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Abstract. Let L denote the operator generated in £2(N, C?) by

n €N

an+1yfl )1 + bny,(f) +pny = Ay(l)
an—19" + 0ayS + guyl? = P,

and the boundary condition

(0 + 1A + 22 + (Bo + Bid+ LX)y =0

where (ax), (bn), (pn) and (gn), n € N are complex sequences, v;, 3; € C,i=10,1,2
and ) is a eigenparameter. With respect to the spectral properties of L, we inves-
tigate the properties of the principal functions corresponding to the eigenvalues
and the spectral singularities of L, if

Zexp(ané)(ﬂ — an| 4+ |14 bn| + |pa] + |fIn|) <0

n=1

holds for some £ >0 and 6 € [}, 1].

1. Introduction

Consider the discrete boundary value problem (BVP)

%% —y 4 payn) =,

(1) (2) (2)

(1.1)

(1.2) yi =0,
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where (py,) and (g, ) are complex sequences for n = 1,2, ... and A is a spectral
parameter. The spectral analysis of the BVP (1.1)—(1.2) with principal func-
tions has been studied in [5]. In this article it is proved that the spectrum
of the BVP (1.1)—(1.2) consists of the continuous spectrum, the eigenvalues
and the spectral singularities and they are finite in number of them with
finite multiplicities. Moreover the authors in [5] found the integral repre-
sentation for the Weyl function and the spectral expansion of (1.1)—(1.2) in
terms of the principal functions.

The effect of the spectral singularities in the spectral expansion in terms
of the principal vectors was investigated in [9] and [1]. In [6] and [3,4,10]
some problems related to the spectral analysis of difference equations with
spectral singularities were discussed. Also, the spectral analysis of eigenpa-
rameter dependent non-selfadjoint difference equation was studied in [2] and
the spectral analysis of quadratic eigenparameter dependent nonselfadjoint
discrete Sturm-Liouville equation has been studied in [8]. Let us consider
the non-selfadjoint BVP for the discrete Dirac equations

(1'3) an-l—lyfz?;l + bny%) +pny7(121) = )\y%)a neN
an_ly,g_l + bnyfl) + qnyfl) = Ayﬁ ),

(1.4) (0 + A+ 22257 + (Bo + BiA + S22y = 0,
where (3&;), n € N are vector sequences, a, 7 0, b, # 0 for all n and L de-

notes the associated operator. Also v # g;, |v2| + |B2] # 0 and 981 — 7150
# 0 where v;, 5; € C, 1 =0,1,2.
It has been shown in [8] that under the condition

[exp(en®)] (|1 = an| + |1+ by| + [pal + |gn]) < o0,

Nk

(1.5)

I
—

n

the equation (1.3) has the solution

(1)(2) © ) iz/2\ .
1.6) fo(z)= (""" =ay, (I + Apme™ ) (€ )e™ n=1,2,...
16 5= (fiagh) = o1+ 2 ) ()
(1.7) fél)(z) = oz(l)l{eiz/2 [1 + Z A(l),lﬂeimz} —1 Z A(l)?neimz}
m=1 m=1
for A =2sinz/2 and z € C; := {z € C:Imz > 0}, where
ofl af 10 A Az
An = <a%l a%f)’ I= (0 1)’ Anm = <A%1m A%%)
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Note that [[p__ (—1)"*bgay_; is absolutely convergent by (1.5). There-
fore, ay) and Ay, (4,7 = 1,2) are uniquely expressed in terms of (ay), (by),
(pn) and (gn), n € N. Moreover

(1.8) A <C Y (11— ak] + 11+ bil + |pel + laxl)
k=n+[m/2|]

holds, where [|m/2]] is the integer part of m/2 and C' > 0 is a constant.
Therefore f,, is a vector valued analytic function with respect to z in
Ct :={z€ C:Imz > 0} and continuous in C4 ([7]). The solution f(z) =

(fn(z)) = (ﬁ;;((:))) is called Jost solution of (1.3).
Also, if we define
f(z) = (’YO + 27 8inz/2 4 49 sin? z/2) 1(2)(2)

