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Abstract

The Helly number () of a hypergraph H whose edges have no vertex in common is
the size of its largest inclusion-wise minimal subhypergraph with empty intersection.
We prove that the homological connectivity of the independence complex of H can be
bounded in terms of its number of vertices and the Helly number of its complementary
hypergraph H¢. Our proof relies on an interconnection between the Helly number and
a domination parameter of hypergraphs. Separately, we provide an upper bound to the
Leray number of the noncover complex of any hypergraph H without any isolated
vertex involving the strong domination number of H.

Keywords Leray number - Helly number - Strong domination number - Induced
matching number - Homological connectivity

1 Introduction and preliminaries

The determination of homological properties of simplicial complexes associated to
hypergraphs greatly benefits from the underlying combinatorial structure and invari-
ants of hypergraphs. Early results on this direction are pioneered in a series of
collaborative works by Aharoni (see [14] and the references therein). These results
were later reformulated and unified in terms of homology by Meshulam [14, Theorem
1.2 and 1.3], where he proves that the homology group of the independence complex
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of a graph must vanish at dimension k, if k is sufficiently smaller than the (total)
domination number of the underlying graph.

The next natural level is to consider the same problem for independence complexes
of hypergraphs rather than graphs. The right generalization of the (total) domination
number from graphs to hypergraphs is introduced recently by Kim and Kim [12]
in order to fulfill such an expectation. They prove that a similar conclusion as in
the graph’s case holds for hypergraphs when we consider the strong total domination
number of hypergraphs. In the same work, they also discuss the Lerayness of noncover
complexes of hypergraphs. These are nothing but Alexander duals of independence
complexes, which play a role on the existence of rainbow covers (transversals) of
hypergraphs. However, as they pointed out, Leray number of the noncover complex of
a hypergraph need not to be bounded in terms of the strong total domination number
in general.

Our aim in this work is two-fold. We prove that the Leray number of an arbitrary
simplicial complex can be bounded from above by that of the independence complex
of a bipartite graph (the bipartite complement of the facet-vertex bipartite graph).
Such a result enables us to construct an upper bound to the Leray number of noncover
complexes in terms of the strong domination in hypergraphs. In the other direction, we
show that the homological connectivity of independence complexes of hypergraphs
can be used to bound the Helly number of hypergraphs and vice versa. Our proof
relies on a connection between the Helly number and a new domination parameter of
hypergraphs.

We begin with recalling some necessary background terminology together with a
detailed analysis of our main results.

A hypergraph 'H on a (finite) set V is a family of subsets of V. The elements of V
and H are vertices and edges of H. A vertex v € V is isolated in 'H if there exists no
edge e € H with v € e. The degree of a vertex is the number of edges in H containing
it. A hypergraph H is k-uniform if |e| = k for every e € H. For instance, graphs are
2-uniform hypergraphs.

A simplicial complex X on a set V is a hypergraph, closed under inclusion, i.e.,
if A C B € X, then A € X. The elements of X are its faces, and faces which are
maximal with respect to the inclusion are facets of X. We denote by F(X), the set of
facets of X. Let H 1 (X) denote the j-dimensional reduced homology group of X with
coefficients in Z;. The Alexander dual of a simplicial complex is the complex defined
by

XV:={ACV:V\A¢X).

The homology groups of a simplicial complex and its Alexander dual are related by
the following duality.

Theorem 1 (The (combinatorial) Alexander duality) H (X)) = ﬁn, j—3(X V) for every
simplicial complex X on n-vertices and for all j.

We refer readers to [5] for an elementary proof of Theorem 1.

The (homological) connectivity conn(X) of a simplicial complex X is defined to
be the greatest integer k (if exists) such that H;(X) = 0 for every —1 < j < k.
Throughout, we will use a shifted version, n(X) := conn(X) + 2. In the case where
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H i (X) =0forall j,i.e., X is homologically trivi~al, we set (X) := oo. In particular,
n(#) := 0. We note that (X) > d ifand only if H;(X") = Oforevery j >n—d—1
by the Alexander duality.

A simplicial complex X is called p-Leray if ﬁi(X [S) = O for every i > p and
S € V, where X[S] := {A € X: A C S} is the subcomplex of X induced by S.
Then, the Leray number L(X) of X is the least integer p such that X is p-Leray. This
coincides with the (Castelnuovo-Mumford) regularity of the Stanley-Reisner ring of
X (see e.g., [4] for details).

When H is a hypergraph, there are various ways to associate a simplicial complex
to H. A subset I C V is independent if e ¢ I for each e € H. The family Ind(H)
of all independent sets in H forms a simplicial complex, the independence complex
of H. A subset T C V is said to be a cover (or a transversal) in H if e N T # () for
every e € H. A subset U C V is a noncover if U is not a cover in ‘H. The family
NC(H) of all noncovers of a hypergraph H is called the noncover complex of H.
The independence and noncover complexes of a hypergraph H are related through the
Alexander duality.

Observation 2 Ind(H)Y = NC(H) for every hypergraph H.

1.1 Helly number and domination

The Helly number H(H) of ahypergraph H is the largest integer 4 such that there exists
a subhypergraph {ej, ..., e;} € H for which ﬂflzl e = ¥ while (;., e; # ¢ for
every nonempty subset o C [h] := {1, 2, ..., h}. In particular, we set h(H) := oo if
H is intersecting, i.e., [ ),c7q € # . Itis customary to say that 7 is p-Helly whenever
h(H) < p.

