constant.

Therefore fn is a vector valued analytic function with respect to z in

C+ := {z ∈ C : Im z > 0} and continuous in C+ ([7]). The solution f(z) =
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It follows that the function F is analytic in C+, continuous on the real axis
and

F (z + 4π) = F (z).

We denote the set of eigenvalues and spectral singularities of L by σd (L)
and σss (L) respectively. From the definition of the eigenvalues and spectral
singularities we have

σd =
{

λ : λ = 2 sin
z

2
, z ∈ P0, F (z) = 0

}

,

σss =
{

λ : λ = 2 sin
z

2
, z ∈ [−2π, 2π], F (z) = 0

}

where P0 := {z : z ∈ C, z = x+ iy, −2π ≤ x ≤ 2π, y > 0}.
In [7] the author proved that eigenvalues and spectral singularities of L

are finite and have finite multiplicities under the condition (1.5).
In this paper, we aim to investigate the principal functions corresponding

to the eigenvalues and the spectral singularities of L.

2. Principal functions of L

Throughout this section we assume that (1.5) holds.

Definition 2.1 [7]. The multiplicity of a zero of F in P := P0∪ [−2π,2π]
is called the multiplicity of the corresponding eigenvalue or spectral singu-
larity of L.

Let λ1, λ2, . . . , λk and λk+1, λk+2, . . . , λν denote the zeros of F in P0

and [−2π,2π] with multiplicities m1, m2, . . . , mk and mk+1, mk+2, . . . , mν ,
respectively.

Let us define ℓ :=
(

ℓ(1)

ℓ(2)

)

where

(ℓ(1)y)n = an+1y
(2)
n+1 + bny

(2)
n + pny

(1)
n , n ∈ N

and

(ℓ(2)y)n = an−1y
(1)
n−1 + bny

(1)
n + qny

(2)
n , n ∈ N.

Definition 2.2. Let λ = λ0 be an eigenvalue of L. If the vectors yn,
d
dλyn,

d2

dλ2 yn, . . . ,
dν

dλν yn;

dj

dλj
y :=

{ dj

dλj
yn

}

n∈N
, j = 0, 1, . . . , ν, n ∈ N
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satisfy the conditions

(ℓy)n − λ0yn = 0,

(

ℓ
( dj

dλj
y
))

n
− λ0

dj

dλj
yn − dj−1

dλj−1
yn = 0, j = 1, 2, . . . , ν; n ∈ N

then yn is called the eigenvector correspending to the eigenvalue λ = λ0 of L.
The vectors d

dλyn,
d2

dλ2 yn, . . . ,
dν

dλν yn are called the associated vectors corre-
sponding to λ = λ0. The eigenvector and the associated vectors correspond-
ing to λ = λ0 are called the principal vectors of the eigenvalue λ = λ0. The
principal vectors of the spectral singularities of L are defined analogously.

We define the vectors

(2.1)
dj

dλj
Vn(λi) =

(

1
j!

{

dj

dλjE
(1)
n (λ)

}

λ=λi

1
j!

{

dj

dλjE
(2)
n (λ)

}

λ=λi

)

,

n ∈ N , j = 0, 1, . . . ,mi − 1; i = 1, 2, . . . , k, k + 1, . . . , ν, where λ = 2 sin z/2
and

(2.2) En(λ) =

(

E
(1)
n (λ)

E
(2)
n (λ)

)

:= fn(2 arcsinλ/2) =

(

f
(1)
n (2 arcsinλ/2)

f
(2)
n (2 arcsinλ/2)

)

.

If

y(λ) = {yn(λ)} :=

(

y
(1)
n (λ)

y
(2)
n (λ)

)

n∈N

is a solution of (1.3), then

dj

dλj
y(λ) =

{( dj

dλj

)

yn(λ)
}

n∈N
:=

{

( dj

dλj )y
(1)
n (λ)

( dj

dλj )y
(2)
n (λ)

}

satisfies
(

an+1
dj

dλj y
(2)
n+1(λ) + bn

dj

dλj y
(2)
n (λ) + pn

dj

dλj y
(1)
n (λ)

an−1
dj

dλj y
(1)
n−1(λ) + bn

dj

dλj y
(1)
n (λ) + qn

dj

dλj y
(2)
n (λ)

)

(2.3)

=

(

λ dj

dλj y
(1)
n (λ) + j dj−1

dλj−1 y
(1)
n (λ)

λ dj

dλj y
(2)
n (λ) + j dj−1

dλj−1 y
(2)
n (λ)

)

.