+ (Bo + 2B1sin 2/2 + 452 sin? 2/2) fél)(z),
then using (1.6) and (1.7) we obtain,

f(2) = —ag' Bare™"2 +i(aPy + g’ i)
+ [af?y1 — alye + b (Bo + 282)] /2
+ Z[ —a¥(y0 + 272) + o'y — 04(1)151] e

+ [ — oy + o' (0 + 292) — af' Be] /2

+ Z'(Oé%2’}/2 - 06%1’}’1) e2iz _ a%l,)/2625z/2

oo oo
+i Z a(1)1/82A(1]3n€i(m—1)z + Z 04(1)1(/31/1(1)%1 o /BQA(l)%n) ei(m—l/Z)z
m=1 m=1
oo
+i Y {r(aPAR +aP L) + ol (8148, - (Bo+28:) A pe™
m=1
oo
+ > {aPnaA — 24l + o (Al - 124l))
m=1

+ ol [(5+ 202) Al — Gual] Jeion /-
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+ i Z { — o [(0 + 272)ATs — AL, — ai'[(o + 202) Atr, — M AL

+ ! (oA, — BrAb) e+ 3 { — 0P [ AR, - (0 + 272) AT
m=1
+ad' (10 + 21) Alh, — mALL) - aélﬂ2Aéz}ei<m+3/2>z

+1 Z P(1AR, — AL + of (Al — mALL,)] et
3 A+ araAl

However, because of the unboundedness of f, we take
F(z) = f(2)e™?,
and hence,
F(z) = {70 + [ (=) (™2 — e7#/2)] } 7
+ {ﬂo + B [(—i) (e — eT=/2)] } £V

=iog B1 + (mad? + b Bo) €/ +i( — 0ad + mad? — aftfr) e

+ (7005%1 - 71&%2) e7L3z/2 im a21€2zz + Z 04(1)1,81./4 7, m—1/2)z

m=1

+i Z o OZH,BOAOm + 0401/811411 ) imz

m=1

( 1041 Alm + ")/]_Oél Alm -+ OlﬁoA — a0151A12 ) Z'(7”4‘1/2)2:

+
Mg

3
Il

+i Z ( Yoed A2, — a2 AR, + ot AL,
+ 702242 —allp A(l]}ﬂ) Gilm+1)z
[o¢]
+ Z Yoo AL 4 y0a? AL — 103 A2 — v 132 AT )e i(m+3/2)z
m=1
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22 i(m+2)z
+1 E —matt ALl — ~y a2 A2 ) (m+2)z

It follows that the function F' is analytic in C,, continuous on the real axis
and

F(z+4m) = F(z2).

We denote the set of eigenvalues and spectral singularities of L by o4 (L)
and o5 (L) respectively. From the definition of the eigenvalues and spectral
singularities we have

ad:{)\:)\:2sin;, z € Py, F(z)zO},
.z
Ogs = {)\.)\:281112, z € [-2m,27], F(z) —0}

where Pp:={z2:2€C, z=x+1y, —2n <z <2m y>0}.

In [7] the author proved that eigenvalues and spectral singularities of L
are finite and have finite multiplicities under the condition (1.5).

In this paper, we aim to investigate the principal functions corresponding
to the eigenvalues and the spectral singularities of L.

2. Principal functions of L

Throughout this section we assume that (1.5) holds.

DEFINITION 2.1 [7]. The multiplicity of a zero of F'in P := PyU[—2m, 27|
is called the multiplicity of the corresponding eigenvalue or spectral singu-
larity of L.

Let A1, Ao, ..., Ay and Ag41, Agt2, ..., A, denote the zeros of F' in P
and [—2m, 2] with multiplicities mq, ma, ..., my and mg1, mgyo, ..., My,
respectively.

Let us define £ := ( ((21)) where

EDy)n = ani19) + bay® +payd, neN
and

1) (1)

(£(2)y)n = 0n-1Y, 1+ bnyn + qny(2) n € N.