The Helly number of a family of sets originates from the celebrated Helly’s theo-
rem [10], stating that any finite family of convex sets in R with an empty intersection
has Helly number at most d + 1 (see also [7] for a dynamic survey).

The concept of a dominating set in hypergraphs varies in the literature. The
following (the strong total domination) seems to first appear in [12].

Let 'H be a hypergraph on V without any isolated vertex. A subset D C V strongly
dominates a vertex v if there exists a subset D,, C D \ {v} (possibly empty) such that
D, U {v} € H.If every vertex in V \ D is strongly dominated by D, then D is called
a strongly dominating set for H. The least cardinality y; (H) of a strongly dominating
set in H is called the strong domination number of 'H.

Similarly, if a set D C V strongly dominates every vertex in V, then D is said to
be a strongly totally dominating set, and the smallest cardinality y,; () of such a set
is called the strong total domination number of H.!

If H contains an isolated vertex, then we define y;(H) = y,(H) := oo by
convention.

! Kim and Kim [12] denote the strong total domination number of a hypergraph H by y (), and use the
term "domination number" instead.
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1.2 Main results

We first prove that Leray numbers of the noncover complex of a hypergraph H and
that of the independence complex of its incidence bipartite graph are closely related.
Recall that the incidence graph Inci(H) of H is the bipartite graph on V U ‘H such
that (v, e) € E(Inci(H)) if and only if v € e.

Theorem 3 L(NC(H)) + 1 < L(Ind(Inci(H))) for every hypergraph H without any
isolated vertex.

We then provide an upper bound to Leray number of the noncover complexes of
hypergraphs in terms of their strong domination numbers.

Theorem4 L(NC(H)) < n— %H) — 1 for every n-vertex hypergraph 'H without any
isolated vertex.

We remark that as pointed by Kim and Kim [12, Example 4.3], the noncover
complex of a hypergraph H does not need to be (n — %H)
for every edge e € H.

Our next result concerns the connectivity of the independence complexes of hyper-
graphs. Let H be a hypergraph on V. The complementary hypergraph of H is the
hypergraph H¢ on the same set V such that e € H¢ if and only if V \ e € H. In
particular, the duality (H¢)¢ = H holds. We note that the complement graph and the
complementary hypergraph of a graph are two distinct notions. Notice that H contains
no isolated vertex if and only if h(H) < oo.

We give a lower bound to the (shifted) connectivity of independence complexes
involving the Helly number of the complementary hypergraph.

— 1)-Leray unless |e| < 3

Theorem 5 n(Ind(H))) > %(H() for every n-vertex hypergraph H without any
isolated vertex.

We note that the result of Theorem 5 is more interesting than its proof. Put it other
way around. Let H be an n-vertex hypergraph. If n(Ind(H¢)) < oo, then h(H) >
n — 2n(Ind(H°)). In other words, if Hy, (Ind(H€)) # O for some k > 1, then h(H) >
n—2k —3.

The proof of Theorem 5 readily follows from an earlier result of Kim and Kim by
the right adjustment of the relevant domination parameter.

Theorem 6 ([12, Theorem 1.4]) n(Ind(H)) > %H)for every hypergraph 'H.

For our purposes, we need a slightly weaker version of the strong total domination
in hypergraphs.

Definition 7 We call a subset D C V a canonical dominating set for ‘H if for every
vertex x € V, there exists an edge e, € H such that x € e, and e, N (V \ D)| < 1.
The minimum cardianlity y.(H) of a canonical dominating set in H is called the
canonical domination number of ‘H. We set y.(H) := oo whenever H contains an
isolated vertex.
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Observe that the inequalities y;(H) < y.(H) < y5(H) always hold, while the
gap between each pair of these numbers could be arbitrarily large (see Sect.5).
Furthermore, if H = G is just a graph without any isolated vertex, we have that
Ye(G) = y5(G) = y(G) and v (G) = y;(G), where y(G) and y,(G) denote the
(ordinary) domination and total domination numbers of G.

As in the case of the strong total domination number, we verify that we cannot
replace the strong domination number in Theorem 4 by the canonical domination
number (see Example 32).

Notice that by Theorem 6, the proof of Theorem 5 would be completed once we
prove the following.

Lemma 8 H(H) + y.(H) = n for every n-vertex hypergraph 'H without any isolated
vertex.

2 Proof of Theorem 3

In this section, we give the proof of Theorem 3. In fact, we prove a stronger statement
than what Theorem 3 claims. Beforehand, we provide some relevant terminology first.
Some of the results of this section have appeared in the unpublished manuscript [3].

Let G = (V, E) be a graph. For a given vertex x € V, the open and closed
neighborhoods of x are defined by Ng(x) := {y € V:xy € E} and Ng[x] :=
Ng (x) U{x}, respectively. In particular, we let NG (S) := J,cg Ng(s) and Ng[S] :=
Ng(S) U S for every subset S € V. Throughout K, will denote the complete graph
on n vertices for each n > 1.

ForU C V,the graphinduced by U is written G[U ], and in particular, we abbreviate
G[V\U] to G — U, and write G — x whenever U = {x}.

The existence of vertices satisfying some extra properties is useful when dealing
with the homotopy type of independence complexes of graphs.

Lemma9 (The fold lemma [8]) If Ng(u) < Ng(v), then there is a homotopy
equivalence Ind(G) ~ Ind(G — v).

A bipartite graph B = (Vp, Vi; E) is called a Sperner bipartite graph if V(B) =
Vo U Vi contains no pair of vertices u and v such that Np(u) S Np(v). The bipartite
complement B of B is the bipartite graph on the same set of vertices such that
vov1 € E(B®) if and only if vov; ¢ E(B) forv; € V; and i € {0, 1}.