From (2.1)–(2.3) we get that

(ℓV (λi))n − λ0Vn(λi) = 0,
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and

(2.2) En(λ) =

(

E
(1)
n (λ)

E
(2)
n (λ)

)

:= fn(2 arcsinλ/2) =

(

f
(1)
n (2 arcsinλ/2)

f
(2)
n (2 arcsinλ/2)

)

.

If

y(λ) = {yn(λ)} :=

(

y
(1)
n (λ)

y
(2)
n (λ)

)

n∈N

is a solution of (1.3), then

dj

dλj
y(λ) =

{( dj

dλj

)

yn(λ)
}

n∈N
:=

{

( dj

dλj )y
(1)
n (λ)

( dj

dλj )y
(2)
n (λ)

}

satisfies
(

an+1
dj

dλj y
(2)
n+1(λ) + bn

dj

dλj y
(2)
n (λ) + pn

dj

dλj y
(1)
n (λ)

an−1
dj

dλj y
(1)
n−1(λ) + bn

dj

dλj y
(1)
n (λ) + qn

dj

dλj y
(2)
n (λ)

)

(2.3)

=

(

λ dj

dλj y
(1)
n (λ) + j dj−1

dλj−1 y
(1)
n (λ)

λ dj

dλj y
(2)
n (λ) + j dj−1

dλj−1 y
(2)
n (λ)

)

.

From (2.1)–(2.3) we get that

(ℓV (λi))n − λ0Vn(λi) = 0,

Acta Mathematica Hungarica

A STUDY OF SOME DISCRETE DIRAC EQUATIONS 329



Acta Mathematica Hungarica 150, 2016

A STUDY OF SOME DISCRETE DIRAC EQUATIONS 7

(

ℓ
( dj

dλj
V (λi)

))

n
− λ0

dj

dλj
Vn(λi)−

dj−1

dλj−1
Vn(λi) = 0,

n ∈ N, j = 1, 2, . . . ,mi − 1; i = 1, 2, . . . , ν.

The vectors dj

dλj Vn(λi) for j = 0, 1,2, . . . ,mi− 1; i = 1,2, . . . , k and dj

dλj Vn(λi)
for j = 0, 1, 2, . . . ,mi − 1; i = k + 1, k + 2, . . . , ν are the principal vectors of
eigenvalues and spectral singularities of L, respectively.

Theorem 2.1. We have

dj

dλj
Vn(λi) ∈ ℓ2(N,C

2), j = 0, 1, 2, . . . ,mi − 1; i = 1, 2, . . . , k

and

dj

dλj
Vn(λi) �∈ ℓ2(N,C

2), j = 0, 1, 2, . . . ,mi − 1; i = k + 1, k + 2, . . . , ν.

Proof. Using (2.2) we get that

{ dj

dλj
E(1)

n (λ)
}

λ=λi

=

j
∑

t=0

Ct

{ dt

dλt
f (1)
n (z)

}

z=zi
, n ∈ N

and

{ dj

dλj
E(2)

n (λ)
}

λ=λi

=

j
∑

t=0

Dt

{ dt

dλt
f (2)
n (z)

}

z=zi
, n ∈ N

where λi = 2 sin zi/2, zi ∈ P = P0 ∪ [−2π, 2π] for i = 1, 2, . . . , k and Ct, Dt

are constants depending on λ. From (1.6) we obtain that

{ dt

dλt
f (1)
n (z)

}

z=zi
= α11

n it(n+ 1/2)teizi(n+1/2)(2.4)

+
∞
∑

m=1

α11
n

{

A11
nmit(m+ n+ 1/2)tei(m+n+1/2)zi −A12

nmit+1(m+ n)tei(m+n)zi
}

and

{ dt

dλt
f (2)
n (z)

}

z=zi
= α21

n it(n+ 1/2)teizi(n+1/2) − i(in)tα22
n einzi(2.5)

+

∞
∑

m=1

α21
n

{

A11
nmit(m+ n+ 1/2)tei(m+n+1/2)zi −A12

nmit+1(m+ n)tei(m+n)zi
}
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+
∞
∑

m=1

α22
n

{

A21
nmit(m+ n+ 1/2)tei(m+n+1/2)zi − A22

nmit+1(m+ n)tei(m+n)zi
}

.