DEFINITION 2.2. Let A = Ag be an eigenvalue of L. If the vectors y,,
d d2 d" .
aaYns peYny -5 e Yns

d dl o1 N
d)\]y_{d)\]yn}neN? ]_ 9 ?“‘?V?ne
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satisfy the conditions
(gy)n - )\Oyn =0,

(e(dj ))n—)\ @ j—12...neEN

then y, is called the eigenvector correspending to the eigenvalue A = A\g of L.
The vectors ddA UYn, dd; Yny -« d‘ﬁj,, Yy, are called the associated vectors corre-

sponding to A = A\g. The eigenvector and the associated vectors correspond-
ing to A = A are called the principal vectors of the eigenvalue A = A\g. The
principal vectors of the spectral singularities of L are defined analogously.

We define the vectors

; 1y d&f (1)
(2.1) ? Valn) = (j‘ e (A)}A:M)
dx BB},

neN,j=01,... . m—1;i=1,2,...,k,k+1,...,v, where A\ = 2sinz/2
and

B E,gl)(A) - . B fél)(2 arcsin \/2)
(2.2)  E,(\)= (E,@()\)) = f(2aresin/2) = <f,s2)(2 arcsin A\/2) |

If

is a solution of (1.3), then

& @ (g o (V)
¥ = {(d)\j>yn()\)}nel\f - {(ddA" y(2)()\)

A\ )yn
satisfies
3 2 ” 2 i 1
I A A L)
fn=1 dd;j ngl_)l(/\) +bn dd;j ya(ml) (A +an dcij 97(12) (N

_ (Ad‘i y O+ y&”(A))
o 3 2 . gi—1 2 .
)‘ddAJ' yﬁl )()‘) +J ddAH ya(l )()‘)
From (2.1)—(2.3) we get that
(EV(A))n — AoVa (i) =0,
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& &
<€<d)\JV()\Z))>n_)\Od)\Jvn()\Z) - d)\]_lvn()\l) :O,
n€N7 «]: 17277m7,_17 1= 1727-..71/
The vectors dcgfj Vi (\) for j =0,1,2,...,mi—1;i=1,2,...,k and dd)\JV (\)

for j=0,1,2,....m; — l;i=k+ 1, k+2,...,v are the prln(:lpal vectors of
eigenvalues and spectral singularities of L, respectively.

THEOREM 2.1. We have

d7
Vo(\) € 65(N,C?), j=0,1,2,....mi—1; i=1,2,... k
dN

and

dJ

d}\jVn(Ai)gﬁg(N,@), j=0,1,2,...,mi—1; i=k+1,k+2,...,v

PrOOF. Using (2.2) we get that

(&), el S o) aen

and
{ddAJ B (A } ZDt{dAt )}z:z,ﬁ nell

where \; = 2sinz;/2, z; € P = PyU [—27m,27] for i = 1,2,...,k and Cy, Dy
are constants depending on A. From (1.6) we obtain that

(2.4) {dAtf(l (2 )}z:Z = allit(n + 1/2)teizi(n+l/2)

i

I Z al {All tm +n+ 1/2)t6i(m+n+1/2)zi _ Aqlfml-t—i-l(m_i_n)t i(m+n)z; }

m=1
and
dt , ,
25) {1 2@} = aitn+1/2)e 0D —(in) aZzein®

I Z 21{A11 tm 4 n+ 1/2)t6i(m+n+1/2)zi _ ATlgnl-t—i-l(m_i_n)t i(m+n)z; }
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+ Z 22{A21 -t m—l—n+ 1/2)tei(m+n+1/2)zi _ Aiznit—l—l(m_‘_n)t z(m—i—n)z}'

For the principal vectors dcgfj Vi (\i) = dd)fj w(Ai) nen for 5 =0,1,...,m; —1;
i=1,2,...,k corresponding to the eigenvalues of L we get
1L(d d'
(1) D) (.
(2:6) i {d)\j En ()\)})\ N ] ZCt{dAf (ZZ)}’
and

@7 jl!{dcfj B }A:Ai J'Z {CW @)

ij=0,1,....,m;—1;i=1,2,..., k. Since ImX; >0 for i =1,2,...,k from
(2. 6) and (2.7) we obtain that

(2.8

HM RN (FPVEAEY NN R ez Y NN
-GS (| med el + o o))
< () S { (Sl mre)f) + (;\ L #2e))}
< ([ S masticn o ([{ gy 500} {4200} )
(2.9) Hd)\J (1')2{i [imax{\Ct‘7|Dt|}