Definition 10 Let X be a simplicial complex on V. We define a bipartite graph Bg(X)
foreach § € V by V(Bs(X)) := SUF(X) and (s, F) € E(Bs(X)) if and only if
s ¢ Fforany s € S and F € F(X). In particular, we abbreviate By (X) to B(X).

We note that if we associate to X, the hypergraph F(X) of facets of X on V, the
graph B(X) is just the bipartite complement of the incidence bipartite graph of F(X),
ie., B(X) = (Inci(F(X)))ke.

The following theorem of Nagel and Reiner [15] is our main motivation for the
definition of B(X).
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Theorem 11 [15] The homotopy equivalence Ind(B(X)) >~ X(X) holds for any
simplicial complex X, where X (X) is the (unreduced) suspension of X.

We first provide a local version of Theorem 11.

Lemma 12 Let X be a simplicial complex. Then Ind(Bs(X)) =~ Ind(B(X[S])) for any
SCVv.

Proof Assume that F(X[S]) = {Hi,..., Hy}. We decompose the set F(X) into
subfamilies as follows.

Fi:={F € F(X): H; C F}foreachi € [k],
As :={C e F(X): ¥ #(CNS) ¢ F(XISD}
Bs:={DeF(X): DNS =0}.

Note that if (s, H;) € E(B(X][S])) for some s € S and i € [k], then (s, F) €
E(Bs(X)) for any F € F;. Indeed, if H; U {s} € X, then H; U {s} € X[S]. However,
the latter is impossible due to the fact that H; is a facet of X[S]. Then, it follows that

Npsx)(F) = Nsx)(F") = Npgxisy (H;)

forany F, F' € F; and i € [k]. If we fix a facet, say F; € F; for each i € [k], the
homotopy equivalence Ind(Bg(X)) =~ Ind(Bs(X) — (F; \ F;)) holds by Lemma 9.
In other words, we can remove the facets in F; one by one until there remains only a
single facet without altering the homotopy type.

On the other hand, if C € Ag, then C N S is a nonempty face of X[S] which
is not maximal. So, it is contained by a facet, say H;. However, the containment
C NS C H; forces that Npy(x)(Fi) € Npg(x)(C), where F; € F; is the facet that we
fixed earlier. Therefore, the removal of any such vertex from Ind(Bgs (X)) does not alter
the homotopy type. Similarly, if D € Bg, then we have Np,(x)(F;) € Npyx)(D) for
any i € [k] so that Ind(Bs(X)) ~ Ind(Bs(X) — Bs).

k

Finally, if we define Cs := |J (F; \ F;) U As U Bs, we conclude that

i=I
Ind(Bs(X)) ~ Ind(Bs(X) — Cs) = Ind(Bs(X)[S U {F1, ..., F}]).

However, the graph Bs(X)[S U {F1, ..., Fi}] is isomorphic to Bg(X[S]) that proves
the claim. ]

Corollary 13 Ind(Bgs(X)) >~ Z(X[S]) forany S C V.

Proof Since X (X[S]) =~ Ind(Bs(X[S])) by Theorem 11, the result follows from
Lemma 12. O

Theorem 14 The inequality L(X) + 1 < L(nd(B(X))) holds for any simplicial
complex X.

@ Springer



Journal of Algebraic Combinatorics (2026) 64:36 Page70f19 36

Proof SuRpose that L(X) = n. If S C V is a subset such that ﬁn_l(X[S]) # 0, then
we have H,(Ind(Bs(X))) # 0 by Corollary 13 so that L(Ind(B(X))) > n + 1. O

We remark that the gap between L(Ind(B(X))) and L(X) could be arbitrarily large.
For instance, let W(K,,) be the whisker of the complete graph K,, for some n > 3,
which is obtained by attaching a pendant vertex to each vertex of K,,. Then, it follows
that L(Ind(B(X(n))) > nand L(X (n)) = 1, where X (n) := Ind(W(K},)). Indeed, the
bipartite graph B(X (n)) satisfies that im(B(X,))) = n, while W(K},) is a cochordal
graph.

The relation between a simplicial complex X and its bipartite graph B(X) can be
reversible over the class of Sperner bipartite graphs.

Proposition 15 Let B = (Vy, Vi; E) be a Sperner bipartite graph. The family
Xi(B) :={F C V;: F C V;\Np(v) forsomev € Vi_;}
is a simplicial complex on V; fori = 0, 1. In particular,
max{L(Xo(B)), L(X1(B))} + 1 < L(Ind(B)).

Proof The first claim is obvious. For the second, observe that the facets of X;(B) are
of the form V; \ Np(v) for v € V|_;; hence, we have B(X;(B)) = B so that the stated
inequality follows from Theorem 14. O

We are ready to complete the proof of Theorem 3.

Proof of Theorem 3 For the noncover complex NC(H), we have B(NC(H)) =
Inci(H), since any facet of NC(H) is of the form V \ e for some e € H. Thus,
the claim follows from Theorem 14. m]

3 Proof of Theorem 4 and its consequences

This section is devoted to the proof of Theorem 4. We begin with recalling some
necessary terminology. Let G be a graph. A matching in G is a subset M of edges no
two of which share a vertex. An induced matching is a matching M if no two vertices
belonging to different edges of M are adjacent. The maximum size of an induced
matching of G is known as the induced matching number im(G) of G.

Proposition 16 im(Inci(H)) + ys(H) = n for every n-vertex hypergraph 'H without
any isolated vertex.