For the principal vectors dj

dλj Vn(λi) = { dj

dλj Vn(λi)}n∈N for j = 0,1, . . . ,mi−1;
i = 1, 2, . . . , k corresponding to the eigenvalues of L we get

(2.6)
1

j!

{ dj

dλj
E(1)

n (λ)
}

λ=λi

=
1

j!

j
∑

t=0

Ct

{ dt

dλt
f (1)
n (zi)

}

,

and

(2.7)
1

j!

{ dj

dλj
E(2)

n (λ)
}

λ=λi

=
1

j!

j
∑

t=0

Dt

{ dt

dλt
f (2)
n (zi)

}

,

j = 0, 1, . . . ,mi − 1; i = 1, 2, . . . , k. Since Imλi > 0 for i = 1, 2, . . . , k from
(2.6) and (2.7) we obtain that

∥

∥

∥

dj

dλj
Vn

∥

∥

∥

2
=

∞
∑

n=1

(

∣

∣

∣

1

j!

{ dj

dλj
E(1)

n (λ)
}

λ=λi

∣

∣

∣

2
+

∣

∣

∣

1

j!

{ dj

dλj
E(2)

n (λ)
}

λ=λi

∣

∣

∣

2
)

(2.8)

=
( 1

j!

)2
∞
∑

n=1

(∣

∣

∣

∣

j
∑

t=0

Ct

{ dt

dλt
f (1)
n (zi)

}

∣

∣

∣

∣

2

+

∣

∣

∣

∣

j
∑

t=0

Dt

{ dt

dλt
f (2)
n (zi)

}

∣

∣

∣

∣

2)

≤
( 1

j!

)2
∞
∑

n=1

{( j
∑

t=0

∣

∣

∣
Ct

{ dt

dλt
f (1)
n (zi)

}∣

∣

∣

2
)

+

( j
∑

t=0

∣

∣

∣
Dt

{ dt

dλt
f (2)
n (zi)

}∣

∣

∣

2
)}

≤
( 1

j!

)2
[ ∞
∑

n=1

j
∑

t=0

max{|Ct|, |Dt|}
(

∣

∣

∣

{ dt

dλt
f (1)
n (zi)

}
∣

∣

∣
+
∣

∣

∣

{ dt

dλt
f (2)
n (zi)

}
∣

∣

∣

)]2

or

∥

∥

∥

dj

dλj
Vn

∥

∥

∥

2
≤

( 1

j!

)2
{

∞
∑

n=1

[

j
∑

t=0

max
{

|Ct|, |Dt|
}

(2.9)

×
{

(

|α11
n |+ |α21

n |
)

(

|n+ 1/2|te−(n+1/2) Im zi
)

+ |α22
n ||n|te−n Im zi

}

+

j
∑

t=0

max
{

|Ct|, |Dt|
}

{ ∞
∑

m=1

(

|α11
n |+ |α21

n |
)

×
(

∣

∣A11
nm

∣

∣ |m+ n+ 1/2|te−(m+n+1/2) Im zi
)

+
∣

∣A12
nm

∣

∣ |m+ n|te−(m+n) Im zi

}
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+
∞
∑

m=1

α22
n

{

A21
nmit(m+ n+ 1/2)tei(m+n+1/2)zi − A22

nmit+1(m+ n)tei(m+n)zi
}

.

For the principal vectors dj

dλj Vn(λi) = { dj

dλj Vn(λi)}n∈N for j = 0,1, . . . ,mi−1;
i = 1, 2, . . . , k corresponding to the eigenvalues of L we get

(2.6)
1

j!

{ dj

dλj
E(1)

n (λ)
}

λ=λi

=
1

j!

j
∑

t=0

Ct

{ dt

dλt
f (1)
n (zi)

}

,

and

(2.7)
1

j!