« {(|a11| + |a21|) <|TL—|— 1/2|te—(n+1/2)1mzi> + |a%2||n|te—nlmzi}

+ Zmax{ |Cyl, |Dt\}{ Z (‘04$L1| + ‘ailD

m=1

<|A Hm+n+1/2|t m+n+1/2)lmz) + ‘A Hm-i-n‘t m—i—n)Imz}
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J
21D { Z Q221 AZL,| 4+ 12|t (et /2
t=0

2
+| Ai%n‘ Im + n|te”(m+m) Imzi) }] }

From (2.9), if we say

( ) Zmax{|C’t| 1Dy}

n=1 t=0

> {(|a1111| +|ail|)(|n+1/2|te—(n+1/2)lmzi) +|a%2||n|te—nlmzi}

then
(2.10) Y < (;1)2 i (1 +(n+1/2)+(n+1/2%+ ..+ (n+ 1/2)1)
n=1

« e—(n+1/2)1mzi +(1+n+n2+m+nj)e—n1mzi

0o
Z [ TL—|—1/2 ] —(n+1/2)lmz —|—TL] —nlmz] < 00

n=1

holds, where
A= max {|C], | D[} max { (Jag'| + | ]), 72 [} -

Now we define the function

(2.11) Zmax{\Cﬂ \Dt|}{ Z (|a7111\ + |a%1‘)
m=1
(|A wllm +n 4 172 e (mint 2z L | AR | im 4 n|fe” m+n>1mz»)}
+zj:|Dt { Z 221 (1 A28, lm + n -+ 1/2[f et/
t=0
+AZ, || + e m+">1m2)}.
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So we get,

()’ [imax{lctl,ll?tl}{ > (bl + )

n=1 L t=0 m=1

% (| ARl +n + /2t e (mems /2 Im s |42 [y et Im“)}

7 0o
#3 1DU] 3 1022 (12 -+ 122
t=0 m=1

() (Ene)

Using the boundedness of AY and o for 1,7 = 1,2, we obtain that

#1422l e im) |

Jj oo
gn(2) < max {|Cy, |Dt|}MZ Z {|m ot 1/2fte=(mHnt1/2) Im

t=0 m=1

+ |m + nte=(mFn)Im Zi}
where
M = max{(af!| + a2 )AL, |, [a2]|42,.
(las!] + o2 AR, o242, |}
If we take max {|Cy|,|D¢|} M = N, we can write

j -
gn(z) SN Y emima - {(m o+ 1/2)lemImE 4 (4 n)te—mlm%}
t=0

m=1

e} e}
= Ne_"lmzi{ Z Qe mImz Z e~ ™IME ((m +n+1/2) + (m+n))

m=1 m=1

NN f: e—mIme((m+n+1/2)j+(m+n)j)}
m=1

oo

j
< Ne nimz Z Z e~ ™A (m 4+ n+1/2) + (m +n)') < Be "=

m=1 t=0
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where
J
B= NZe_mImZi((m +n+1/2)"+ (m+n)).
t=0

Therefore, we have,

1 - 2 1 - —nImz; 2
(2.12) <j! Zgn(z)> < <j! ZBe L ) < 00.
n=1 n=1

From (2.10) and (2.12), & Vi(\;) € £2(N,C?) for j =0,1,...,m; — 1; i =
1,2,... k.

On the other hand, since Imz; =0 for j=0,1,...,m; — 1; i=k+1,
k+2,...,v using (2.4), we find that

00
Z ‘ailz't(n + 1/2)teizi(n+l/2)|2 = o,
n=1

but the other terms in (2.4) belong to l5(N, C?), so dd)i] ( ) & £o(N, C?).
Similarly, from (2.5), we get dd)fj ( ) € £5(N,C?), then we obtain that
d%i] W(\) € 0o(N,C?) for j =0,1,...,m; — L;i=k+1,k+2,...,v. O

Let us introduce the Hilbert space
(1)

H_j<N>={y:(y?2>>:Z<1+\n\> (gD + |y |2><oo},
Yn neN
j=0,1,2,..., with
W2, = S0+ a7 (0P + 52 P).
neN

Now we have the following result:

THEOREM 2.2. We have dcf\jj Va(Ni) € H_(j11)(N) for j =0,1,...,m; — 1;
i=k+1,k+2,...,v

PrOOF. Using (2.1), (2.6) and (2.7) we have

(2.13) | |
(PR T NRRIHEE T
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- { yofpl +[Sod g

neN
2 Z 1+ |n|)~20+0)

x{<§0\@{;;W>a<;|Dt{;;tm>2}

t=

forj=0,1,2,...,m;—1;i=k+1,k+2,...,v. Since Im z; = 0, using (2.13)
we obtain

(2.14) > (L4 nl)” J“ <ZJ:‘ {dd;t Z)}DQ

t=0

(R g
< (jv)zZ{Z L+ [n]) =V (0 + 1/2)"ag |G

n=1 * t=0

2
+Z\ct\|a“ (1 + )=+ Z| A+ 1/2)+ A o+ )

1 & J i 2
~ (12 2 { (Z(l + |n)) "0 (0 + 1/2)t\0<7111|\0t|>
n=1 t=0
J
+2(1 4 |n|) 20D 11\2[2 n+1/2) \Ct]
t=0
J oo
x [Z CIS AL fm 4+ n+1/2)" + |A}5n|<m+n>t]
t=0 m=1
J 0o
T (Z G+ In))"G+D]al | 3 |A3;ﬂ)
t=0 m=1

2
X (m+n+1/2)t+|A}§n (m—i—n)t} :
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Using (2.14), (1.5) and (1.8) we first obtain that
j .
(215 (X 1cladt i + a6+
=0

X i ( Al l(m+n+1/2)  + | nm\(m—i—n)t))z

m=1
7 [e’e)

4<Z| e ] D@+ n) "0 (m +n 4 1/2)"
t= m=1

2
xC Z (\1—aj|+\1+bj|+\l)j\+|qj|)e_6jae€j5>
j=ntm/2)

7 0o
4{ S e > @+ n))" I (m 4 n 4 1/2)!Cexp (= e((n+ m)/4)°)
t=0 m=1
00 . 2
<X A al ]l o) )
j=n-+[m/2]

J 00 2
< C1<Z(1+|n| (G+1) Z (m+n+1/2)exp( —e((n+m)/4) ))

t=0 m=1

7 e 2
< C1< (14 |n|)~0*D Z m—+n+1/2) exp ( —5((n+m)/4)1/2)>

t=0 m=1

J o] 2
<0 < D @+1n) N " (m - n+1/2) exp (- eV2(n'/? + ml/z)/4)>

t=0 m=1

= O1(1+ |n)) 20D exp ( —ev2n!/?/2)

2
<ZZ (m+n+1/2) exp( — 6\/2m1/2/4)>

t=0 m=1

<

= Gexp ( —eV2n!/?/2) (1 + |n|)~20+D

where

o0

2
Clz<20|a}3| > efﬂ(|1—aj|+\1+bj\+|pj|+\qa'|)>

j=n-+m/2]
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Jj o 2
G:C'1<Z Z(m—l—n—l—l/Q)texp( —6\/2m1/2/4)> .

t=0 m=1

Hence we get from (2.15)

(2.16) i <Z (Cal (L + [n]) =]y

n=1 *t=0

2
x Z| AL (4 1/2)! + | nm\<m+n>t)

§GZexp —ev2n!/?/2) (1 4 |n|) 20+ < oo,

Secondly, using (2.14) and (2.15) we obtain that

i Yo {[Z|a“||ct|<1+|n|> G0+ 1/2) HZwtnalH

n=1 t=0

o

< 3" (U Inl) G ((m 4 0+ 1/2) AN ) + (m ) |A3m|]}

m=1

Z [Z (1+|n]) —2(j+1) (n+ 1/2) exp( _ 8\/2711/2/4)}

t=0
where
T = |t |GY? max ||

and also expression of the left side of (2.15) is obviously convergent. So, we
get from (2.16) and (2.17)

(1412000

1\2
= (4"

and similarly

S (3
(2 \ &

neN

Dt{dd;t fg)(zi)}DQ < o0.

Finally dd)\jj Vi(\i) € H_(jyy(N) for j =0,1,... m;—1L;i=k+1,...,v. O
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