Proof Let M = {(ay, e1), ..., (ar, ex)} be an induced matching in Inci(H). We claim
that the set D(M) := V \ {ay, ..., ax} is a strongly dominating set for H. Indeed, if
ai € V\DWM) ={ay,...,ar}, thena; ¢ e¢;\{a;} € D(M) and (e; \{a;}) U{a;} € H.
This proves that im(Inci(H)) < n — ys(H).

For the converse, let D C V be a strongly dominating set for which y;(H) = |D|.
By the definition, for every x € V \ D, there exists a subset Ay € D \ {x} such that
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Ax U {x} € 'H. However, it follows that the set M (D) := {(x, Ax U{x}): x € V\ D}
forms an induced matching in Inci(H). In fact, if x, y € V'\ D are two distinct vertices,
theny ¢ Ay € Dand x ¢ Ay C D. This shows that im(Inci(H)) > n — ys(H),
which completes the proof. O

Proposition 17 [6] Let G be a graph and let v € V be given. Then
L(Ind(G)) < max{L(Ind(G — v)), L(Ind(G — Ng[v])) + 1}.

Moreover, L(Ind(G)) always equals to one of L(Ind(G —v)) or L(Ind(G—N¢g[v]))+1.

Theorem 18 If B = (U, W; E) is a bipartite graph, then
1
L(Ind(B)) < E(im(B) + min{|U|, |W|}).

Proof We only prove the inequality L(Ind(B)) < %(im(B) + |W]) from which the
general claim follows.

We start with the graph By := B having the bipartition Uy := U and Wy := W.
We introduce a reduction process that creates a bipartite graph B; at each state i > 0,
and associate an integer prc; to B; by letting prc,, := 0 at the bottom.

Now, pick a vertex u; € U; fori > 0 such that deg B; (u;) > 2. Assume first that
L(Ind(B; — u;)) = L(Ind(B;)). We define B,y to be the bipartite graph having the
bipartition V(B;+1) = Ujy+1 U W41, where U;41 := U; — u;, Wiy := W; together
with prc; | := prc;. Assume next that L(Ind(B; — u;)) < L(Ind(B;)). Then, we have
L(Ind(B;)) = L(Ind(B; — Np,;[u;])) + 1 by Proposition 17. In such a case, we take
B; 11 to be the bipartite graph with U; 1 := U; — u;, Wi41 := W; — Np, (4;), and set
prc; | := prc; +1. We successively apply this process until there exists a j > 0 such
that either one of the sets U; and W; is empty or the degrees of vertices in U is at
most one.

IfU; =@ or W; =0, then L(Ind(B)) = pre; < @ < %(im(B) + |W]). On the
other hand, if degg. (1) < 1 for each vertex u € Uj, then B; is a collection of stars
together with some isolated vertices. It follows that L(Ind(B;)) = k < im(B), where
k is the number of stars in B;.

Observe that L(Ind(B)) = prc ; ~+k and that the inequality prc j < %(|W| — k)
holds. However, we have

1 1 1
L(Ind(B)) = prc; +k < E(IWI —k)+k= E(IWI +k) < E(IWI +im(B)).

We are now ready to complete the proof of Theorem 4.
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Proof of Theorem 4 Since im(Inci(H)) = n—y;(H) by Proposition 16, it follows from
Theorem 3 together with Theorem 18 that

LINC(H) + 1 < Lnd(nei(H) < 3 (mlInci(H0) +1) = 2 (0~ y5(H) +m) = — L0,

]

3.1 Consequences of Theorem 4

Let ‘H be a hypergraph on a set V. A cover T C V of H is minimal if none of its
proper subset is a cover for H. The transversal hypergraph H' of H is the hypergraph
on V whose edges are minimal covers in H (see for example [2]). Observe that the
operation of mapping a hypergraph to its transversal is not always an involution unless
it is simple, where a hypergraph H is simple if e, f € H withe C f,thene = f. It
is obvious that (H’)" = H and NC(H) = Ind(H") for every simple hypergraph H;
hence, the following is immediate by Theorem 4.

Corollary 19 The independence complex of an n-vertex simple hypergraph H without

any isolated vertex is (n — %Ht) — 1)-Leray.

Lerayness of a simplicial complex turns out to be a key property for the existence
of rainbow sets. Recall thatif Ry, ..., Ry are subsets of a set V each having a property
P, arainbow set is a subset of the form R = {r;;, ..., r;;} € V consisting of [ distinct
elements with I < iy < --- < i < k such that R has the property P and r;; € R;; for
each j € [I]. In our case, the property that we consider is to be a cover (transversal)
of a hypergraph.

The following is a special case of the celebrated topological and matroidal extension
of the colorful Helly theorem due to Kalai and Meshulam [11].

Theorem 20 (Topological colorful Helly theorem) If X is a d-Leray simplicial com-
plex, every collection of d + 1 sets in X' :={T C V: T ¢ X} has a rainbow set
contained in X'.

By Theorem 4 together with Theorem 20, the following is immediate.

Corollary 21 IfH is an n-vertex hypergraph without any isolated vertex, then for every
(n— f%w])—cover of H, there exists a rainbow cover:

Leray number of noncover complexes of hypergraphs is also closely related to
projective dimension of their independence complexes. Recall that if X is a simplicial
complex on a set V, the projective dimension proj-dim(X) of X is defined to the least
integer i such that ~

Higj—i—j—1(X[S]) =0

forall j > Oand S C V. In particular, L(X") + 1 = proj-dim(X) by the Terai’s dual-
ity [16]. In the case of hypergraphs, this means that L(NC(H))+1 = proj-dim(Ind(H))
for every hypergraph H. Therefore, Theorem 4 translates into the following.
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Corollary 22 proj-dim(Ind(H)) < n — %H) for every n-vertex hypergraph without
any isolated vertex.