{ dj

dλj
E(2)

n (λ)
}

λ=λi

=
1

j!

j
∑

t=0

Dt

{ dt

dλt
f (2)
n (zi)

}

,

j = 0, 1, . . . ,mi − 1; i = 1, 2, . . . , k. Since Imλi > 0 for i = 1, 2, . . . , k from
(2.6) and (2.7) we obtain that

∥

∥

∥

dj

dλj
Vn

∥

∥

∥

2
=

∞
∑

n=1

(

∣

∣

∣

1

j!

{ dj

dλj
E(1)

n (λ)
}

λ=λi

∣

∣

∣

2
+

∣

∣

∣

1

j!

{ dj

dλj
E(2)

n (λ)
}

λ=λi

∣

∣

∣

2
)

(2.8)

=
( 1

j!

)2
∞
∑

n=1

(∣

∣

∣

∣

j
∑

t=0

Ct

{ dt

dλt
f (1)
n (zi)

}

∣

∣

∣

∣

2

+

∣

∣

∣

∣

j
∑

t=0

Dt

{ dt

dλt
f (2)
n (zi)

}

∣

∣

∣

∣

2)

≤
( 1

j!

)2
∞
∑

n=1

{( j
∑

t=0

∣

∣

∣
Ct

{ dt

dλt
f (1)
n (zi)

}∣

∣

∣

2
)

+

( j
∑

t=0

∣

∣

∣
Dt

{ dt

dλt
f (2)
n (zi)

}∣

∣

∣

2
)}

≤
( 1

j!

)2
[ ∞
∑

n=1

j
∑

t=0

max{|Ct|, |Dt|}
(

∣

∣

∣

{ dt

dλt
f (1)
n (zi)

}
∣

∣

∣
+
∣

∣

∣

{ dt

dλt
f (2)
n (zi)

}
∣

∣

∣

)]2

or

∥

∥

∥

dj

dλj
Vn

∥

∥

∥

2
≤

( 1

j!

)2
{

∞
∑

n=1

[

j
∑

t=0

max
{

|Ct|, |Dt|
}

(2.9)

×
{

(

|α11
n |+ |α21

n |
)

(

|n+ 1/2|te−(n+1/2) Im zi
)

+ |α22
n ||n|te−n Im zi

}

+

j
∑

t=0

max
{

|Ct|, |Dt|
}

{ ∞
∑

m=1

(

|α11
n |+ |α21

n |
)

×
(

∣

∣A11
nm

∣

∣ |m+ n+ 1/2|te−(m+n+1/2) Im zi
)

+
∣

∣A12
nm

∣

∣ |m+ n|te−(m+n) Im zi

}
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+

j
∑

t=0

|Dt|
{ ∞

∑

m=1

|α22
n |

(

∣

∣A21
nm

∣

∣ |m+ n+ 1/2|te−(m+n+1/2) Im zi

+
∣

∣A22
nm

∣

∣ |m+ n|te−(m+n) Im zi
)

}

]}2

From (2.9), if we say

Y =
( 1

j!

)2
∞
∑

n=1

j
∑

t=0

max
{

|Ct|, |Dt|
}

×
{

(

|α11
n |+ |α21

n |
)(

|n+ 1/2|te−(n+1/2) Im zi
)

+ |α22
n ||n|te−n Im zi

}

then

Y ≤ A

(j!)2

∞
∑

n=1

(

1 + (n+ 1/2) + (n+ 1/2)2 + ... + (n+ 1/2)j
)

(2.10)

× e−(n+1/2) Im zi + (1 + n+ n2 + ...+ nj)e−n Im zi

≤ A(j + 1)

(j!)2

∞
∑

n=1

[

(n+ 1/2)je−(n+1/2) Im zi + nje−n Im zi
]

< ∞

holds, where

A = max
{

|Ct|, |Dt|
}

max
{

(|α11
n |+ |α21

n |), |α22
n |

}

.

Now we define the function

gn(z) =

j
∑

t=0

max
{

|Ct|, |Dt|
}

{ ∞
∑

m=1

(

|α11
n |+ |α21

n |
)

(2.11)

×
(

|A11
nm||m + n+ 1/2|te−(m+n+1/2) Im zi +

∣

∣A12
nm

∣

∣ |m+ n|te−(m+n) Im zi
)

}

+

j
∑

t=0

|Dt|
{ ∞

∑

m=1

|α22
n |

(

|A21
nm||m+ n+ 1/2|te−(m+n+1/2) Im zi

+|A22
nm||m+ n|te−(m+n) Im zi

)

}

.
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So we get,

( 1

j!