Let ‘H be a simple hypergraph on V containing no isolated vertex. We define a
simplicial complex X (H) on V by

X(H) :={F CV: FC fforsome f € H}.

Fact 23 X(H) = NC(HC) for every simple hypergraph H without any isolated vertex.

Proof Let A € NC(H¢) be given. Since A is not a cover in H¢, there exists an edge
e € H¢ such that A Ne = @. In other words, A C V \ e € H,ie., A € X(H).

For the converse, let B € X (H) be a face. Then, there exists an edge f € H such
that B C f. However, it follows that H® > V' \ f € V \ B; hence, BN (V \ f) =0,
that is, B € NC(H°). O

Recall that the hypergraph F(X) of all facets of a simplicial complex X forms a
simple hypergraph with X = X (F(X)). Therefore, the following is immediate from
Theorem 4 and Fact 23.

Corollary24 L(X) < n— w — 1 for every simplicial complex X with n-vertices.

We end this subsection by another application of Theorem 4 combined with
Proposition 15.

Let H = {ey, ..., em} be a simple hypergraph on V without any isolated vertex.
Then, the nerve complex of 'H is the simplicial complex on [m] defined by

N(H) :={o C [m]: ﬂei # 7).

ico

Moreover, a hypergraph H is said to be a separating hypergraph if for every pair
{ug, u1} of vertices in V, there exist edges eg and e such that u; € e¢; and u;_; ¢ e;
fori € {0, 1}.

Corollary 25 IfH is a simple and separating n-vertex hypergraph without any isolated
vertex, then
max{L(N(H)), L(X(H))} + 1 < L(Ind(Inci(H°))).

In particular,

LV(H) <n — @ 1.

Proof Since H is simple and separating, the bipartite graph Inci(7¢) is Sperner. Fur-
thermore, if we write Vy := V and V| := H° so that V (Inci(H¢)) = VoU V1, it follows
that Xo(Inci(H¢)) = X (H) and X (Inci(H¢)) = N (H). Therefore, the claims follow
from Proposition 15 together with the fact that L(Ind(Inci(H¢))) < n — %Hc) by the
proof of Theorem 4. O
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4 Proof of Theorem 5

In this section, we provide the proof of Theorem 5. As we mention earlier, the proof
will be completed by Theorem 6 once we prove Lemma 8 whose proof will be divided
into several steps.

Let H be a hypergraph without any isolated vertex. We call a subhypergraph G € H
an edge-cover if | JG = V. An edge-cover is minimal if none of its proper subset is
an edge-cover for H. We call

€(H) := max{|G|: G is a minimal edge-cover for H}

the edge-covering number of H. If H contains an isolated vertex, we set € (H) := oo.
Proposition 26 H(H) = e(HC) for every hypergraph H.

Proof Observe first that H is intersecting if and only if ¢ contains an isolated vertex.
So, assume that h(H) = h < ooandlet Y = {Y1, ..., Yy} € H be a subhypergraph
witnessing h(H). Observe that the family {V \ ¥;: 1 < i < h} is an edge-cover for
'H¢; otherwise, H must be intersecting. Furthermore, for each i € [4], there exists a
vertex x; € ﬂ / 1 Y; such that x; ¢ Y;. In other words, there exists a vertex x; such

that x; € V \ Y 1f and only if i = j. This shows that the constructed edge-cover is
minimal; hence, h(H) < e(H°).

For the converse, suppose that e (H¢) = k < oo, and let A = {A1, ..., A} C HS
be a minimal edge-cover. We claim that {V \ A;: 1 < i < k} is k-Helly. Indeed, we
have ﬂle V \ A; = 0 as A is an edge-cover of H¢. Furthermore, the minimality of
Aimplies that ();., V \ A; # ¢ for every nonempty subset o C [k]. This proves that
€(H) < h(H), which completes the proof. O

Lemma 27 Let H be a hypergraph without any isolated vertex. Then, there exists a
canonical dominating set D of H of minimum cardinality such that foreachy € V\ D,
there exists a subset Dy C D with Dy U {y} € H satisfying the following.

U py=n
yeV\D
(i) G ={DyU{y}:y e V\ D} isaminimal edge-cover for H.

Proof Let D be a minimum canonical dominating set for which the number of edges
contained in D is maximum. For each y € V \ D, pick an edge D, U {y} with
Dy, C D. We shall first show that (i) holds. For a contradiction, suppose that
|J DyS Diie.D\D #0.
yeV\D
Claim 1. There exists a vertex x € D \ D’ for which there is no edge e containing
x withe C D.

Proof of Claim 1: Assume that the claim is wrong so that for every vertex w € D\ D’,
there exists an edge e, € H with w € e,, such that e,, C D.Pick avertex x € D\ D’
and consider the set D \ {x}. Notice that any vertex in V \ D is canonically dominated
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by D\ {x}, as D is a canonical dominating set and x ¢ D’. Moreover, since the edge
ey satisfies [ex N (V \ (D \ {x})| < 1, the vertex x is itself also canonically dominated
by D\ {x}. Furthermore, suppose that there exists a vertex t € D\ D’ with ¢ # x. The
existence of the edge e; with ¢ € ¢; and e; C D implies that |e; N (V \ (D \ {x})| < 1.
Therefore, every vertex in D \ D’ is also canonically dominated by the set D \ {x}. In
other words, D \ {x} would be a canonical dominating set for H with | D\ {x}| < | D],
a contradiction to the choice of D. This completes the proof of Claim 1.

Now, let R € D\ D’ be the subset consisting of x € D \ D’ such that there exists
no edge f withx € f and f C D. By Claim 1, we know that R # (. Let R C 'H be
a subset of edges such that for each x € R, there exists an edge ¢ € R with x € e and
le N (V \ D)| = 1. In particular, denote by R, the subset consisting of those edges
e € Rwithx € eand [eN (V \ D)| = 1. Since D is a canonical dominating set, we
have that R, # ¢ for every x € R. We next introduce an equivalence relation on R by
x ~ yif and only if Ry = R,. We then order the equivalence classes by [z] < [w] if
and only if R,, C R;. Furthermore, let x € R be a vertex such that [x] is a maximal
element with respect to the given order, and fix an edge e, € R,. If u is the unique
vertex in e, N (V \ D), we claim that T := D \ {x} U {u} is a minimum canonical
dominating set of H.

Indeed, if y € R is a vertex with x ~ y or x # y and [y] < [x], then for the edge
ex € Ry CRy,wehavethaty € ex and e, N (V \ T) = {x}. Thus, such a vertex y
is canonically dominated by 7'. We note that the edge e, also witnesses the canonical
domination of the vertex u by T.If t € R\ {x} is a vertex which is neither equivalent
to x nor [¢] is comparable to [x], then any edge e; € R, \ R, satisfies r € ¢; and
le; N(V\T)| < 1.Ifw € D\ D" isavertex with w ¢ R, then there exists an edge ey,
with e,, C D so that |ey, N (V \ T)| < 1. We next consider vertices contained in D’,
and let v € D’ be such a vertex. By the definition of the set D’, there exists a vertex
s € V '\ D such that v € D,. We then conclude that the edge e; := D; U {s} satisfies
veEesand |legN(V\T) < 1,since x ¢ Dy € D’. Overall, these imply that any
vertex in T U {x} is canonically dominated by T'.

Finally, let z € V \ T be a vertex with z # x so that z ¢ D. Then for the edge
e; = D; U {z} with D, C D, we have thate, N (V \ T) = {z},since x ¢ D, C D'.

Therefore, T is a canonical dominating set for H with |T| = |D] as claimed.
However, T contains at least one more edge (namely the edge D, U {u}) than D,
contradicting the choice of D. This completes the proof of (7).

We next show (ii) holds. By (i), the family G is an edge-cover of H. The minimality
follows since for an arbitrary edge e, := Dy U {y}, the family G \ {e, } does not cover
the vertex y. O

Lemma 27 gives the following immediate corollary as |G| = |V \ D|.

Corollary 28 ¢(H)+y.(H) = n for every n-vertex hypergraph H without any isolated
vertex.

Proposition 29 ¢(H) + y.(H) = n for every n-vertex hypergraph H without any
isolated vertex.

Proof Let H be a hypergraph and ) be a minimal edge-cover of H for which || is
maximum. Consider the hypergraph ) on V. The minimality of ) implies that every
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edge in ) contains at least one vertex of degree one in ). For each edge e € ), pick
a degree one vertex u, € e and put all these vertices in a set U. We claim that the set
D = V \ U is a canonical dominating set. Indeed, let v € V be given. Then, there
exists an edge e, € )V with v € ¢, since Y is a cover. The fact that every edge in
contains exactly one vertex in U implies that |e, N U| = 1. This proves that D is a
canonical dominating set; hence, we conclude that

DI+ Y| =|V\UI+|Ul=|V|=n.
Since y.(H) < |D| and |Y| = €(H), this gives that
ve(H) + e(H) < n.

Now, the claim follows from Corollary 28. O

Finally, the proof of Lemma 8 is a direct consequence of Propositions 26 and 29
together with the fact that ()¢ = H. This together with Theorem 6 in turn completes
the proof of Theorem 5, since y.(H) < ys5; (H) for every hypergraph H.

5 Examples

In this section, we provide various examples in order to compare relevant domination
parameters of hypergraphs. Beforehand, we state the following easy fact.

Fact 30 Let ‘H; be a hypergraph on a set V; without any isolated vertex for each
1 <i < k such that the sets Vi, Va, ..., Vi are pairwise disjoint. Then

k k
MGLAEDIIGH
i=1 i=1

forevery u € {ys, ve, Vst}-

We recall that the independent domination number i(H) of a hypergraph H is
the minimum size of a maximal independent set in H. In particular, it provides a
lower bound to Leray number of the noncover complex of H, that is, the inequality
[VI—i(H) — 1 < L(NC(H)) always holds. Indeed, if F € F(Ind(H)) is a facet, then
NC(H)[V \ F]is isomorphic to the boundary of the (]V | — | F/| — 1)-dimensional sim-
plex. Therefore, I—~1|V|_|p|_2(NC(H)[V\F]) # 0;hence, |V|—|F|—1 < L(INC(H)).
As a consequence, the inequality ys(H) < 2i(H) holds for every hypergraph H
without any isolated vertex.