)2
∞
∑

n=1

[

j
∑

t=0

max
{

|Ct|, |Dt|
}

{ ∞
∑

m=1

(

|α11
n |+ |α21

n |
)

×
(

|A11
nm||m+ n+ 1/2|te−(m+n+1/2) Im zi + |A12

nm||m+ n|te−(m+n) Im zi
)

}

+

j
∑

t=0

|Dt|
{ ∞

∑

m=1

|α22
n |

(

|A21
nm||m+ n+ 1/2|te−(m+n+1/2) Im zi

+ |A22
nm||m + n|te−(m+n) Im zi

)

}

]2

=
( 1

j!

)2
( ∞
∑

n=1

gn(z)

)2

.

Using the boundedness of Aij
nm and αij

n for i, j = 1, 2, we obtain that

gn(z) ≤ max
{

|Ct|, |Dt|
}

M

j
∑

t=0

∞
∑

m=1

{

|m+ n+ 1/2|te−(m+n+1/2) Im zi

+ |m+ n|te−(m+n) Im zi
}

where

M = max
{

(|α11
n |+ |α21

n |)|A11
nm|, |α22

n ||A21
nm|,

(|α11
n |+ |α21

n |)|A12
nm|, |α22

n ||A22
nm|

}

.

If we take max {|Ct|, |Dt|}M = N , we can write

gn(z) ≤ N

j
∑

t=0

e−n Im zi

∞
∑

m=1

{

(m+ n+ 1/2)te−m Im zi + (m+ n)te−m Im zi
}

= Ne−n Im zi

{ ∞
∑

m=1

2e−m Im zi +
∞
∑

m=1

e−m Im zi
(

(m+ n+ 1/2) + (m+ n)
)

+ · · · +
∞
∑

m=1

e−m Im zi
(

(m+ n+ 1/2)j + (m+ n)j
)

}

≤ Ne−n Im zi

∞
∑

m=1

j
∑

t=0

e−m Im zi
(

(m+ n+ 1/2)t + (m+ n)t
)

≤ Be−n Im zi
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So we get,

( 1

j!

)2
∞
∑

n=1

[

j
∑

t=0

max
{

|Ct|, |Dt|
}

{ ∞
∑

m=1

(

|α11
n |+ |α21

n |
)

×
(

|A11
nm||m+ n+ 1/2|te−(m+n+1/2) Im zi + |A12

nm||m+ n|te−(m+n) Im zi
)

}

+

j
∑

t=0

|Dt|
{ ∞

∑

m=1

|α22
n |

(

|A21
nm||m+ n+ 1/2|te−(m+n+1/2) Im zi

+ |A22
nm||m + n|te−(m+n) Im zi

)

}

]2

=
( 1

j!

)2
( ∞
∑

n=1

gn(z)

)2

.

Using the boundedness of Aij
nm and αij

n for i, j = 1, 2, we obtain that

gn(z) ≤ max
{

|Ct|, |Dt|
}

M

j
∑

t=0

∞
∑

m=1

{

|m+ n+ 1/2|te−(m+n+1/2) Im zi

+ |m+ n|te−(m+n) Im zi
}

where

M = max
{

(|α11
n |+ |α21

n |)|A11
nm|, |α22

n ||A21
nm|,

(|α11
n |+ |α21

n |)|A12
nm|, |α22

n ||A22
nm|

}

.

If we take max {|Ct|, |Dt|}M = N , we can write

gn(z) ≤ N

j
∑

t=0

e−n Im zi

∞
∑

m=1

{

(m+ n+ 1/2)te−m Im zi + (m+ n)te−m Im zi
}

= Ne−n Im zi

{ ∞
∑

m=1

2e−m Im zi +
∞
∑

m=1

e−m Im zi
(

(m+ n+ 1/2) + (m+ n)
)

+ · · · +
∞
∑

m=1

e−m Im zi
(

(m+ n+ 1/2)j + (m+ n)j
)

}

≤ Ne−n Im zi

∞
∑

m=1

j
∑

t=0

e−m Im zi
(

(m+ n+ 1/2)t + (m+ n)t
)

≤ Be−n Im zi
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where

B = N

j
∑

t=0

e−m Im zi
(

(m+ n+ 1/2)t + (m+ n)t
)

.