Remark 31 We cannot replace the strong domination number in Theorem 4 neither by
the canonical domination number nor by the strong total domination number. For the
latter, Kim and Kim provide the following example that also works for the canonical
domination (see also Example 34).
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Fig. 1 The set D4 (black L X NOX©)
vertices) in Example 33 cCee®O
OCee
| JOXOX J

Example 32 [12, Example 4.3] Let H, be the hypergraphon V, = {vy, v2, ..., V2r41},
whose edges are

er:={v1,..., v}, e :={v,v41} and exry1 = {vr42, Vri3, ..., V2r41}
foreachr € {2,3,...,2r}\ {r + 1}. Now, the set {v1, v;+1, V2,41} is both a strongly
dominating set and a maximal independent set of minimum size in H,-. In other words,
we have that y;(H,) = i (H,) = 3. It follows that
2r =3 < LINC(H;)) <2r -2
by Theorem 4. On the other hand, D, := {va, v3,...,v2:} \ {vr41} is a canonical

dominating set of minimum order so that y.(H,) = 2r —2 < 2r — 1 = y,(H;).
Thus, we conclude that

@r+1)—

”C(;{’) —1=r+1<2r —3<LNNC(H,))

for every r > 5. This proves that NC(H,) cannot be ((2r + 1) — %H’) — 1)-Leray
whenever r > 5.

Example 32 also shows that the gap among strong total, canonical and strong domina-
tion numbers could be arbitrarily large. Now, let H () be the disjoint union of r copies
of the hypergraph H, given in Example 32 for some r > 2. Then y,(H(r)) = 3r,
ye(H(r)) = 2r(r — 2) and y, (H(r)) = 2r(r — 1) by Fact 30.

Our next example shows the possibility that all these domination parameters could
be equal.

Example 33 (Non-attacking rooks) Let n > 4 be an integer, and consider the set
[#] x [n] as an n by n chessboard. We define R, to be the hypergraph on [n] x [n]
whose edges correspond to placements of n rooks on the board none of which attacks
others. We claim that y5(R;) = Y.(Rn) = vs: (Ry) = 2n.

We let

Dy, ={Gi):1<i<njuU{@,i+1:1<i<n-1}U{®n, 1},

and verify first that D, is a strongly totally dominating setin R, (see Fig. 1 forn = 4).

Let (i, j) be a vertex. Consider the subboard obtained from the original chessboard
by removing the i"-row and j™-column, which is an (n — 1) by (n — 1) board. We
may consider the hypergraph R,,—1 on that board after possibly relabeling. Let D,iqj
denote the set of vertices of D,, contained in this subboard. Note that | D,, \ D,lf | < 4
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and D, contains exactly two vertices in each row and each column of the original
board. Since, we have one less row and column, we can choose from vertices of Dj; i
in order to form an edge e € R,,—1. However, this means that D,, strongly dominates
(i, j)ase U{(, j)} € Ry.

We next show that there is no strongly dominating set of R,, of size less than 2n.
For a contradiction suppose D’ is a strongly dominating set of R,, with |D’| < 2n.
Then by the pigeonhole principle, the chessboard has a row and a column, say i "-row
and j™-column such that D’ contains at most one vertex of i"-row and j®-column.
Indeed, suppose D’ does not contain any vertex in the i-row. Then D’ must contain
all vertices in other rows. To see this let us assume (i, j') ¢ D’ with i’ # i. The
fact that every edge in R, has exactly one vertex in each row implies that D’ cannot
strongly dominate (i’, j) since D’ has no vertex in the iM-row with i’ # i. This gives
|D’| = n(n— 1), acontradiction since | D’| < 2n. Thus D’ contains exactly one vertex
in the i™-row. We can use similar arguments to deduce that D’ contains exactly one
vertex in the jth—column. Let (i, k) and (I, j) with k, [ € [n] be the unique vertices of
D' in the iM-row and j™M-column, respectively.

Consider a vertex (h, k) with i # i. The facts that every edge in R, has exactly
one vertex in each row and each column, and (i, k) and (%, k) belong to the same
column imply that D’ cannot strongly dominate (%, k). Thus we have (h,k) € D’
for all & € [n], that is, all vertices in the k™-column are contained in D'. Similarly,
D’ contains all vertices of the /™-row. In total there are 2n — 1 vertices in D’ by this
argument. Let us assume there is no other vertex in D’. Then for an arbitrary edge
e € Ry, we have |e N D’| < 2, as every edge in R,, contains exactly one vertex in
each row and each column. Thus, D’ cannot strongly dominate the vertices in V \ D’
since n > 4 and R, is n-uniform. This gives us the desired contradiction; hence,
¥s(Ry) = 2n as claimed.

Finally, since Dj, is a strongly totally dominating set for R, and

< ¥Ys(Rn) < ve(Ry) < Y51 (Rn) < | Dyl = 2n,
we conclude that Y5, (R,) = . (Ry) = ¥s(Ry) = 2n.

5.1 Strong independence domination number

There is another domination parameter introduced by Kim and Kim [12] that we
have not yet considered. Let H be a hypergraph without any isolated vertex. A subset
D C V strongly dominates a set A C V if D strongly dominates every vertex in A.
The least cardinality of a strongly dominating set of A in H is denoted by 5 (H; A).
Moreover, an independent set I C V is called strongly independent if |e N I| < 1 for
each e € H. Then the strong independence domination number y,; (H) is defined to
be the maximum of y;(H; I) where I ranges over all strongly independent sets of .
For graphs, the strong independence domination number ys; (G) coincides with the
independence domination number 3 (G) introduced by Aharoni [1].

In general, the strong domination and strong independence domination numbers
are incomparable. There are graphs G with y,; (Gr) + k < ys(Gy) for every k >

@ Springer



36 Page 16 0f 19 Journal of Algebraic Combinatorics (2026) 64:36

1 (compare to [1]). We also provide examples of hypergraphs satisfying such an
inequality in Example 39.

Example 34 For every integer k > 3, consider the hypergraph Gy on Vi =
{x1, ..., xx} whose edges are

{x1,x2,...,x} and ({x;}

for each 2 < j < k. Observe that {x;} is a strongly independent set of G; which is
uniquely strongly dominated by the set {x3, ..., xx}; hence, y5; (Gr) = k — 1. On the
other hand, since the set {x;} strongly dominates V} \ {x;}, we have that y,(Gy) = 1.
Moreover, y.(Gy) = k — 1 since €(Gr) = 1. We further note that L(INC(Gy)) = k — 2.
Indeed, {x;} is a maximal independent so that

k—i(G) —1=k—-2<LINCG) <k-2,

which shows that LINC(Gy)) = k — 2.

A class of hypergraphs introduced by Kim and Kim [12] also shows that the gap
ysi (H) — ys (H) could be arbitrarily large.

Example 35 [12, Example 4.5] Consider a k x k matrix M = [a;.i ] for each k > 3,

whose entries are all distinct. Let My be the hypergraph on Vi = {aij 1<, j<k}
whose edges correspond to columns except the first one and rows of M, that is, edges
of My are o )

Cj:= {a{,aé,...,a,ﬁ} and R; = {ail,aiz,...,af}
for1 < j < kand1 < i < k. Since im(Inci(My)) = 2k — 2, we conclude that
¥s(My) = k? — 2k + 2 by Proposition 16. For the induced matching number of the
incidence bipartite graph Inci(Mjy), we note that the family

{af.Cp:2<j<kU{@ . R): 1<i<k—1)
forms an induced matching of size 2k — 2. On the other hand, y;; (My) > k(k - 1),
since C| = {a},a%, el a,l} is a strongly independent set in My and D; := {a;’ 1<
i < kand?2 < j <k} is the only set that strongly dominates C1. As a consequence,
we conclude that

YsMp) = (k= D? +1 < k(k — 1) <y (My)

since k > 3.

5.2 Closed neighborhood hypergraphs of graphs

We end this section with a brief discussion on the relevant domination numbers of
hypergraphs associated to graphs.
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Let G = (V,E) be a graph without any isolated vertex. Then, the closed
neighborhood hypergraph of G is defined by

NI[G] := {Nglx]: x € V}

We remark that the independence complex of the hypergraph A'[G] is known as the
dominance complex of G. In particular, it follows from [13, Theorem 1] that v(G) >
n(Ind(N'[G))) for every graph G, where v(G) is the vertex cover number v(G) of
G, the smallest cardinality of a cover of G. Therefore, v(G) > n(Ind(V[G])) >
%N[G]C) by Theorem 5. However, we note that the bound v(G) > w can
be directly proven without appealing to any algebraic/topological methods.

In order to determine the domination parameters of these hypergraphs, we first
recall some terminology.

A subset D C V is a dominating set of G if Ng[D] = V. The upper domination
number I' (G) is the maximum size of a minimal dominating set D (see [9] for details).

Let R C V be a subset of vertices. Then R is called an irredundant set if

Ngl[x] — Ng[R\ {x}] # 0

for each x € R. Let IR(G) denote the maximum cardinality of an irredundant set in
G. We remark that the inequality I'(G) < IR(G) holds for every graph G.

The equalities in the following result can be derived by Propositions 16 and 29. We
therefore omit its proof.

Lemma 36 If G is an n-vertex graph without any isolated vertex, then
Ys(N[G]) =n —IR(G) and y.(N[G]) =n —T(G).

The strong independence domination numbers of closed neighborhood hypergraphs
are more subtle to determine. However, when the underlying graph is regular with small
diameter, the picture is familiar.

Even if we could not completely identify the strong independence domination
number of closed neighborhood hypergraphs, we can determine which independent
sets are strong in general.

The square G2 of a graph G is the graph on the same set V of vertices such that two
distinct vertices u and v are adjacent in G? if and only if their distance in G is at most
two. The maximum size p(G) of an independent set in G2 is called the 2-packing
number of G.

Fact 37 A subset S C V is strongly independent in N'[G) if and only if it is an
independent set of G*.

Recall that a graph G is d-regular if the degree of every vertex in G is d. Moreover,
G is said to be a diameter two graph if the distance between every pair of vertices in
G is at most two.

An interesting consequence of Fact 37 is that §(G) < ¥, (M[G]) < A(G) holds
for every diameter two graph G without any isolated vertex and having the maximum
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and minimum degrees A(G) and §(G). Notice that p(G) = 1 for such graphs. In other
words, every nonempty strongly independent set in A'[G] is of order one.

Let G = (V, E)beagraph. The suspension ¥ (G) of G is the graphon V (X (G)) :=
V U {x, y} with x,y ¢ V such that E(X(G)) := E U {xv, yv: v € V}. Note that
suspension of every graph is of diameter two. Therefore the following is immediate.

Corollary 38 y,; (N[G]) = d for every d-regular graph G of diameter two. In
particular, v (N[Z(H)]) = d + 2 for every d-regular graph H.

Taking Lemma 36 and Corollary 38 into account, we can construct graphs such that
Ys WG] — y5i (N[G]) is arbitrarily large.

Example 39 Letn K, denote the disjoint union of n copies of K, for somen > 3. Then,
¥s(N[Z(nK>3)]) = n + 2 by Lemma 36. On the other hand, since nK> is 1-regular,
we conclude that y; (N2 (nK>2)]) = 3 by Corollary 38.
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