Therefore, we have,

(2.12)

(

1

j!

∞
∑

n=1

gn(z)

)2

≤
(

1

j!

∞
∑

n=1

Be−n Im zi

)2

< ∞.

From (2.10) and (2.12), dj

dλj Vn(λi) ∈ ℓ2(N,C
2) for j = 0, 1, . . . ,mi − 1; i =

1, 2, . . . , k.
On the other hand, since Im zi = 0 for j = 0, 1, . . . ,mi − 1; i = k + 1,

k + 2, . . . , ν using (2.4), we find that

∞
∑

n=1

∣

∣α11
n it(n+ 1/2)teizi(n+1/2)

∣

∣

2
= ∞,

but the other terms in (2.4) belong to ℓ2(N,C
2), so dj

dλjE
(1)
n (λ) �∈ ℓ2(N,C

2).

Similarly, from (2.5), we get dj

dλjE
(2)
n (λ) �∈ ℓ2(N,C

2), then we obtain that
dj

dλj Vn(λi) �∈ ℓ2(N,C
2) for j = 0, 1, . . . ,mi − 1; i = k + 1, k + 2, . . . , ν. �

Let us introduce the Hilbert space

H−j(N) =

{

y =

(

y
(1)
n

y
(2)
n

)

:
∑

n∈N

(1 + |n|)−2j
(

|y(1)n |2 + |y(2)n |2
)

< ∞
}

,

j = 0, 1, 2, . . . , with

�y�2−j =
∑

n∈N

(1 + |n|)−2j
(

|y(1)n |2 + |y(2)n |2
)

.

Now we have the following result:

Theorem 2.2. We have dj

dλj Vn(λi) ∈H−(j+1)(N) for j = 0,1, . . . ,mi − 1;
i = k + 1, k + 2, . . . , ν.

Proof. Using (2.1), (2.6) and (2.7) we have

∑

n∈N

(1 + |n|)−2(j+1)

(

∣

∣

∣

1

j!

{ dj

dλj
E(1)

n (λ)
}

λ=λi

∣

∣

∣

2
+

∣

∣

∣

1

j!

{ dj

dλj
E(2)

n (λ)
}

λ=λi

∣

∣

∣

2
)

(2.13)
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=
∑

n∈N

(1 + |n|)−2(j+1)

(j!)2

{∣

∣

∣

∣

j
∑

t=0

Ct

{ dt

dλt
f (1)
n (zi)

}

∣

∣

∣

∣

2

+

∣

∣

∣

∣

j
∑

t=0

Dt

{ dt

dλt
f (2)
n (zi)

}

∣

∣

∣

∣

2}

≤ 1

(j!)2

∞
∑

n=1

(1 + |n|)−2(j+1)

×
{( j

∑

t=0

∣

∣

∣
Ct

{ dt

dλt
f (1)
n (zi)

}
∣

∣

∣

)2

+

( j
∑

t=0

|Dt

{ dt

dλt
f (2)
n (zi)

}

|
)2}

for j = 0,1,2, . . . ,mi− 1; i = k+1, k+2, . . . , ν. Since Im zi = 0, using (2.13)

we obtain

∑

n∈N

(1 + |n|)−2(j+1) 1

(j!)2

( j
∑

t=0

∣

∣

∣
Ct

{ dt

dλt
f (1)
n (zi)

}
∣

∣

∣

)2

(2.14)

≤ 1

(j!)2

∞
∑

n=1

{ j
∑

t=0

(1 + |n|)−(j+1)(n+ 1/2)t|α11
n ||Ct|

+

j
∑

t=0

|Ct||α11
n |(1 + |n|)−(j+1)

∞
∑

m=1

|A11
nm|(m+ n+ 1/2)t + |A12

nm|(m+ n)t
}2

=
1

(j!)2

∞
∑

n=1

{

( j
∑

t=0

(1 + |n|)−(j+1)(n+ 1/2)t|α11
n ||Ct|

)2

+ 2(1 + |n|)−2(j+1)|α11
n |2

[ j
∑

t=0

(n+ 1/2)t|Ct|
]

×
[ j
∑

t=0

|Ct|
∞
∑

m=1

|A11
nm|(m+ n+ 1/2)t + |A12

nm|(m+ n)t
]

+

( j
∑

t=0

|Ct|(1 + |n|)−(j+1)|α11
n |

∞
∑

m=1

|A11
nm|

)

×
(

m+ n+ 1/2
) t

+ |A12
nm|(m+ n)t

}2

.
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∣

∣
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∣
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+

∣

∣

∣

∣
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n (zi)

}

∣

∣

∣

∣
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∞
∑
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×
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∑

t=0

∣

∣

∣
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dλt
f (1)
n (zi)

}
∣

∣

∣

)2

+

( j
∑

t=0

|Dt

{ dt

dλt
f (2)
n (zi)

}

|
)2}

for j = 0,1,2, . . . ,mi− 1; i = k+1, k+2, . . . , ν. Since Im zi = 0, using (2.13)

we obtain

∑

n∈N

(1 + |n|)−2(j+1) 1

(j!)2

( j
∑

t=0

∣

∣

∣
Ct

{ dt

dλt
f (1)
n (zi)

}
∣

∣

∣

)2

(2.14)

≤ 1

(j!)2

∞
∑

n=1

{ j
∑

t=0

(1 + |n|)−(j+1)(n+ 1/2)t|α11
n ||Ct|

+

j
∑

t=0

|Ct||α11
n |(1 + |n|)−(j+1)

∞
∑

m=1

|A11
nm|(m+ n+ 1/2)t + |A12

nm|(m+ n)t
}2

=
1

(j!)2

∞
∑

n=1

{

( j
∑

t=0

(1 + |n|)−(j+1)(n+ 1/2)t|α11
n ||Ct|

)2

+ 2(1 + |n|)−2(j+1)|α11
n |2

[ j
∑

t=0

(n+ 1/2)t|Ct|
]

×
[ j
∑

t=0

|Ct|
∞
∑

m=1

|A11
nm|(m+ n+ 1/2)t + |A12

nm|(m+ n)t
]

+

( j
∑

t=0

|Ct|(1 + |n|)−(j+1)|α11
n |

∞
∑

m=1

|A11
nm|

)

×
(

m+ n+ 1/2
) t

+ |A12
nm|(m+ n)t

}2

.
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Using (2.14), (1.5) and (1.8) we first obtain that

( j
∑

t=0

|Ct||α11
n |(1 + |n|)−(j+1)(2.15)

×
∞
∑

m=1

(

|A11
nm|(m+ n+ 1/2)t + |A12

nm|(m+ n)t
)

)2

≤ 4

( j
∑

t=0

|Ct||α11
n |

∞
∑

m=1

(1 + |n|)−(j+1)(m+ n+ 1/2)t

× C
∞
∑

j=n+⌈m/2⌉

(

|1− aj|+ |1 + bj |+ |pj |+ |qj|
)

e−εjδeεj
δ

)2

≤ 4

{ j
∑

t=0

|α11
n |

∞
∑

m=1

(1 + |n|)−(j+1)(m+ n+ 1/2)tC exp
(

− ε((n+m)/4)δ
)

×
∞
∑

j=n+⌈m/2⌉

eεj
δ( |1 − aj |+ |1 + bj |+ |pj |+ |qj |

)

}2

≤ C1

( j
∑

t=0

(1 + |n|)−(j+1)
∞
∑

m=1

(m+ n+ 1/2)t exp
(

− ε((n+m)/4)δ
)

)2

≤ C1

( j
∑

t=0

(1 + |n|)−(j+1)
∞
∑

m=1

(m+ n+ 1/2)t exp
(

− ε((n+m)/4)1/2
)

)2

≤ C1

( j
∑

t=0

(1 + |n|)−(j+1)
∞
∑

m=1

(m+ n+ 1/2)t exp
(

− ε
√
2(n1/2 +m1/2)/4

)

)2

= C1(1 + |n|)−2(j+1) exp
(

− ε
√
2n1/2/2

)

×
( j
∑

t=0

∞
∑

m=1

(m+ n+ 1/2)t exp
(

− ε
√
2m1/2/4

)

)2

= G exp
(

− ε
√
2n1/2/2

)

(1 + |n|)−2(j+1)

where

C1 =

(

2C|α11
n |

∞
∑

j=n+⌈m/2⌉

eεj
δ( |1 − aj |+ |1 + bj|+ |pj |+ |qj |

)

)2
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G = C1

( j
∑

t=0

∞
∑

m=1

(m+ n+ 1/2)t exp
(

− ε
√
2m1/2/4

)

)2

.

Hence we get from (2.15)

∞
∑

n=1

( j
∑

t=0

|Ct|(1 + |n|)−(j+1)|α11
n |(2.16)

×
∞
∑

m=1

|A11
nm|(m+ n+ 1/2)t + |A12

nm|(m+ n)t
)2

≤ G

∞
∑

n=1

exp
(

− ε
√
2n1/2/2

)

(1 + |n|)−2(j+1) < ∞.

Secondly, using (2.14) and (2.15) we obtain that

∞
∑

n=1

2

{[ j
∑

t=0

|α11
n ||Ct|(1 + |n|)−(j+1)(n+ 1/2)t

][ j
∑

t=0

|Ct||α11
n |(2.17)

×
∞
∑

m=1

(1 + |n|)−(j+1)((m+ n+ 1/2)t|A11
nm|) + (m+ n)t|A12

nm|
]}

≤ T
∞
∑

n=1

[ j
∑

t=0

(1 + |n|)−2(j+1)(n+ 1/2)t exp
(

− ε
√
2n1/2/4

)

]

< ∞,

where

T = |α11
n |G1/2 max |Ct|

and also expression of the left side of (2.15) is obviously convergent. So, we
get from (2.16) and (2.17)

∑

n∈N

(1 + |n|)−2(j+1) 1

(j!)2

( j
∑

t=0

∣

∣

∣

∣

Ct

{ dt

dλt
f (1)
n (zi)

}

∣

∣

∣

∣

)2

< ∞

and similarly

∑

n∈N

(1 + |n|)−2(j+1) 1

(j!)2

( j
∑

t=0

∣

∣

∣

∣

Dt

{ dt

dλt
f (2)
n (zi)

}

∣

∣

∣

∣

)2

< ∞.

Finally dj

dλj Vn(λi) ∈ H−(j+1)(N) for j = 0,1, . . . ,mi − 1; i = k + 1, . . . , ν. �
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G = C1

( j
∑
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∞
∑

m=1

(m+ n+ 1/2)t exp
(

− ε
√
2m1/2/4

)

)2

.

Hence we get from (2.15)

∞
∑

n=1

( j
∑

t=0

|Ct|(1 + |n|)−(j+1)|α11
n |(2.16)

×
∞
∑

m=1

|A11
nm|(m+ n+ 1/2)t + |A12

nm|(m+ n)t
)2

≤ G

∞
∑

n=1

exp
(

− ε
√
2n1/2/2

)

(1 + |n|)−2(j+1) < ∞.

Secondly, using (2.14) and (2.15) we obtain that

∞
∑

n=1

2

{[ j
∑

t=0

|α11
n ||Ct|(1 + |n|)−(j+1)(n+ 1/2)t

][ j
∑

t=0

|Ct||α11
n |(2.17)

×
∞
∑

m=1

(1 + |n|)−(j+1)((m+ n+ 1/2)t|A11
nm|) + (m+ n)t|A12

nm|
]}

≤ T
∞
∑

n=1

[ j
∑

t=0

(1 + |n|)−2(j+1)(n+ 1/2)t exp
(

− ε
√
2n1/2/4

)

]

< ∞,

where

T = |α11
n |G1/2 max |Ct|

and also expression of the left side of (2.15) is obviously convergent. So, we
get from (2.16) and (2.17)

∑

n∈N

(1 + |n|)−2(j+1) 1

(j!)2

( j
∑

t=0

∣

∣

∣

∣

Ct

{ dt

dλt
f (1)
n (zi)

}

∣

∣

∣

∣

)2

< ∞

and similarly

∑

n∈N

(1 + |n|)−2(j+1) 1

(j!)2

( j
∑

t=0

∣

∣

∣

∣

Dt

{ dt

dλt
f (2)
n (zi)

}

∣

∣

∣

∣

)2

< ∞.

Finally dj

dλj Vn(λi) ∈ H−(j+1)(N) for j = 0,1, . . . ,mi − 1; i = k + 1, . . . , ν. �
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